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PREFACE

;l'nl aim of this book is to afford beginners a thorough grounding
in those parts of Dynamics and Statics which can be treated
without assuming & previous knowledge of Trigonometry.

In order to emphasise the fundamental priaciples of the subject
more fully, the introduction of mathematical formulae has been
avoided as far as possible, except where they form an essential
feature of the subject. For the same reason, the first ten chapters
deal exclusively with the relations between velocity, accleration,
mass, and force as applied to motion in a straight line. The
Parallelogram Law and its importaat corollaries are then extended
from velecities to forces, and Statics begins where Dynamics ends.

Special attention has been given to the Principle of Moments
and its elementary applications to the equilibrium of beams and
rods under parallel forces ; also to the determination of centres of
gravity of ‘“‘compound” rectilinear and other figures.

For the present edition the type has been reset. The larger
sized type has been used for bookwork, the smaller size for notes,
explanations, and examples. The more important pieces of book-
work are distinguished by having their section numbers as well
as their headings printed in dark type (thus 136). In the letter-
press. letters denoting points in figures are printed thus-P, Q;
those representing algebraic magnitudes, such as the measure of
a force, in ordinery‘ italics, thus—P, Q. Sections and examples
marked with an asterisk may be omitted on a first reading of
the book. o

This book is reprinted wl.lh the permission of the University
Tutorial Press l‘td., who are the original publishers.

Ninth Indian Reprint by J. N. Dey a3t Express Printers Prl'vnto Limited, 20A, Gour
Laha Streat, Calcutta-b and Published by A, C. Das Gupta of Das Gupea & Co,
(Private) Led,, 54/3, C.Ilo;! Strees, Cajcuttss
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MECHANICS.

INTRODUCTION.

UNITS.

1. Mechanics Defined : Branches of Mechanics.—The name
Mechanics was originally used to designate the science of
making machines. It is now, however, very generally applied

otc tke whole theory which deals with motion and with bodies
acted on by forces.

The subject Mechanics* is generally divided into two
parts—

(1) Dynamics, which treats of moving bodies;
(2) Statics, which treats of bodies kept at rest under
the action of forces.

2. By force is meant *‘ any cause which changes or tends to
change a body’s state of rest or motion.” In other words,
whatever is capable of setting things in motion, o1 stopping
them when they are in motion, or altcring the way in which
they are moving, is called * force.” ®

Noting that force is defined by. means of motion, it is
necessary, before. considering the properties of fofce, to
consider the properties of motion itsclf. This branch of the
subject.is called Kinematics.

We then investiggte the properties of férce as deduced from
the properties of motion ; this branc} is calied Kinetics.

® There is a liftle diversity of opinion as to the use of the names

Mechanics afld Dynamies. Someevriters include St.ties in Dynamics,
lhus using the name Dynamics for what we have called Mechanics.

MAT. MECH. 1



2 UNITS.

Lastly, in' Statics, we treat of certain properties of force
which do not involve any consideration of motion.

It is thus evident that very little can be said about force
until Kinematics has been dealt with ; and for this reason we
shall not treat of the measurement of force till Chapter VI.

3. Origin and Uses of Mechanics.—Mecchanies is one of the
oldest sciences, for its study originated with the first attempts
to make contrivances for raising weights. But it is only
within the last three centuries that a simple and cobsistent
theory of the relations of force to matter and motion has been
developed. The laws of motion were first discovered by
Galileo (about the year 1600) from a series of experiments on
falling bodies dropped from the top of the leaning tower at
Pisa. They were afterwards re-stated by Newton in his
Principia (1687) in the form known as Newton's Three Lawsg
of Motion, and as such they are now universally accepted as
the basis of Mechanics.

In this book we shall chiefly consider how the laws of.
motion may be applied to determine the behaviour of given
bodies under given forces, not experimentally, but by calcu-
lation alone.

4. Three Fundamental Quantities to be Measured.—In
Mechanics we have to deal with three fundamental notions,
namely, space, time, and matter. It ¢s difficult to give an
exact definition of these notions, but they are so familiar to
us that this is Bardly nccessary.

The word space in Dynamics refers orly to one dimension
of space, i.c., length, or distance from point to point. It can
be measured by a foot-gule or a tape.

A good watch orclock affords the means of measuring time,
but in Mechanics we are more concerned with duration of
time than with the timq of day.

.

A didkinction should be clearly ke R}t between an instan! and an interval,
the former corresponding to a point In Geometry (puncium temporis), the
latter to a line of definite length. .



. THE THREE FUNDAMENTAL QUANTITIES. S

It is more difficult to specify how quantities of matter are
to be measured, and before we can do so we must clear the
way by the following definitions :-—

5. Mass : DEriNtTIONS.—Quantity of matter is called mass,

Any limited quantity of matter is called a body.

Thus a stone, & piece of earth, wood, or metal, a drop of water, the
whole of the Earth’s globe, the Sun, and the other cegatml bodies,”
are all bodies.

A particle is a body whose size is so small that it may be
regarded as a quantity of matter or mass collected at a single
point.

6. The usual way of estimating the quantity of matter in a
body is by weighing it, 1.e. placing it in a pair of scales, and
balancing it with suitable pieces of metal called “ weights ™
placed in the opposite scale-pan. In the course of the present

° book it will be shown that what is commonly called the ** weight **
of a body gives a correct measure of its mass.

7. Units.—To measure any quantity, whether of length,
time, or mass, or anything else, we must first fix on some
definite quantity of the same kind, and call this our unit of
measurement. Having selected this unit, any other quantity
will be measured by thc number of units it contains, such
number being called the measure of the quantity.

The moasurement of quantities in terms of somo unit is familiar in
every-day life, but the'uso of the word *unit ™ in this connection is
not so familiar. A few illustrations wiil make the matter clear. If
we spoak of & sum of moncy as (say) fire pounds, We imply that, taking
a pound as the unit of money, the number of such ugits in the sum is 5.
Similarly, in speaking of siz yards of calico, the unit of length és a yard,
and the number of such units is 6. And by ln pounds of sugar we mean
that, if the unit of mass is a pound, the number of such units in the
specified quantity of sugar is 10. Notice that the measure 10 pounds
specifies the mass of the sugar. .

The unit of measificment must always be something of the same
kind as the quantity to be measured. sFor measuring a wo
must take some length for the unit ; for measuring a quantity of matter,
we must take some mass as ouf, unit. The choice of a unf is, o &
certain extent, arbitrary. Certain definite units aro very generally ¢

* adopted, and to these different names bave been given.
[
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The measure, or number which measures any quantity, depends o
the unit taken. Thus, 24 pence and 2 shillings represcnt the same sum
of money ; when a penny is taken as the unit, the number measuring
it is 24, and when a shilling is taken as the unit, the same sum is
measured by 2. On the other hand, 2 shillings is not the same as 2

. perce. Hence, in specifying a definite quantity of anything (e.g.,,
2 ekillings), we must give {6 data :—
(1) The name of the unit chosen (in this case shillings).
(2) The number of units in the quantity measured (in this case 2).

If we left out the word “ shillings ™ and said simply * 2,” we should
leave it quite vague whether we meant 2 shillings, 2 pence, or 2 pounds.

B{mchnge of units is meant the same thing as * reduction” in
Arithmetic. When we reduce from yards to feet, we are given that a.
length contains (say) 2 yards, and we have to find its measure in feet
(viz. 6). This process we shall call changing the unit of length from a

9. The Foot-pound-second System ; or English System.—
The most convenient unit 6f length in common use in England
. is the foot (ft.). A foot is one-third of a yard, the yard being
defined as the distance between two marks on a certain bar
of bronze kept at the Standards office of the Board of Trade
in London, at & temperature of 62° Fahr.
Other lengths, such as an inch, a mile, etc., are sometimes taken as
units ; but in Mechanics it is generally best to measure all lengths in feet.
+  The unit of time is the mean solar second, the duration of
which is derived from the average length of the solar day
(1 day = 24X 60X 60 seconds).
\ ' Here, again, we may occasionally use minutes or hours with advantage.
The English unit of mass is the pound avoirdupois (Ib.), and
is the mass of a niccé of platinum which is preserved in the
Standards office. The mass of any other body is one pound
if that body will balance the standard mass when placed in a
" pair of scales.

In some special cases, the tbn or ounce avoirdupois, or the Troy grain
way be used. For instance, & cubic foot of water is said to contain
1000 ounces, and a metric gramme- containg 15-432 grains, of which
7000 make 1 pound avoirdupgis.

» The system of units based on taking the foot, pgund, aqd
secord as units of length, masse and time, respectively, will
be spoken of as the foot-pound-second or F.P.S, system.
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i 9. The Metric and C.G.S. Systems.—The system of weights
f and measures in common use in France and certain other
! countries is called the metric system.

" The metric unit of length is the metre. It was originally
defined as the ten-millionth pert of the length of a quadranz
of the Earth’s circumference measured from the North Pole
to the Equator. Thus the whole circumference of the Earth
is 40,000,000 or 4 % 107 metres.

The submultiple and ‘multiple units of length are formed by
repeatedly dividing or multiplying the metre by 10, as follows
the most important being printed in dark type :— :

A metre = 1000 millimetres (mm.).

» = 100 centimetres (cm.).
. = 10 decimelres.
10 metres = 1 decametre.
100 ,, = 1 hectometre.
1000 ,, = 1 kilometre (km.).
10,000 ,, = 1 myriamelre.

For scientific purposes the unit of length generally adopted
18 the centimetre, or hundredth of a metre.

The unit of mass is the gramme, or gram (gm.), and was
originally defined as the mass of a cubic centimetre of dis-
tilled water at the temperature 4° Centigrade.

Thus, if a small cubical box be made, having its length,
breadth, and depth (mside measurement) each one centi-
metre, and if the box be filled with pure water at the right
temperature, the mass of this quantity of watet is a gramme.

The submultiple and multiple units derived from the gramme
by dividing or mult;iplyi.n.gl by ten are indicated by the 8ame
prefixes as in the case of the metre ; thps :(—

= 1 heslogramme.
1000 , = 1 kilogramme (kilog. or kgm.).
= ] myriagramme. -
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The unit of time is the same in the metric system as
ix the English. The system of units based on the centimetre
&s unit of length, the gramme as unit of mass, and the
second as unit of time, is called the centimetre-gramme-
second system, or the C.G.8. system, and is used extensively
in all countries for mechanical, physical, and electrical
n.casurements.

10. Advantages of the Metric System.—From the above
description it will be seen that the metric system possesses
the following advantages :—

(i) Each unit is exactly ten times the next smaller unit of
the same kind, and therefore in changing the unit there is
1ot the tedious multiplication or division required to reduce
from one unit to another in the English system—e.g. from
feet to inches or from ounces to pounds.

(ii) The units of length, volume, and mass are conveniently
reiated. Thus we can write down at once the volume of a
quantity of water in cubic centimetres if we know its mass in
grammes, and vice versd.

11. Disgram of the Metric System.—The large diagram
Tepresents a cube whose side is one decimetre, the lengths on
its front face being drawn to scale. The large cube would
Lold a kilogramme of water, while the small cube at the
left-hand top comner would bold a gramme of water.

"~

TABLES.

{Not,to be committed to memory.)
1. Mereic Uxrrs oF LENGIR.

1 centimetre =  0-3037079 inchea.
1 metre = 3937079 ”
= 32808981 feet.
1 kilometre = 8280-8001 "
= 1003-6330 yards
‘ ow 06218 miles.
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2. MeTRIC UNITS OF MuSS.
1 milligramme == -0154323488 grains.
1 gramme = 15-4323488
= 0363739 oz.
1 kilogramme = 2-20462 1b

8. VELOCITIES.

Velocity of sound in air = 1,120 feet per second.
» light = 186,330 miles per second.
== 299,860 kilometres per sec.
” Martini-Henri rifle bullet =

1,330 feet per second.

4. INTENSITY OF GRAVITY.

(The numbers represent, in feet and centimetres, twics the distance
dropped by a falling body during the first second of its motion, at
different places at the sea-level.)

Place, Ft. per sec. per sec. Cm. per sec. per sec,
The Equator 32-091 97810
London 32-191 981-17
Edinburgh 32-203 981-54
The North Pole 32-255 983-11

5. DENSITIES (APPROXIMATE).

Mass of cubic foot in oz. Mass of cubic cm in gm.
Water 1000 1-0
Atmospheric air 1 <001
Mereury 13568 13-668

6. POwEeR.
One horse power = 550 foot-pounds per second
=. 7,460,000,000 ergs per second (roughly).



DYNAMICS.

———

PART L
VELOCITIES AND ACCELERATIONS.

CHAPTER L

VELOCITY.

12. By Kinematics is meant the study of motion as motion
only. Considerations of what is moving or what produces the
motion do not enter this branch of the subject.

When a body continues to occupy the same position for
any length of time, it is said to be at rest. When its position
varies, 1t is said to be in.motion. Thus motion is ckange of
position. *

DerintTION.—Velocity is rate of change of Yosition,

18, Uniform and Variable Velocity.—The velocity of a
moving point or body is said to be usiform when the d1 nces
which 1t traverses in equal intervals of time are equal tow-
ever short these equal intervals may be.

In other cases the velocity is said %o be variable.

‘When ity is uniform, it is measured by the ¢ .nece
traversed in a unit of time. ©
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The word “ per™ is used in speaking of a rate. Thus we
may restate the above definition of the measure of velocity
in the following form :—

o Velocity s measured by the distance traversed per unit time.

The unit of velocity is the velocity of a body which moves.
over a unit of length per unit of time.

The F.P.S. unit of velocity is a velocity of one foot per
second, and this is now often written in the abbreviated form,.

1 ft./sec., or 1 -ﬁ- ,or 1fs.
sec.

The C.G.S. unit of velocity is a velocity of one centimetre
per second, in the new notation 1 cm./scc.

14, To find the distance traversed in any interval of time by
a body moving uniformly.

Let v be the velocity of the body ; then, by definition, v is.
the distance traversed in each successive unit of time.

So, in 2 units of time the total distance traversed is 2v,

in 3 units of time it is 3v, and so on ;

and in ¢ units of time it is tv.

Hence, if s denote the distance traversed in the interval of
time whose measure is £, we have

8= Vl..cocererrerrerrrrarnasnsnececns(I)y
that is, distance traversed = velocity X time.

Ezamples.—{1) If the velocity is 88 feet per second, the distance
traversed in 25 sccondls = 88 26 = 2200 feet.

(2) If tho velocity is 500 centimetres per second, the distance traversed
in a minute {60 seconds) is 60 X 500 or 30,000 centimetres.

{3) To find the number of miles travellod in five minutes witk a
velocity of 88 feet per second. We cannot put v = 88 auvd ¢ = 5 and
soy “ 8= ol = 838X5,” for the velocity 88 is measured in feet per
second and the time 5 is measured in minutes. The formula 8 = ¢t is
rot true unless everything is reduced to one sysiem of units. If we
use the foot-second system we. must take the time ¢ not as 5 minules
but as 300 seconds. We then have

distance traversed = 88X 300 = 26,400 fee?,

because we have taken a foot as our unit of length, Reducing this to
miles, we fin¢ distance traversed = § miles.
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15. From (1) we have by division

‘ ’
hence the velocity of a body may be found by dividing the distance *
traversed by the tme taken tn traversing «.

Example.—A& cyclist rides from one milestone to the next in 4}
minutes. To find his velocity in feet per second.

The distance traversed is one mile or 6280 feet, and the time taken
is 4§ x 60 or 270 seconds ; therefere in one second the distance traversed
in feet = 5280 = 270 = 19-5;

.. required velocity = 19-3 feet per second.

15, Change of Units,—When a given velocity is exprassed
in terms of any given units of length and time, the same
velocity may be referred to any other system of units by
.using the method illustrated in the following examples :—

Ezamples.—{1) To express a velocity of (a) one mile per hour, (b) 60
miles per hour, in feet per second.

(2) A miie contains 6280 feet and an hour contains 3600 seconds.
Hence with velocity of one mile per hour

in 3600 seconds the distance traversed is 5280 feet ;
. in 1second » » o B488 feet.

Therefore the velocity is represented in feet per second by §383, i.c. $3.

(6) A veiocity of 80 miles per hour is 60 times as great, and it is there-
fors reprosented in feet per second by $3 % 60 or 88.
.

(2) When & foot and a second are the unite of length and time, the
measure of o cortain velocity is 27. What is its rheasure when a yard
awd & minula aro the unite ?

With a valocity of 27 ft. per teo., 27 ft. are passed over in g second,
and, therefors, 27:x 60 ft. are passed over in & minute ;

5., 27 20 yrds are passed over in a minute ;

~ 8 veloe:dy of 27 {t. per sec. = a velocity of‘ 540 yards per minute ;
. the measure of the velocity is 540 when estimated in terms of the
new uuia, ¢ .

Qaszave'no;:.—The student will find it useful to remember

the relation
. 60 miles per hour = 88 feet per second .,........(2).
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17. Positive and Negative Velocities'—Where we are dealing
with & number of motions in a straight line, some of which
motions are in the reverse direction to others, it is convenient

, to regard velocities in one direction as positive and velocities
in the opposite direction as negative, the measures of the latter
velocities being negative quantities. A similar convention is
.also made with reference to the distance traversed, which is
considered positive if a body has moved in one direction, and
negative if it has moved in the reverse direction, the positive
direction being the direction in which it would move with the
positive velocity. With these conventions the equation 8 = vt
always holds true.

The velocity of a body is always to be taken as defining
both the rate at which it is travelling and the direction in
which it is going.

The term speed is, however, often used to denote rate of
motion considered without reference to direction.

Thus if we take the positive direction to be from left to right, the
velocity of a body moving from left to right at the spced of 3 feet per
second will be represented by 2, but the velocity of a body moving
from right to left at the same speed will be represented by — 3.

Agzain, if the body has moved 5 fect from left to right the distance
traversed will be represented by b, if it has moved 2 feet to the left the
distance traversed will be represented by — 2.

18. Representation of Direction by the Order of Letters.—In
{uture, when we speak of ‘the straight line AB,” we shail
imply that the line is drawn from A to R, not from B to A.
If we use the signs 4+ and — to denote directions, as in § 17,
the distance AB is considered positive if we have to go in the
positive direction to get from A to B, negative if we have to
go in the reverse direction.

19. Relative Velocity.—DErFINITION.—By the velocity of one
body relative to another is meant the rate at which the first
body is changing its position with respect to the second.

The meaning and impdrtance of relative velocity will be
best undarstood from the iollowigg simple illustrations :—

- (1) Su that & man on board a large steamer is walking along
the deck.pp%"(ee naturally say that ke is in motion, because he is wilking.
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Butthismotiandongthedaokhouasnlaﬁnmim, and is not the
true motion which he possesses, for he is also at the same time being
carried forward by the motion of the steamer. And if the man remains
standing in the same part of the deck we know that he is not really at
rest, but that he is moving with the steamer.

2) If a fast train overtakes and passes a slow train, a passenger in
t.hg former will obtain the impression that the latter is going back‘snrdl,
because he is going faster and leaves it behind. This apparent backward
velocity is the relative velocity of the slow train with respect to the fast.
The slow train is really moving forwards all the time, but as it is not
going fast enough to xeep up with the fast one, it appears to go in the
opposite direction to the latter.

20. Motion Relative to the Earth.—We are accustomed to consider
the Earth as fixed, because we see on it trees, houses, hills, and other
objects which always appear to retain the same relative positions. And
8o in measuring velocities we naturally refer them to the Earth. We
observe that the Sun, Moon, and stars rise in the east, and set in the
west, At first we should naturally say the stars are moving, and that
we are at rest. But it is much easier to believe that the Earth (even

*though it be 8,000 miles in diameter) is moving as a whole, than that the
stars, which are separate and distinct bodies, enormously larger than
the Earth, and at distances of many billions of miles apart, are all
revolving together about the Earth once in a day, so as always to
remain in the same configurations. This and other reasons force upon
us the faoct that it is tho Earth which rotates once a day, and not the
stars that move. Further, we are taught that the Earth travels round
the Sun, describing, roughly, a circle of radius 92 million miles in the
course of the year. )

In most cases we do not have to take account of the motions of the
Earth. The relative motions can be worked out just as if the Earth
were fixed. In fact, most of our ideas of motion are based on experi-
ments made with moving bodies on the Earth, and they refer quite as
much to relative motion as to actual motion.

21. Properties of Relative Velocity.—From the arguments and
examples of the last paragraphs, the following propertjes will
be evident.

When two bodies, A and B, are meving in any manner, the
velocity of B relative to A is the velocity with which B would
appear to move if the observer were moving with the body A.

If the bodies are moving in the same straight line, the rate
at which the faster body overtakes and passes the sloger one
is the relative velocity of the former with respect to the latter,
pnd is the algebraic difference of their velocities (taken with
proper signs, as in § 17). -
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Lot A and B be trains moving with velocities 50 and 30 miles chr
haar respectively, in the same direction. A’s velocity relative to B is
20 (miles per hour), while B’s velocity relative to A is — 20. But if
they are moving in opposite directions, their velocities relative to one
ancther are + 80,

Since 80 = 50 — (—30), this relative velocity is the algebraio
difference of 50 and — 30, the velocities of the trains.

22, Composition of Velocities in One Straight Line.—From
the consideration of relative velocities we naturally pass on
to cases where the velocity of a body is due to a number of
independent relative motions. We may take the following
in illustration of such motions :—

Ezamgple.—A river is flowing at the rate of 1 mile an keur, and & man
can row a boat through still water at 4 miles an hour. 7To find his rate
of progress (i) down stream, (ii) up stream.

Let B’AB be the dircction of the river, 0 the man’s starting-point.
Then in one hour the water that was at 0 will have flowed to & joint,
A one mile from 0, and if the man had allowed his boat to drift it would
Luve reached A.

' 4 0 A 8
1 | ) ] 1 L 1 1 3
P>
Fig. 2.

But the mar has pulled his boat 4 miles relative to the water. Hence,
if be ie pulting down stream, his action in rowing during the hour will
buve taken the boat to a peint B four miles below A,

The whole space OB is = 4 4+ 1 = 5 miles; kence tho man’s rate of
Frogress down stream = 5 miles an Lour, ¢

But if the man pulls up stream, the action of his oars durirg the
beur will take him % miles throvgh the water 10 a point B’ four miles
steve A,

in this case the whole space 0B’ (measured up stream)=4—1=3
ks ; hence the man’s rate of progress up stream = 3 miles an bem.

.
23. Component and Resultant Velocities.—I1f the moction of
o body is due to scveral simultancous indgpendent causes, its
actnal velocity (or change of position per second) is called its
1csullm% velocity, the velocities due to the sepatate constituent

causes being called component velocities.

Tkus, in tiie example above, the rate of flow of the stream and the

zate st whith the man rows, rglative to the water, are the components
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of the velocity of the boat, while his actual rate of progress (relative to
a fixed point on the bank) is the resultant velocity.

The process of finding the resultant velocity from the
components is called compounding velocities. To compound |,
several velocities in thé same straight line, we add them
together, giving regard to their algebraic signs, as explained
in § 17.

24. Variable Velocity.—This may be measured in two ways—
(i) By the average velocity in any given interval ;
(i) By the velocity at any given instant.

25. Average Velocity: DeriniTion.—The average velocity
of a moving body in any given interval of time is the velocity
with which a body would have to move uniformly in order to

otraverse the same distance in the same tine. In other words,
the average velocity of a moving body is the whole distance
deseribed by the body divided by the whole time of its descrip-
tion. Thus, if v denotes the average velocity of a body moving
anyhow over a space s in a time ¢, the formula s = o, or v = g/,
holds good just as for a uniform velocity.

26. Velocity at any Instant: DerFiNiTIoN.—~The velocity of
a body at any instant is measured by the rate per second at
which distance is being traversed during a small interval of
time containing that«dnstant.

When a very small interval is taken, there is no time for
any appreciable change of velocity during® the interval, so
that the velocity may be considered constart nhroughgut the

interval, and the formula v = .:— again applies.
[ ]

Thus, ithe speed of a railway train may vary considerably in the
course of 5 minutes, byt in so short an interval, say, as ono-tenth of a
second there can be no appreciable alteratipn of its rate.

Hence the term * velocity at any instant > must be regarded
as & convenieat abbreviatiorf for * average velocity during a
wery small interval of time including the given instant.”
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EXAMPLES 1.
1. Find the measures of the following velocities, & foot and & second’
being the units of length and time :—
(i) Ninety miles per hour ;
(ii) Twenty yards per minute ;
(iii) Two furlongs per half-hour.
2. Find the measures of the following velocities, a yard and a minute
being the units of length and time :—
(i) Thirty miles per hour;
(ii) Twenty feet per second ;
(iii) Three hundred and sixty feet per hour.
3. Find the measures of the following velocities, when a mile and an.
bour are the units of length and time :—
(i) Five and a half feet per second ;
(ii) Eleven yards per minute ;
(iii) One-tenth of a mile per second.

4. A body has a uniform velocity of 10 feet per second ; how far will
it go in 10 seconds ?

6. How far will a train, travelling at the uniform rate of 25 miles an
bour, go in half a minute ?

6. A body moves with uniform velocity, whose measure is 30 if a
yard and a minute be the units of length and time, respectively. How
far will it go in 24 seconds ?

7. A train moves with uniform velocity, whose measure is 45 if a
mile and an hour be the units of length and time respectively. How
far will it travel in 10 seconds ?

8. A body moves uniformly with a velocity of 30 yards per minute.
Find how long it will take to travel 24 feet.

9. A train moves uniformly through a distance of 11 feet in 4 seconds.
Find its velocity in ‘miles per hour.

10. and, in feet per second, the average velocity of a bicyclist who
rides a mile in 3 minutes 18 scconds.

11. A three-mile race was run in 15 minutes 24 seconds. Find the
average velocity of the winner.

12, Find the relative velocity of two railway trains, travelling at the
rates of 30 miles an hour ang 50 feet per second, respectively, when they
are moving (i) in the same direction, (ii) in opposite lirections.

13. A“man rows a boat at the uniform rate of 5 miles zn hour on a
* etream which is flowing at the rate of 1 mile an hour. "How long will it.
take him to row 12 miles up-stream, and back ?
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34. Two triins, 210 yards and 237 yirds long, respectively, are
travelling in opporite directions, the former at the rate of 25 miles
per hour, and the latter at the rate of 35 miles per hour. Find how
loug it takes tizem to pass each otler.

15. If u be the measure of a velocicy in yard-minute units, what is
ite measure in foot-second units ?

J&. Find the measures of the followirgz ‘velodities, a metre and a
wanoic being tho units of length and time :—

(1) Five centimetres per second ;
(i) Twenty-five kilometres peor hour,

j7. Find tie messures of the following velocities, if a kilometre and.
an bour are the utits of length and time :—

(i) Thirty centimetres per second 5
(12) Five hundred metres por minute.

38 A man walis at the uniform rate of © kilometres per hour. Hew
fa1 w1 ho walk in 15 secconds ?

39. A body moves with uniform velacity, whose measure iz 120 if a
metro and a minute are the units of lenath and time, How far will 5
“%uv i & seconds ?

20. Compare the velocitics of two bodis3, one of which mov s at tie
rate of m feet iz n seconds, and th2 other at the rate of p miles in
hours.

MAT. MECH.

[ 2]



CHAPTER 1L

ACCELERATION.

27. Having defined the velocity of a body af any instant
in § 26, we shall always in future take this as the measure
of a variable velocity (unless average velocity is expressly
specified). We shall now consider the rate at which this
velocity varies from one instant to another.

DerintTION.—Acceleration is rate of change of velocity.

Strictly speaking, the word *‘ change '’ may imply an alteration in
direction as well as in magnitude or speed ; but in the first two parts of
this book we shall be concerned entirely with motion in a straight line,
and change of motion in the same straight line. Thus we may say that
acceleration is the rate of increase of velocity. When there is a retarda-
tion, or decrease of velocity, this is spoken of as a negative acceleration.
(See also § 137, forward.)

28. Uniform and Variable Acceleration.—Acceleration is said
to be uniform when the velocity increases by cqual amounts
in equal intervals of time, however small. In other cases it
is said to be variable. '

With this latte} kind we shall have nothing to do.

Uniform acceleration is-mecasured by the amount by which

the velocity increases per unit of time, or, practically
acceleration, = velocity added on per sccond. .

The unit of acceleration is the acceleration of a body which
moves so that the measure of its velocity increases by unity
in a unit of time. e

In the F.P.S. system of units, where the «anit of velocity is
a velocity of one foot per segond, the unit of acceleration is
the acceleration which in one second increases the velocity by
one foot per second, and this is called an acceleration *of

: . 18°
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* one foot per second per second,” written,in the new notation,
1 ft.[sec.3, or sometimes 1 {.5.s. L

Similarly, the C.G.8. unit of acceleration is an acceleration
of “one centimetre per second per second ”; in the new
notation, 1 cm./sec.2.

OBsERVATION.—The words “ per second > must be repeated because
the unit of time is involved twice, firstly in measuring the velocity or
change of velocity, and secondly in measuring the interval in which
this change of velocity takes place.

Ezamples—(1) If & body is moving at the rate of 5 feet per second
at any instant, and its velocity one second later is 7 feet per sccond,
the increase of velocity in one second is 2 feet per second, and therefore
the acceleration is 2 feet per second per second.

(2) I in one second the velocity changes from 10 feet per second to
8 feet per sccond, the increase of velocity is = 8 —10 = —2 fect per
sccond, and the acceleration is — 2 feet per second per second.

(3) Similarly, if the vclocities at intervals of one second are 53, 59,
658.. centimetres per second, the acceleration is 6 centimetres per
seeend per second.

29. To find the velocity acquired in any interval of time by
2 body moving with uniferm acceleration.

Let f be the given acceleration, and let it be required to
find the velocity acquired after ¢ units of time have elcrsed
since the commencement of its action.

(i) Suppose that the moving body starts from :zsb.
Then the velocity acquired in 1 unit of time = f,

the velocity acquittd in 2 units of time = 2f,
and the velocity acquired in ¢ units of time =4f.

Hence, if v denote the required velocity,

T ( Z UL+ ) ¥

(1) Suppose that the body starts withyinitial velocity u.

Then, as before, the amount by which the velocity increases

. in ¢ units of time = ft ;
", the velocity at the end of the imterval = u + fi;
Byt inthis c&s.e ‘U=u+ﬂ..................u.-.-.-3(2).

. o [
» Cor.—Since v — u = f?, we see that
° increase of velocity = acceleration X time,
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Ezamples.—(1) A train acquires a velocity of 60 miles an hour in
two minutes. To find its acceleration in F.P.S. units.
In 2 min. (= 120 sec.) the velocity increases by 60 miles per hour
= 88 feet per second ;
. in one second the velocity increases #f; foot per second.
Therefore the given acceleration is {88 or -73 foot per sec. per sec.

(2) If the acceleration is 32 feet per second per second, and the body
starts with the velocity 100 feet per second, the velocity after ten
seconds = u + ft = 100 4 32X 10 = 420 feet per second.

30. Change of Units.—When an acceleration is expressed in
terms of one system of units, we may reduce it to any other
system of units, by adopting the method illustrated in the
following examplés :—

Ezamples.—(1) To express an acceleration of 32 feet per socond per
second in yards per minute per minute.
Here we are given that the increase of velocity in onc second is 32
feet per second. In order to change to the new units we must
(1) find the increase of velocity acquired in one minante ;
(2) express this increase of velocity in yards per minute.

We accordingly proceed as follows :—
In 1 seo. total increase of velocity = 32 feet per second ;
»~ in 1 minute (60 sec.) the total increase of velocity
= 32x 60 = 1920 feet per second
= 1920x 60 feet per minuto
= ___192‘;;( Go-yards per minute
= 38400 yards per minute.
~  given acceleration = 38400 yards per minute per minute.

(2) A body is moving with an acceleration of 64000 miles per hour
per hour. Express this in feet per second per second.

A velocity of 54000 miles per hr. = a vel. of 5;-4%.%)?—‘3;210 ft. per sec.
= a vel. of 1800 44 ft. per sec.
This velocity is gained every hour;
1800 44 ¢,
60x% 60
therefore an acceleration of 54000 miles per hour per hour
= pn acceleration of 22 ft. per sec. per sec.

.. the gain per second is .peuec.=2:‘!ft.gersec.;
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31. Retardation.—When the speed of a body is decreasing,
the motion is said to be retarded. As said before (§ 27), a
retardation of a positive velocity is regerded as a negative
acceleration.

More generally, if a motion, or change of motion, in one
direction be taken as positive, then any motion or change in
the opposite direction 18 considered negative.

(A negative acceleration does not always retard. When a stone is
thrown upwards, we take the upward direction as positive, and the
acceleration of gravity (see § 52) is neﬁative, and at first retards the

of the stone, but after it has reached the highest point, the same
acceleration of gravity increascs the speed.)

Ezamples.—(1) A body starts with velocity 144 feet per second, and
iz subject to a retardation of 32 feet per second per second. To find
its velocity after 5 seconds.

Here u = 144, f = — 32, t = §; whence, substituting in the formula

€= u + fi, we have
v=144 + (—32)x5 = 144 — 160 = — 16.

Hence the body is moving with speed 16 fcet per second in the opposite
direction to that in which it started. per

(2) I a railway train moving at 60 miles per hour (88 feet per second)
ie brought to rest in one minute (60 sec.), and we consider t.g: original
velocity positive, the acceleration f = (v—u)/t

= (0 —88)/60 = — 88/60 = — 22/15 feet per sec. per sec.,

and is negative. 1f thig acceleration were continued for another minute,

the train would acquire a velocity of — 88 feet per second, that is, its
ariginal velocity would be exactly reversed.

32. Variable Acceleration is measured in a very similar way
to variable velocity. It may be measured either

(i) By the average acceleration in any given interval ;

(i) By the acceleration at any given instant.

EXAMPLES 1I. ,

1. How is the measure of an acceleration changed if
(i) the unit of length be changed from a foot to a yard,
(ii) the unit of time be changed from agsecond to a minute ?

2. If the measure’of the acceleration due to gravity be 32 when &
foot and a secoqd are the units of length and time, what will it be'whea
+he units are .

. (i) a yard and a minute,

: (ii) » mile and an hour ?
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3. If an acceleration be expressed by 480 when a yard and a minute
are the units of length and time, its measure when a foot and &
second are the units.

4. If 110 bé the measure of an acceleration when a yard and a second .
ure the units of length and time, find its measure when a mile and a
rzinute are the units.

5. A train which is uniformly accelerated starts from rest, and at
tle end of 3 seconds has a velocity with which it would travel through
& mile in the next 5 minutes. Find the acceleration.

6. How long will it take a body, moving from rest, to acquire a
velocity of 400 feet per second if it be uniformly accelerated at the
rste of 25 feet per second per second ?

7. A body moves from rest with uniform acceleration, and its velocity
at the end of 3 seconds is 21 feet per second. Find its velocity at the
erd of 8 seconds.

8. A body moves at one instant with a velocity of 20 feet per second,
and, 6 seconds after, it is moving with a velocity of 50 feet per second.
Find the acceleration, supposing it to be uniform. ”

. 9, What is the velocity of a body which began to move withra velocity

of 100 feet per second, and has continued in motion for 6 seconds, the
veloci;_v; regularly diminishing at the rate of 10 feet per second per
eecond ?

10. A body, which is uniformly accelerated, starts with a velocity of
40 feet per second, and 8 seconds later is moving with a velocity which
would carry it through 60 miles in the next hour. Find its acceleration.

11. A point moves from rest with uniform acceleration, and the
velocity at“the end of 3% minutes is 70 feet per sccond. Find the
acceleration.

12. A body starts with a +elocity of 150 feet per second, and at the
er.d of each sccund it instantaneously loses 3 of its original velocity.
What space will it describe before coming to rest ?

13 A body is moving with a velocity of 30 miles an hour, and, 5
minutes after, it is moving with a velocity of 8 yards per second. Find
the acceleration, supposed uniform. '

14. Express the C.G.S. unit of acceleration, and the acceleration of
gravity (980 cm. per sec. per scc.), .
(i) in metres per minute per minute,
’ (ii) in kilometres per hour per hour.
15. If the measure of an acceleration be 60 when a mile and an hou~

sre the units of length and time, find its measure when a centiwetre and
s second-are the units, (Take 1 ft. = 30 em.) '
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16. In half a minute the velocity of a body increases uniformly from
10 centimetres per second to 36 kilometres per hour. Find the accelera-
tion.

17. A body is moving at a certain instant with a velocity of 1-8 kilo-
metres per hour, and its velocity is uniformly diminishing at the rate
of 5 centimetres/second®. After how many seconds will the velocity
of the body be 15 metres per minute ?

EXAMINATION PAPERI.

1. Distinguish between variable and uniform velocity. Explain how
they arc measured.

2. Explain what is meant by the acceleration of a point moving in &
straight line.

3. If 15 be the measure of a velocity when a mile and en hour are the
‘mciim of length and time, find its measure when the units are a yard
and a minute.

e 4. Compare the velocities of two points which move uniformly, one
;.‘hmugh 900 feet in one minute and the other through 224 miles in one
our.

6. A mill-sail is 14 feet long and revolves uniformly 12 times in a
mimute, Find the velocity of the extremity of the sail.

6. Give a short account of the metric system of weights and measures,

7. The measure of an accelaration is 40,500 when a mile and an hour
are the units of length and time. Find its measure when a foot and a
second are the units.

8. A body is moving at a certain instant with a velocity of 40 yards
per minute, and 10 seconds later it is moving with a velocity of 22 feet
per tecond.  Find the alceleration,

9 1If the acceleration duc to gravity be 32 whenea foot and a second
are the units of length and time, find its measure when a kilometre and
a minute are the units. (Take 1 kilometre = 3280 feet npprox..)

10. The velocity of a train diminishes uniformly from 60 miles an
hows at 12 o'clock to 10 miles an hour a} 25 minutes past 12. What
. was its velocity at 15 minutes past 12?



CHAPTER III.

UNIFORMLY ACCELERATED MOTION.

. Observations.—In Chapter I. we have
shown that, for motion with uniform velocity »,
s=tt;
and in Chapter II. we have shown that, for motion under
uniform acceleration f, the velocity at any instant is given by
v=u - ft.

‘We have now to find expressions for the distance traversed
in any time-interval £ by a body moving with uriform accelera-
tion. For, in accelerated motion, the velocity is variable, and
& = vt does not hold good.

IMustration.—1If a railway train starts from rest with uriform accelera-
tion, and at the end of one minute it has acquired a velocity of a mile &
minute, the train has not traveclled a mile in that minute. For to do eo
it would have to go at full speed the whele time, but in reality the train
never acquires this speed till the end of the minute ; at the beginning
of the minute it is not moving at all.

At the middle of the interval, or half-a-minute from starting, the
velocity is 4 a mile per minute, and in each second it incrcuses by
of a mil> per minute. One second before the middle of the interv:
the velocity is g of a mile per minute less than at the middle, and one
second after the middle it i~ @y of a mile per minute greater. And
generally, the velocity ¢ seconds before the middle of the interval is as
much below 3 a mile per minute as the velocity ¢ seconds after is above.
Hence we are led to assumre that the average velocity is % a mile per
minute, and that the distanceftraversed in the minute is § a mile. The
distance traversed in the first half-minute is, of course, less than { of half
& mile, arid the distance traversed in th~ second half-minute .s more than
4 of-half-a.mile by an equal amount; but the two together make up
exactly one half-mile, "

n 2
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34. To find the space described, under a uniform acceleration
7, in a time-interval ¢ seconds.

Let u be the velocity at the beginning of the interval,

v  the velocity at the end.

Divide the time ¢ into n equal parts, each of length 7, where
= is a large even number. We thus have

t=mnt, or t=t/n.

By making n very large, the intervals ¢ will be very small,
50 that the velocity in one of these will have no time to alter
appreciably, and we may consider the velocity at the begin-
ning or the end of an interval to represent the velocity
‘throughout that interval. Thus we have

velocity at beginning of 1st interval = v,

» ”» ” ond ,, = u - f[,.
”» » » 3rd =% Qf:,
° cte., elc,
Also velocity at end of last interval = v,
» » lassbut 1 = v —ft,
2 ) l&St but 2 = QP — Qf",
ete., etc.

'The distance traversed in any interval is found by multi-
plying the corresponding velocity by ;. Now take the small
intervals in pairs, and combine the first interval with the last,
the second with the last but one, and so on, the (m - 1)th
interval being combingd with the last but .

Then sum of distances traversed
in 1st and last intervals T = (w0,
in 2nd and last but 1 = (u+ fi 4 v—fi)i = (44 o),
in 3rd and last but 2 = (w+ 2fi+ v—2fi)1 = (u-+v)i,
in (m+1)th and last but m = (u4-nfid-v—mfi)i.= (u -4 v)i.

Therefore the distance traversed in each pair of intervals ¢
18 (¥ + v) ¢, and is the same as if the velocity in the pair were
4 (44 v). And, since this is true ¢f every pair, the whole
distance trayersed is the same as if the velocity were % (@ -}- v)

* throughout the whole of the time ¢.
¢ Therefore distance traversed = § (u + o).
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Thus the distance traversed under uniform acceleration is the
product of the time into half the sum of the initial and final
velocities.

Cor. Hence average velocity = s/t = } (u + ©).

35. Alternative Proof.—Let u and v be the first and last velocities,
£ seconds the time of motion. Divide the time into a number n of very
small intervals, each equal to i. If n is very great, the velocity during
any one of these intervals may be considered constant. Owing to the
uniformity of the acceleration, the successive velocities in these intervals
form a series in Arithmetical Progression, and so do the small spaces
{ui, etc.) described in them. Now, by the formula for the sum of an

AP,
s={n(a+1),

where a, I aro the first and last terms.

Putting @ = ui, ! = vi, we have for the sum of the spaces described
in all the intervals (i.e. the whole space)

e=in(ui+ vi)=}(u+ v)ixn
=4 ()t

Ezample.—A train, starting from rest, acquires a velocity of 48 miles
an hour in 2} minutes ; to find the distance run in that time.

Hero the initial velocity is zero, and the final velocity is ¢ mile per

minute. Therefore the average velocity is § mile per minute, and the
distance run in the 2} minutes

= $x2} = 1 mile.

36. Uniformly Accelerated Motion from Rest.

The formulae for uniformly accelerated motion, which we
shall now deduce, are very important.
Let f be the ugiform acceleration,
t  the time, measured from the instant of rest,
¥  the velocity acquired at the end of the time¢,
8 the distance traversed in the time ¢,
Putting « = 0 in the two formulae
v=u+ft and s=§(u+ v)¢,
we have o= teereressasaess sesussessensesnnese(l),
8=1Vt..ccccrrirriecitiuinnininnnenees(2)e
Eliminating » from these by: multiplying them together,

. 8= iﬂ'................................,(8)»



® ACCELERATED MOTION WITH INITIAL VELOCITY. 2r

Again, eliminating ¢ from (1) and (2) by division, we get
Ll (SRR ( | I
Formulae (1), (2), (3), (4) are sufficient to work out any
problem relating to uniformly accelerated motion from rest.

37. Uniformly Accelerated Motion with an Initial Velocity.—
We have proved, in § 29, that
v—u=fl, or v=u+fl...uc.c......(5) ;
and, in § 34, that
s=1(v+ut.ieiierare e {6)
and from these two eyuations we may find a relation between
any four of the quantities u, ¢, f, f, s. Thus, eliminating »,
we have
s=4(u-t+u-tfi)e,
or s=ut+ It i (D),
giving the distance traversed in terms of the time, the initial
velocity, and the given acceleration.
Lastly, on eliminating ¢ by multiplying (5) and (6) across,
w« have
(e—u)Xi(v4+u)=/fs, or }(®— u?)=Ffs
or v? — u? = 2fs, or vP=u{2fs ...... (8),
a relation between the distance traversed and the initial and
firal velocities,
The average velocity in any interval = s/¢
= u+ Mt = u+f(})
= velocity at time 3¢
== vel. at middle of interval.

53, The signs of the letters should never be changed in tiie’ formulae,
even when we are dealing with a retardation. Tn such a case, ¢l value
of [ is a megative quantity, but the fo/mula (7) must still he written

8=ul + 3f, and not &= ul—3}ft.

The following exegmples will show how the formulae may be applied
to retarded motion :— '

Examples.—(1) If a steamer starts {zom rest with an acesleration of
100 yards‘persminute per minuw, it will at the end of tive minutes have
attained a velocity equal to 100 5 yards per minute.

@ = (IxE -
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(2) Now suppose that, when the steamer is going at the rate of 500
yﬂdlperminuu.thaenginumnvund,loutosmduceubuckwa'a
acceleration of 100 yards per minute per minute, and let it be required
to find how far the steamer will go in 3 minutes.

We must now put f = — 100 ; and therefore

our formula s= ut + {fB
givea us &= 600x3 + § (—100)x 3*;
ie e==1500 — 450,

or distance traversed == 1050 yards.

(3) If a train, when going at 50 miles an hour, can be pulled up in
-48 seconds, find at what point the brakes must be applied.

When the train is being pulled up, the initial velocity is § mile per
minute, and the final velocity is zero. Also the time taken in pulling
up equals £ of a minute.

Therefore the distance run when the brakes are on

=3 (u+d t)l=4X$§=4%of amile

Hence the brakes must be applied when the train is 3 of a mile from
the station.

(These examples show that it is not always necessary to reduce to
feet and seconds.)

39. To find the distancs traversed in the nth second of a
body’s motion.

With the usual notation, taking the second as the unit of
time,
velocity at end of » — 1 seconds = u + f(n — 1),
. velocity at end of » seconds = g + fn ;

.. average velocity during nth second
=}{utfir'=1)+utfr}=u+t+}(@2n—1)f;
-and, since the measure of a second is unity, the distance

traversed in the nth second
= {u+ 3@ —lf}xl=u+}@—1f.
It is better, however, to remember the method by which
this formula is obtained, and not the formula itself.

40. To tind the acceleration of a moving body by Lbserva-
<ion, it is only necessary to observe the distances traversed in
two sucoessiye seconds of the motion.
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Ezamples.—(1) If the distances traversed in two successive seconds
are 10 feet and 42 feet, to find the accelcration, supposing it uniform.
Here vel. at mid. of Ist sec. = av. vel. in 1st sec. = 10 ft. per sec.,

. »  2nd sec.= ,, » 2nd sec. = 42 ft. per sec.
Therefore, from middle of 1st to middle of 2nd second of time, velocity
increases from 10 to 42 feet per second ;
.. increase of velocity in 1 sec. = 32 ft. per sec. ;
.~ . acceleration = 32 ft. per sec. per sec.

(2) A body traverses altogether.66 feet in the fifth, sixth, and seventh
secouds of its motion from rest under uniform acccleration. To find
the value of this acceleration.

The average velocity in the three seconds

= 8% = 22 ft. per sec.

This is the velocity in the middle of the interval ; i.e. 5§ seconds after
starting ;

% the acceleration = :—; = 4 ft. per sec. per sec.

41. Graphic Representation of Variable Velocity.—We shall now show
Jhow motion with variable velocity can be fully represented by drawing
a curve which serves as a sort of map or diagram of the velocity (Fig. 3).
Take a straight line 0X (which we will suppose horizontal), and,
having selected any point O om it, measure a length OM, such that
the number of units of length in OM is equal to the number of units
of time (say scconds) that have elapsed since the beginning of the
motion : thus, if 0M contains ¢ units of length, the point M will represent
the time ¢.  The points a, b, ¢, distant respectively 1, 2, 3 units of length
from 0, will represent the times 1, 2, 3 seconds after the beginning of-
the motion, respectively.
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Fig, 3. : Fig. 3a.

Through M draw a line MP perpendicular to OM, and let the number
of urits of length in MP be equal to the number of units of velocity it
ethe: velocity of the moving point at the instant represented by M. Let



30 UNIFORMLY ACCELERATED MOTION.

similar perpendiculars be erected at every point on OX, so that (for
example) aA, bB, cC. .. are to be taken proportional to the velocities
at the times 1, 2, 3, . . . seconds, respectively. Then the cxtremities of
omedperpethaso ndiculars will be found to lie along a certain straight or

line ABCP. This line may be called the velocity graph of the
motion,

I. When the motion is uniform, the velocity graph is a straight line
parallel to OX; for, if the velocity is u, all the * ordinates,” such as
MP, are u units long, and therefore the points on the velocity graph are
attge same distance from 0X. In this case, if £ be the time CM (Fig. 3a),
‘we have

distance traversed = «f = MPX OM = area of rectangle OP,

%42. We shall now extend this result to variable velocities by showing
at—

II. The distance traversed in any interval of time is represented by
means of the area cortained by the velecity graph and the two bounding

Let OM represent the given interval, QP tho velocity graph (Fig. 3};
then it is required to show that the area OQPM represents the distence
traversed.

Divide OM into any number of intervals at the points a, &, ¢, and
draw the ordinates aA, bB, cC to meet the velocity graph in A, B, C,
8o that 00, aA, bB, cC, MP represent the velccitics ot the instants tf
time represented by 0, a, b, ¢, M.

If the velocity during cach of the intervals Oa. ab, bc, ¢M were uniform
and equal to the actual velocity at the beginning of that interval, the
distarces traversed in tho intervals would be 0Q. Oa, aA.cb, bB. be,
etc., and would be represented by the measures of the areas of the
rectangles Qa, Ab, Be, eto., and the whole distance traversed would be
represented by the sum of the measures of these rectangles; that is, by
the area of the inscribed figure 0QDAEBFCBMO.

In like manner, if the velocity thronghout each interval were equal to
the actual velocity a® its end, the distance traversed would be repre-
sented by the area of the circumscribing figure 0dA¢BfCgPMO.

Now however small may be the distances Oz, ab, b, . . . into which
OM is divided the above argument still holds. Moreover, when these
distences are very small the inscribed ard circumscrioed figures are
both practically equal to the fizure 0QPMO. This area may therefore
be taken to represent the actual space described,

IOI. To prove graphically the formula for uniformly accelerated
v b OP (. 5 Dl ght line, and i Oa, ab, be
veloci Y P (Fig. 3)is a b line, and i
bo,equ:l. iilteyvxg(;egt tgatcgllg\ =)EB wFC,.. .l!:lenca thi?%eloci
wincreases e%‘ul amounts (DA, EB, FC. . .) in equal times (0,
b...) t is to say the acceleration is uniform.
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Conversely it can be proved that if the acceleration is uniform the
velocity curve is a straight line.
Let 00 denote the initial velocity v, OM the time % and MP the final
welocity u + ft.
Then MH= 00 = u,
and therefore HP = fi; and we have
distance travelled = area OMPQ = rect. OMHQ + /. QHP
= rect. OMHQ 4 § rect. QHPN
= 00.0M 4 tHP. OM
=u. 4 3ft.t=u + }fB.

Ezample.—A body, starting from rest, travels north for 6 seconds.
The velocities at the end of successive scconds are as follows :—After
1 second, 30 ft./sec. ; after 2 scc., 55 ft./sec. ; after 3 sec., 65 ft. sec. ;
after 4 sec. 55 ft./sec. ; after 5 sec., 30 ft./scc. ; after 6 sce., zero. If the
change of velocity is at no time abrupt, determine roughly its ultimate
distance from the starting point.

[Note that this is not a case of unifsrra acceieration or retardation.]

We must first draw the velocity curve; it will be convenient to use

squared paper (Fig. 4).
* To obtain a good figure we must be careful in our choice of the scales
of representation. Distances measured alor.g OX represent times; let
us take each division of the paper to r.present § second. Distances
measured perpendicular to 06X repiesent velocitios ; let us tako cach
division of the paper to represent 5 ft. sce.
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We can now plot the points 0, A, B, C, D, E, F to represent tho velocities
at theend of 0, 1, 2. 3, cte. . . geeconds. Thus ON (= 12 Horizontal
divisions) represtnts 4 seconds ; fo (= 11 vertical divisions) represents
55 ft./sec., which is the velocity after 4 seconds. If we now draw by
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hand a curve through these points, we may assume that this curve
represents fairly accurately the successive velocities of the body.“Yl'hu
since 0 M represents 53 seconds, and MP represents 16 ft. /sec., the velocity
after 54 seconds is probably 16 ft./sec.]

Hence, by § 41, the area OBDF represents the distance travelled.

‘We may estimate this area fairly accurately by counting the number-
of .‘fm which it includes. Portions of squares should be counted
as whole squares when greater than half a square, and omitted from the
counting when less than half a square; they should be counted as
halves when they appear to be so.

Cou.nﬁn%in this way we estimute the area OBDF as equivalent to 144

uares. Now each square represents the distance travelled in % second
when the velocity is 5 ft./sec., ¢.c. represents a distance of § feet; for
the horizontal side of the square represents a time of 4 second, and the
vertical side a velocity of 5 ft./sec.

Hence the 144 squares represent a distance of 144X 3 or 240 feet.

Norz.—The curve starts at 0, because the inital velocity is zero..

EXAMPLES III. .

1. A body starts with a velocity of 1000 feet per minute and loses
uniformly 4 of its velocity in each minute. Find how far it will move
before it comes to rest.

2. The speed of a railway train increases uniformly for the first.
three minutes after starting, and during this time it travels 1 mile.
What speed (in miles per hour) has it now gained and what distance did
it travel in the first two minutes ?

3. Find the acceleration of a body which moves from rest through
40} feet in 4§ seconds. .

4. A body describes 504 feet from rest in 12 seconds; find the
velocity at the end of that time.

5. .A body has described 54 feet from rest, with uniform acceleration,.
in 3 seconds ; how long will it take to move over the next 240 feet ?

6. A body moving from rest is observed to pass over 44 feet and.
52 feet respectively in two consecutive seconds. Find the acceleration.

7. A body moves over 25 fcet during the 3rd second and 55 feet
during the 6th.second of itssmotion. Find the whole space passed over
in 8 seconds.
lon& Thedwcalaration ofa bodydia expressed by lwvgengz.m of

and time are a yard and a minute respectively. t space

wﬂfttlllxebodydesoribefromre:tin 16 secondarpec

9. A-body starts from rest and gnoves with uniformr soceleration:
18 (feet/second®). Find the time required by it to traverse the first, °
second, and third feet respectively. .
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10. 'Abodymomfromrestwithanmloutionoilcfeetperwand
per second. How long will it take to travel 8000 feet ?

11. A body bms an acceleration of 25 feet per second per second.
Find the velocity acquired while it travels 20,000 feet from rest.

12. What is the acceleration (supposed uniform) of a body which
describes 126 feet in the 4th second of its motion from rest ?

13. A body, moving from rest with a uniform ecceleration, passes
through 10 feet in the first two seconds. How far will it be from the
starting point at the end of the 3rd second ?

14. Employ the graphical method to find the distance traversed in
10 minutes by a train which starts with a velocity of 20 miles an hour,
and nas its speed diminished at a uniform rate to 5 miles an hour.

16. A body begins to move with a velocity of 12 feet per second, which
increases nmyformly at the rate of 14 feet per second in each second.
How far will it move in 5 seconds ?

16. A particle passcs over 560 feet in 10 seconds, and its velocity at
the end of that time is 90 feet per second. Find the initial velocity
and the acceleration.

17. A particle passes over 10 metres in 10 seconds under a uniform
acceleration of 10 C.G.S. units. Find the initial and final velocities of
the particle.

18. A body has its yelocity uniformly inoreased from 10 feet per
mmdt?zofeetpormm?whihpﬁngmmm Find the
aoceleration.

19. Two bodies uniformly accelerated have their velocities increased
from u to v, and from U to V respectively, while passing over the same
space. Compare ‘the accelerations and the times of describing the
spaces.

20. A body moves overs15 feet in the 1st second of its motion, over
63 feet in the 3rd second, and over 111 feet in the 5th second. Is this
oonsistent with the supposition of uniform acceleratic ?

21. A train proceeding at the uniform rate of 1200 yards per minute
ia.lwyudnbahind-nothu.whiohisjmn-rﬁng{mmmnithn
uniform acoeleration of 1 per second per second. In how many
seconds will there be a jon ? .

MAT. MECH, 3



CHAPTER 1IV.

GRAVITY.-—~MOTION OF BODIES FALLING
VERTICALLY.

-~ 43. When a heavy body is unsupported, it is a matter of
everyday observation that it falls to the ground, and with a
continual increase of speed. More strictly, it falls towards
the centre of the earth, vertically, i.e. in the direction of a
plumb-line, and with a constant, or uniform, acceleration.
This tendency to fall is an illustration of Newton’s Law of
-Universal Gravitation, in virtue of which the Earth’s mass
attracts every mass placed in its neighbourhood. This
attractive force of the Earth is called gravity, and the
acceleration produced by it is called “the acoeleration due
to gravity *’ or * the acceleration of gravity.” It is always
denoted by the letter g.

44, The Acceleration of Gravity is the Same for All Bodies.

If we allow a coin and a sheet of paper or a feather to drop
freely from rest, both will be accelecrated downwards, but the
coin will reach the ground quicker than the paper, while a -
balloon will rise in the air instead of falling. m this it
might be supposed that different bodies are differently
accelerated by 4he action of gravity, the coin being more
accelerated than the paper. But we must not forget that
air itcelf has weight, and, moreover, a body falling through
the air has to set in motion the particles of air which it
displaces in its descent. Hence a light body of large size
encounters more resistance than a body of smaller size, but
of the same weight. .

But if different bodiec_be allowed to fall in a tall jar which
has been exhausted of air’ by means of an air-pump, they will
all reach the bottom at the same instant, thys showing that
all bodies are equally accelerated by gravity. y
. . \ 3‘
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45. The same thing can be shown more simply without an
air-pump by the following experiment, which should be
performed by the student before proceeding further.

ExperIMENT I.—Take a penny or other large coin and cut
a round disc of paper slightly smaller than the coin. Lay
the ‘paper on the top of the coin, and carefully let the latter
drop. Although the paper is uppermost, it will remain on
the coin, and both will fall together.

Here the coin, by going in front of the paper, overcomes
the resistance of the air, which would otherwise retard the
motion of the disc.

46. The Acceleration of Gravity is Uniform.

For we find, by experiment, that the spaces described by a
falling body are proportional to the squares of the times of
fall, which fact agrees with equation (8) of § 36, which holds
for wniformly accelerated motion.

ExperIMENT IL—I a stone be allowed to drop from a
height. of 4 fect, it will reach the ground in half a second. If
it be allowed to fall through 16 feet, it will take 1 second. If
dropped through €4 feet, it will take 2 seconds.

Now if f be the acceleration, the formula s = 3 f#2, taken in
conjunction with these observations, gives

4=31f.(3)3 16=1f.1% 64=1%f.22
whence f= 32, in every case.

Hence we conclude that a falling body descends witk a uniform
acceleration of about 32 feet per second per second.

OBsERvATION.—This experiment is, of course, only a vgry rough one»
because it is very difficult to estimate times with sufficient accuracy.

For more exact experiments it is necessary to use Atwood’s machinz,
to be described in Chap. IX., or Morin's Experiment (Exp. 2, § 321).

47. The Intensity of Gravity.—The above and other experi-
ments show that the acceleration of an unvesisted falling body
is uniform, and, since it is the same for different bodies, its

itude at any place must be a defyffite quantity.

JThis qmntigevuies slightly in diffefent parts of the Earth.
It ig least at Equator, where it amounts to only 82:081
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F.P.S., or 978-10 C.G.S. units ; and it is greatest at the Nortk
and South Poles, where it is estimated to be 33-255 F.P.S.,
or 983-11 C.G.S. units. It also depends on the altitude ; it
diminishes slightly when we go up a mountain and diminishes
slightly down a mine. At London, at the sea level,
g=32-191 ft. per sec. per sec.==981-17 cm. per sec. per sec.
[N.B.—The above numbers are not to be committed to memory.]

For rough purposes it is usual to take
g = 32 feet per second per second.........cccocenrniereriernennnan(1),.
g = 981 centimetres per second per second .........coeeeee.eo(2)s

These numbers must be remembered, as they are constantly
required. The more accurate value, g = 32-2 ft. per sec. per
sec., should also be remembered, although it is less often used.

The vertical at any place may be defined as the direction in
which a body falling freely at that place is accelerated by
gravity, or the direction of a plumb-line.

OBSERVATION.—It must be carefully borne in mind that ¢
is an acceleration, not a velocity. A body falls to the ground
with uniform acceleration but with ever-increasing velocity.

48. Motion from Rest under Gravity.—If we neglect the
resistance of the air, a stone or other body dropped from a
height will fall freely with a uniform acceleration g, or 32 ft.
per sec. per sec. The distance fallen s and acquired velocity
v at the end of ¢ sec. will be given in feet and feet per sec.
respectively by the formulae .

., v=gt=232 s=4g*=168,
obtained by putting f=g =32 in § 36.

The diagram given in Fig. 5 serves to illustrate the
motion. The round dots on the vertical line show the
relative positions of the body at intervals of one second, each
of the smaller divisions being supposed to represent 16 feet.
The velocities at each second also are stated on the diagram.

If the line AB be held in a horizontal position, it will repre-
sent the motion of mbody moving from rest in a horizontal
line with acceleration Y, if, the smaller divisipns be taken to
represent each 4 f units of length, * .

3
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Je=gm 82
Time elapsed Velocity acquired Distance fallen
in seconds, in feet per eecond. measured in feet.
t ve=fxt am §fx o
0 32x0= 0 $.32x00= 0 A
1 32x1= 32 $.32x1'= 16
2 2x2 = 64 $.32x20= 64
s 32x3 = 96 3.32x3 =144 ]
1 ]
4 32x4 =128 $.32%x42 = 256 ]
:
-
. -
' ]
5 32% 5 = 160 1.32x5' =400 g

UNIFORM ACCELERATION IN A SBRAIGHT LINE.
If the line AB be placed horizontally, it illustrates the motion of a
body moving with unifon.n acceleration in a straight line,
A

OB L DDLU
sm 1t} 2‘..}/ .47 ®.4f 5.4
* * Fla.._ﬁ.

Motion FROM REST UNDER Gum..



38 GRAVITY.—MOTION OF BODIES FALLING VERTICALLY. ,

49. Distance Fallen in the nth Second.

It will be noticed that the distances traversed in the
individual seconds are 1, 3, 5, 7, 9, 11 ... times 15 feet respec-
tively ; and we should infer that the distance fallen in the
nth second is g (22 — 1) or 16 (2n — 1) fect.

This may be shown as in § 39, or as follows :~—

The distance fallen in the nth second is the difference of the
total distances fallen in # and » — 1 seconds respectively,
and is therefore

=1g.n*—ig(n—1)
=ig{m— (=1 =192 —1) .ceeere(d)

OnsERvaTIONS.—It is better not to remember (3), but to obtain it in
one or other of the above methods when required.

We notice that in each second the stone falls 32 more feet than in
the preceding second. This follows from the fact that in each second
the velocity increases by 32 feet per second.

50. If a stone is dropped from a given height %, the time
taken in falling and the velocity on striking the ground may
easily be got by substituting 4 for s and g for f in formulae

s=1f8, v? = 2fs,
which thus become }gi*=h, ¢*= 24k,

whence t= ,\/ %"’ v= V2h;

[Or, if A be measured in feet, and g = 32,
t = 1+/h seconds, v = 8+/h ft. per sec.]

Examples.—(I'y To find the depth of a well, when a stone takes 1}
seconds to reach the bottom.
The distance is given by
8= }g* = 16 (3)* = 36 feet,
which is, therefore, the depth of the well.

(2) ¥ a brick drops off.the top of a chimney 100 feet high, in what
time will it strike the ground, and with what velocity ?

Here we have to find ¢ and v, and we have given s = 100, and we
know f (= g) = 32. .

New ¢ is connected with ;and f by the equation & = 4/i#, and s0 by
substituting we get 100 == 16 2; . ®
o fm 11°—:. or ¢=2}.



BODIES PROJECTED DOWNWARDS. 39

Similarly, v is connected with f and ¢ by the formula v* = 2fs;
. ot=m 2x32x100;
s o= 8x10 = 80,
Therefore the brick will strike the ground in 2§ seconds, with a
weloeity of 80 feet per second.

51. Bodies Projected Downwards.—If a body be projected )
downwards with initial velocity u, we merely have to write
¢ for f in the formulae of § 37 to obtain the relations between
the time ¢, final velocity v, and distance fallens. We thus have

OD=UF Gl coreriecrirreiriracirirnocannssncenness(B),
s=}(utv)t=u+4o....... crnrenees (5,
v=ut+ 25 ........... tereearerenseesaneresnnes (6).

Examples.—(1) To find the velocity of projection, if the body descends
2000 feet in 10 seconds. . P

Let the required velocity be u feet per second. Putting ¢ = 10,

" 8 = 2000, g = 32, in the formula
8= ut + g%,
we have 2000 = 10uz + 1600;
s 10u = 400, u = 40.

Hence the body must be projected with & velocity of 40 feet per
seoond.

(2) A body is g;ojected downwards with a velocity of 500 centimetres
per second ; to find (i) the velocity acquired, and (ii) the time elapsed,
when it has fallen 50 centimetres.

Let the acquired velocity be v centimetres per second. Then, using
the C.G.S. units, we have & = 50, u = 500, g = 981 ; whence the
formula v? = u? 4 28
gives o* = (500) + 2.981.50 = 250000 + 98100 = 348100 ;

v = 590 centimetres per segond.

The increase of velocity during the interval is therefore 90 centimetres

per second, and this increase = 981¢, where ¢ = time taken in falling ;
C ceagr g 90 10 _ .
». required time ¢ 981 = i09 091 sec. (approximately).

Or, from ¢ =} (x + v)¢t, we get 50 = # (600 + 590) ¢, whence ¢ is
easily found. .

52. Bodies® Projected Upw When a body is projected
with a given upward velocity/u, it is usually conwenient to
take the upward direction ‘as positive. With this convention,,
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s will always represent the height of the body above the point:
of projection ; v will be positive when the body is rising and
negative when the body is falling. Since acceleration due to
gravity takes place in a dowrward direction, we must
substitute — g for f in our formulae, which now become

V=U =G0 eereecrerrrrersrssnnsrsrnscrssonne N,
s=4(utov)t=u—4g® ............ (8),
B=u2—2¢8..cccreiirrnennnns ceveenaeareas 9).

For the upward motion, u is positive, and v, which is equal
to u at starting, becomes less and less; for the formula
v = u — gt shows that v decreases as ¢ increases, until gt = u,
when v becomes = 0. At this instant the body remains
stationary for an instant and then begins its downward
course, which (as we shall prove in § 56) occupies exactly the
same time as the ascent.

When the body returns to the point of projection, s vanishes ;
and if the body goes on below the point of projection, s is
negative.

53. To Find the Time during which the Body Rises.
Since the body ceases rising, and begins falling, when v =0,

it follows from the equation v = u — gt, that the time of
upward motion is given by 0 = u — g¢,

whence t= % .................................... (10).
54. To Find the fireatest Height to which the Body Rises.

The height is greatest when the body just ceases rising,
‘We must therefore put v = 0 in the equation

3 = y? — 2gs,
This gives us 8, or A, = ;‘—;- .L(II).

"Ech.i- height, u*/2g, is nomem sfponl:en of as the keight due to a
a.

Conversely, if 1 t #, sod th
 Ssquiees ;:.volooi:yu:.}(yzgh). Shis is saidk to be the hveelﬂn:' us to the
height .
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Ezamples,—(1) A stone is thrown upwards with a velocity of 48 feet

yarmona To find the greatest height, and the time taken in
i

When the stone is at ita greatest height, its velocity is zero, and the

time is therefore given by
0= 48—gt = 48 —32¢;
s t= 4§ = 1} sec.
The height is given by
8 = u?/2g = 48¢/8% = 6% = 36;
*. greatest height = 36 feet.
(2) To find the greatest height attained by a body which is thrown

vertically upwards with a velocity of 100 ft. per sec.
The velocity at any height s is given by

o® = u?— 2gs = 100 — 2.32.s = 10000 — 64.

But, when the height is greatest, v = 0, and therefore
10000 — 645 = 0;

) .. greatest height s = l.%?‘g.o = 156} feet.
55. To Find the Whole Time of Flight.—After reaching its
greatest height the hody will begin to fall; its height will
then decrease, and when this height becomes zero the body
will have rcturned to the point of projection. Hence the
tim?> of flight ¢ is found by putting f= —g¢, and s =0, in
s=ut+ 3f3
We therefore have w — 3gi2=0;
t(u—4g)=0;
whence, discarding the golution ¢ = 0,

‘we get u=1g, e t= i—u ........ T (12).

56.. OBsERVATIONS.—Comparing (10) and (12), we see that
the body rises during half the time ¢f flight. It therefore
falls during the other half ; hence the time taken in rising to
the highest point is egual to the time taken in returning to the
point of projection.

More generally, the time taken by*the body in rising after
Jpassing any given point is equal t6 the time taken in again
falling to that point; for, as we are not concerned with the
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motion before first reaching the point, we may treat that point
as the point of projection.

From the formula v* = u* — 2gh, by taking the square root,
we get v = + 4/(u® — 2gh), which shows that the velocities
of passing and repassing any point at a height 4 above the
start are arithmetically the same, though differing in sign.
Hence the whole downward flight is an exact reversed copy
of the upward flight.

Ezample.—A ball is thrown up, and caught again in 6 seconds. To

find the velocity of the projection, and the greatest height.
Let u be the required velocity. Puttings==0,¢=6, g = 32, in

.-“—“'.l
we have 0 = 6u—16.82;
whence u == 16X 6 == 96 feet per second,
ut _ 96x 906
and grenteothdght--ﬁ 3x32 ™ 144 feet.

57. To Find the Time Taken to Reach a Given Height.,
First Method.—We may use the equation (8), viz.
s = ut — {gt%
where s the given height, u the inital velocity, and g the
intensity of gravity are supposed known. We want to find
the time ¢; accordingly we must regard the equation as a
quadratic in which ¢ is the unknown quantity, and solve it
to find ¢. ) :
Now a quadratic equation has in general two solutions, and
these determine the two instants at which the body is at the
given height, when it is rising and falling respectively.
Second Methvod.—Instead of finding the time at once, we
may find the velocity v from (9)
v =u? — 2s;
and we may then find the time from (7)
v=u—gt or t=(u—10)+g.
Ezamples.—(1) If the velocity of projection is 80 feet per second, the
time of flight is given by t¢ equation o
. 0 = o = hy— Jgi* = 80t — §.32.1,
Rejecting the factor ¢ = 0, this gives e *
t = §§ = 5 se0,
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A body is ted upwards with a velocity of 96 feet ond :
m‘ad whcnyit ‘;prmo jl: 80 fegtw above the point cftyptojection.w e
We shall employ the above second method ; accordingly we have to
find the velocity v from the equation
03 = u?—2ps = 96%~2.32.e.
At height 80 feet,
o3 o= 969 — 64X 80 = 96 — 83X 43X 5 = 323 (9 —B) = 32x4;
s, v= 64, or —-64,
sccarding as the body is rising or falling.
Hence the corresponding times ¢ are given by
96—64 _ 32

¢ == g5 = 1 second (vising),
96 —(—64) 96 464 _ 160 .
or t= ’(, ) '; = 3—2—=5mondu (falling).

58. Relative Motion of Two Falling Bodies.—Since the
acceleration of gravity is the same for all bodies, the relative
acceleration of two bodies under gravity (being the difference of
their actual accelerations) 1s zero.

Therefore their relative velocity is constant.

This principle is of great use in finding when and where
two bodies projected in the same vertical line will meet.

Ezample.—A stone is dropped from the top of & tower 100 feet high,
and at the same instant another stone is projected from the foot with a
velocity of 80 feet per second ; find when and where they meet.

Initially the velocities of the two stones are O and 80; hence the
lower one approaches the upper with relative velocity 80 feet per second.
And, since both have the same acceleration (viz. that due to gravity),
this relative velocity remains constant.

But their original *distance apart is 100 feet, Hence they will be
wﬁther in 382 seconds ; that is, in 1} seconds.

this time the upper stone will have fallen through a distance
8 = £.32.(3)* = 25 feet.

Hence the stones meet 25 feet below the top and 75 feet above the

bottom of the tower.

59. Bodies Dropped from a Moving Balloon.—If bodies be
let fall from the«ar of a balloon in motion, they do not start
from actual rest but from rest gglative to the balloon. They
therefore have initially the samg“velocity as the balloon. The
same is true when bodies are dfopped from a lift or 3age which
is going up or down & mine. .
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Example.~A stone is dropped from a balloon at a height of 400 feet
above ground, and it reaches the ground in 6 seconds. To find
the velocity with which the balloon was rising.

Let the upward velocity of the balloon be u feet per second. Then
the stone starts with an upward velocity %, and in 6 seconds it is at &
-distance 400 feet below the point of projection. Therefore from

8= ul + }/8%,
— 400 = 1.6 — }.32.62;
', 6u =576 — 400 = 176 ;
u = 29} feet per second.
Note that the minus sign is given to g and & in this problem because
‘they are measured downwards, and the positive sign to « because it is

upward velocity. If the answer had come out negative, it would have
‘indicated a downward initial velocity of the balloon.

59a. Slope and Gradient.—A curved graph slopes more and
less steeply at different points. Thus in Fig. 4, p. 31, the
curve slopes more steeply at A than at B, while at C there is
no slope. A straight line, however, slopes equally ai all
points (see the straight grephs in Fig. 5a). The slope of a
straight line graph could be measured by the angle which it
makes with the axis 0X or with any line parallel to 0X. I
is often more convenient to measure slope by means of the
gradient.

The gradients of a railway line are usually painted on lLittle
posts at intervals along the side of the line for the information
of the engine-drivers. If a driver reads that he is travelling
up a gradient of 1 in 73, he knows that his engine is rising 1
foot for every 73 feet that it travels. ¢

In Fig. 5a P is a point on the straight line AB, whose
ordinate is MP alld whosc abscissa is OM. Now suppose
P to travel along the line from A to B. As it travels its
ordinate and abscissa both increase in magnitude, and it is
easy to see from the figure that whenever the abscissa increases
by one inch the ordinate increases by -4 tnch.

For example, as P travels from H to K its abscissa increases
by FG or HL which is 1 jnch, and its ordinate increases by
LK which is 4 inch. ‘Xe ‘

It is abo evident that if tBe lige sloped more, steeply the

«ordinate would increase more rapidly ; and if less steeply, less
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rapidly. Hence we see that the rate of increase of the ordinate
serves to indicate the slope of the line.

Consider next the line TV (Fig. 5a). If a point travels
along this line from left to right, whenever the abscissa
increases by one inch the ordinatc decreases by -6 inch—e.g. in,
passing from R to S.

In mathematical language increases and decreases are both
described as increments, an incrcase being a positive incre-
ment, and a decrease a negative increment.

Y
L
21 R ,z?_‘
NN 1
o~
15 ] = F
A
3
! 1 »
A r
N
N
-5 3
‘ -Ji-
L]
< V Pl —+X+
5 1 15 2 25 3
Fig. 5a.

DerixiTION.—The gradient of a straight line is the ratio of
the increment of the ordinate to the Increment of the abscissa, the
increment being found by comparing any two points,

The gradient i positive when the line slopes upward to the
right, and negative when it slopes@ownward to the right. The
gradien} may be calculated f/om any two positicns on the
line, *
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The gradient of a straight line is the same at all points,
since all parts of the line point in the same direction.

The gradient at any point of a curved graph is equal to the
gradient of the tangent at that point. We shall assume this
without further discussion ; but at any rate it is obvious that
the portion of the curve near the point of contact roughly
coincides with the tangent.

Ezample.—Calculate the gradient of the line AB in Fig. 5a.
If in this figure a point travels from A to B,
increment of ordinate = 1-95’' — -75"” = 1-2"’,
increment of abscissa = 3’ — 0’/ = 3",

Thus gradient s= increment of ordinate per unit increment of abacissa
=212+-3=14

v

Tig. b,

59b. Applications of Gradients.—(a) The Time-Distance
Graph. Suppose that Fig. bb is a graph representing the
motion of a body : and that abscissae (e.g. OH, OK) repre-
sent times and ordinates (e.;. HP, KQ) represent distances
travelled Guring these times. This is called & time-distance
&raph. (It is not necessarily straight.)
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Then comparing the coordinates of P and Q :—
increment of abscissa= 0K — OH = PL
increment of ordinate = QK — PH = L0,
. . LQ_ distance travelled _ _, .
hence gradient = P e = velocity.
Thus if the time-distance graph be correctly drawn the
welocity can be determined from the gradient.

400 B
§ 300 4
< L
£
« 3
3
§ 200
q N
P
100
Iifsed
K
% 1 2 3 n 5
Time in scconds.
* Fig. be.

() The Time-Velocity Graph.—Again suppose that the
abscissae as before represent times but the ordinates represent
velocities. Then as before—

increment of abscissa &= PL
inerement of ordinate = LQ,

hence grm}ient'= i';il., z%i%%{ﬁ: acceleration.

Thus if, the time-velocity grgfh be correctly dragm the
acceleration chn be determinéd from the gradient.
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Ezample.~ llowing table gives the distances (measured from
the starting p?lil;)fzhrough which i stone has fallen tif the end of the
given times.

Time from the start in seconds \_9_‘_1__‘_2__‘ 3 ‘ 4 i‘j"
Distance from the start in feet | 0 | 16 | 64 | 144 1 25¢ ) 1),
Determine from a graph the velocity at the end of each second.

*The accompanying diagram (Fig. 5¢) shows the graph.

To determine the velocity at the end of the third second
draw the tangent at P, viz. QPR. Then the velocity at this
instant is the same as the uniform velocity represented by the
straight graph QR. .

This straight graph indicates a distance represented by KR,
travelled in a time represented by QK.

In the graph QR :—

increment of ordinate = KR,
increment of abscissa = QK,
. Jocity = gradient = increment of ordinate _ KR

~ velooity = gr " increment of abacissa QK

=%‘f—50-= 96 (ft. per sec.).

In the same way by drawing tangents at the points H, K, L,
M, we should find that the velocitiesat the end of the 1st, 2nd,
4th, and 5th seconds are respectively 32, 64, 128, 160 ft./sec.
In practice only approximately accurate results can be expected.

Nore.—This process could be continued as follows : We
have obtained a set of velocities corresponding to a set of
times and could therefore draw a time-velocity graph.

The gradients of this graph would, as shown above, give
the accelerations at the corresponding times.

* EXAMPLES IV.

In the following examples, the value of g is taken to be 32 feet per
second per second, unless the more accurate value, 32-2 feet, is expressly
mentioned.

1. “Find the distances traversed in feet, and the velocities acquired
in feet per second, byabodyfalling&ommstfor‘i)5oconds(ii) 1
minute, (i1i) half an hour, (%) 5 second. ' -
Obtain the corresponding results in centimetres ang centimetres
per second, taking 9 = 980. * *

.
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*  ® Find the velocities acquired and the times takén in falling freely
through (i) 400 feet, (ii) 300 yards, (iii) 3 inches, (iv) 1000 centimetres.

8. Find what space is described in the 2nd, 6th, and 7th seconds
respectively by a body falling freely under the action of gravity.

4. A stone, after f for 2 seconds, strikes a pane of in
breaking through hich 1t Joses 3 of its velocity. How far will it fall
in the next second ?

5. A stone drop over a cliff strikes the ground in 8 seconds.
How high is the cliff, and where was the stone when half the time had
elapsed ?

6. A stone dropped into a well reaches the water with a velocity of
80 feet per second, and the sound of its stri the water is heard 2y
seconds after it is let fall. Find the depth of the well and the velocity
of sound in air.

7. A heavy particle is dropped from a given point, and, after it has
fallen for li'lyocondl, another particle is dropped from the same point.
What is the distance between them when the first has been moving for
4 seconds ?

° 8 A , falli , through 256 feet in the last
second ofpi:lrt:leoﬂon' %m mﬂmm from wginh it fell.

9. A body is thrown upwards with a velocity of 112 feet per second.
Determine its velocity at the end of 3 seconds. When will it again
have a velocity equal to its initial velocity ?

10. A cricket ball thrown up is caught by the thrower in 7 seconds.
Draw to scale a figure showing its position at the end of every second
from its start.

11. With what velocity must a ball be thrown vertically upwards in
order to return to the hand after 4 seconds ?

12, An arrow is shot, vertically uglwudl with a velocity of 104 feet
per second when it leaves the bow. How long will it be before it reaches
the ground again ? ’

13. Find the downward velocity which must be given to & body that
it may describe 450 feet in 5 seconds.

14. A body is dropped from a certain height 4 at the same instant as
another is thrown upwards. What initial velocity must the latter have
that it may meet the former half way ?

" 15. A ball thrown yp is caught by the thrower 7 seconds afterwards.
How high did it go, and with what speed was it thrown? How far
below its highest'point was it 4 seconds wfter its start ?

16. A stone thrown vertically, upwerds is observed to pasd through
a point P, and, after an interval of 2 seconds, to pass downwards through
' the same point. Find the velocity of the stone at P,

MAT. MECH? 4
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17. A ball is thrown nrﬁeﬂ upwards with a velocity of 128 feet
per second. How long will it take to return to the hand ? .

18. What velocity must be given to a body projected verticall
upwards that it may rise to a height of 900 feet ? pro v

19. A body, projected downwards with a velocity of 40 feet per
second, describes 216 feet in a certain second. What space did it
describe in the previous second ?

20. A stone is thrown vertically upward with a velocity of 160 feet
per second. How high will it rise, and how long will it be before it
Teturns to your hand ?

21. If you let another stone drop down a well at the instant the first
is within 20 feet of your hand on its return journey, at what distance
Delow your hand will the two stones meet ? (See Ex. 20.)

22. A body is projected u s with a velocity due to a height 15
from a point at a height 4. Find when it will strike the ground.

23. A stone is thrown vertically upwards with such a velocity as will
Just raise it to the top of a tower 100 feet high. Two seconds afterwards
another stone is thrown from the same place with the same velocity.

ine when and where the stones will meet.

24. A body is projected vertically upwards with a velocity of 80 feet

rhsecond. How long will it take to reach the top of a tower 64 feet

igh ?

25. Two stones are dropped from different heights, and reach the
ground at the same time, the first from a height of 121 feet, and the
second from a height of 100 feet. Find the interval between the
instants at which they were dropped.

26. A stone is let fall from a certain point, and, after it has falien for
a second, another stone is let fall from a point 144 feet below that point.
In how many scconds will the first stono overtake the second ?

27. A body is projected upwards with Y velocity of 120 feet per
second. Find its yelocity when it has reached a height of 25 feet.

28. From a balloon which is ascending with a velocity of 32 feet per
second, a ball is let fall, and reaches the ground in 17 seconds. How
high was the balloon when the ball was dropped ?

20. A balloon has been xlcending vertically at a uniform rate for 4%

seconds, and a stone let fall from it reaches the ground in 7 seconds.

}"inft:n the velocity of the balloon and the height from which the stone is
et fall. ©

30. There are two cages,Sne of which is in the act of dropping freely
under gravity down a pit, while the other is made to descend with
uniform velocity. A man in éach during the dessent lets go a
stone which he has been holding in his hand. t will be the motion
ofthelt((winuchomt ‘
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3]. Determine by accurate drawing and measurement the gradient
of any line which slopes to the axis of z at an angle (i) 24°; .ii) 50°;
(iif) — 12°; (iv) — 32°

32. Construct lines whose gradients are accurately (i) -2; (ii) 1-3;
(iif) —2; (iv) —+85. In each case measure the inclination of the line
to OX.

33. The distances of a train from London at certain times are given
in the following table :—
Time : p.m. 1 3.0 | 3.20 | 3.35 ; 3.55 | 4.25
Distance in miles | 75 | 87 96 | 108 | 126

Show graphically that this is consistent with a uniform velocity and
determine the velocity from the graph.

34. The leading boat in & race is at the following distances west of &
bridge at the times stated :—
Time : p.m. 120 28 ) 214 ;224 | 2.28
Distance in yards | 66 | 130 | 163 | 218 | 240
Show by means of a fraph that thm is consistent with uniform velccity,
and find this velocity from the graph.

35. A stone thrown up into the air is at the following heights at the
dimes stated :—
After 11sec. | 2sec. | 3sec. 1 4 sec. ! 5 sec.
The height is |64 ft. | 96 ft. | 961t. | 64ft. . 0
Draw the time-.distance gra h and determine the vclocities at the
end of 2 seconds and 3-5 secon

36. A train starting from rest at a station traveis the follcwing
distances in successive minutes :—100 yd., 300 yd., 5¢0 yd, (0 5d.,
900 yd. Draw the time-distance graph, and determine the veiocity
after 2 minutes and after 4 minutes.

37. A stone is thrown %traight down from & hich cliff with an initial
velocity of 45 ft./sec. The velocities at certain times are g.ven in the
following table :—

Time elnpued inseconds = 0, 3, 4, e, 7.
Velocity in feet per second = 45, 141, 173, 237, 260.
Draw the velocity graph and interpret the gradient.

38. A train travelling at 22 miles an hbur comes to the top of an
incline. Subsequent velomhes are as follows :—
Time elapsed inminutes = 0, 2-5, 3-75. §5 8,
Yelocity ingmiles per hour = 22, 482, 7, 44, O4.
Draw the velocxty graph and from 11. determme the acceleratjpn,
39, Tukoupo!nt P on 0X 4 from 0. With P as centre and PO s

wadius describe a q uadrant of a circle above O0X If this is a velocity
graph on which 1" of abscissa rapreunu 10 seconds and 1''eof ordinate
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represents a velocity of 40 ft./sec., determine the acceleration of the
moving body after 15 and 356 se/contil

40. A body starts moving from rest and its velocities after 0, 3, 5, 8,
10 seconds are respectively 0, 21, 25, 16, O ft./sec. Find its accelerations.
after 2, 6, and 9 seconds respectively.

EXAMINATION PAPER II.

1. How would you find out whether a body was moving with &
uniform acceleration or not ?

2. Investigate the formula 8= 33, and deduce a corres i
expression in the case where the particle has an initial velocity 3.0" ding

3. Find the acceleration necessary to make a body move from reat
through 10 feet in 5 seconds. 7

4. A body begins to move with a velocity of 10 feet per second, and,
tbeveloei;{ninoreuu uniformly at the rate of 2 feet per second in each
second. Kind the space described in 5 seconds, and the velocity of the
body when it has moved through 200 feet. ‘

5. E in a convenient method of representing geometrically the
velocityx&h:nbody moving according to a fixed h'.g::.d the distance
passed over by it.

6. If the velocity of a body increase from 12 to 13 feet per second
while it moves over a distance of 6 feet, what is the acceleration ¥
Indicate the course of reasoning upon which your calculation is based.

7. What is meant by the statement g = 32? What units are
employed in this equality ?

8. A body is projected vertically upwards. Show that its velocity
at any point of its path is the same (save for the sign) in descending as

in ascending.

9. A body is prgjecud vertically upwards-with a velocity of 112 feet-
per second. How high will it ascend, and what will be its velocity after
5 seconds ?

10. A stone is dropped over the edge of a cliff, and half a second

another stone is thrown down with a velocity of 18 feet per

second. When will the secend stone overtake the first, and what will

be the distance between them at the end of § seconds after the first
stone was dropped ? .



PART II.
MASS AND FORCE.

CHAPTER V.

NEWTON’S FIRST LAW.

+60. Kinetics.—Hitherto we have considered motion in the

abstract from a kinematical point of view. We shall now
consider motion generally with reference to (1) what moves,
and (2) what causes it to move. That is, we shall have
regard to the mass of the moving body, and to the force
which causes or modifies its motion. This portion of the
subject is called kinetics, in contradistinction to kinematics.

61. Newton's Three Laws of Motion.—As has been men-
tioned in the Introduction, Newton’s Axioms or Laws of
Motion are accepted ag the foundation on which the relations
between matter. motion, and force are bmlt up. They are
usually translated somewhat as follows :—

First Law.—That every body preserves in its state of rest
<or of uniform motion in & right line, except in so far as it is
compelled by forces to change its state,

SecoNnD Law.—That change of motion is proportional to
the impressed motive force, and takes place along the right
line in which that force is impressed,

Temp Law.—That reaction is always opposite and,equal

* o action, of that the actions 8f two bodies on each other are
always equal, and tend in opposite directions.

We now proceed to examine Newgon’s Laws in defail.

53
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62. The First Law furnishes us with the following

DeriNrrioN.—Force s that which tends to change the state
of rest or uniform motion of a material body. (§2.)

Force may manifest itself to our senses in various ways. If
we push or pull a body, we exert a force on it ; and if the
body is acted on by no other force, we shall set it in motion.
Again, if we lift a heavy body off the ground, we shall have
the body exerting a force on our hand, owing to its weight ;
and when we let the body go, this weight causes it to begin
falling. A magnet placed near a bar of iron exerts a force of
attraction on the iron. All these forces are capable, in
suitable circumstances, of setting in motion, or changing the
motion of, the bodies on which they act.

63. Evidence in Favour of Newton's First Law.—The fact that a body
at rest would, if left to itself, remain at rest, will probably be regardd
as an obvious truism, It is not, however, so obvious that a body, if
left to itself, would continue to move for ever with uniform velocity in
a straight line ; for common experience affords us no examples of bodies.
moving in this manner. The reason is that it is practically impossible
to isolate a body from the action of force.

A stone, if projected along a sheet of smooth ice, will continue to skid
along for a considerable distance, and will move in a straight line, and
the smoother the ice the longer will it travel. If the ice were perfectly
smooth, and there were no air to resist the motion, the stone wouli
always continue to travel with uniform velocity. But no ice is perfectly
smooth, for even with the smoothest ice there is a small amount of
friction. This, together with the resistance of the air, produces a small
force on the stone, which gradually stops it, changing its state from a
state of motion to a state of rest. When the stone has come to rest,
these resisting f cease to exist, and hence the stone remains at rest.

If a man stands upright in a railway c&rrinie, then, 8o long as the
motion of the train is uniform and in a ntru% t line, he will not feel
that he is being pushed ‘forwu'd in any way. But if the train suddenly
stops, the man will fall forwards owing to his tendency to go on moving.

64. Inertia and Mass.—Newton’s First Law is sometimes
called the law of inertia, It states that material bodies are
unable of their owa accord to change their state of rest or
motion. v o )

We know that some bodies are much easier to set in motion,
or stopyed when moving, than others, The efforts required
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to produce the same change of velocity in different bodies are
proportional to the masses of the bodies.

Mass has been defined in § 5 as “ quantity of matter.”
The property in virtue of which more or less effort is required
to change the velocity of a body is sometimes called inertia,
so that mass may be said to be a measure of inertia.

65. Momentum : DEFINITION.—The momentum of a body
is a quantity measured by the product of its mass and its
vdm" ®

The momentum of a system of bodies is the sum of the
momenta of its different parts. If the mass be doubled, the
momentum, with the same velocity, will be doubled, and with
double that velocity it will be quadrupled.

If m denotes the mass, and v the velocity of the body,

. the momentum = mv ..........ccceuuues (1).
* The unit of momentum 4z the momentum of a unit mass
moving with unit velocity.

In the foot-pound-second system, the unit of velocity is &
velocity of one foot per second. Hence the F.P.S. unit of
momentum is the momentum of & pound of any substance
moving at the rate of one foot per second. This may be
written 1 1b. ft./sec.

Ezample.—~The momentum of a 500-pound cannon-ball, when fired
with a velocity of 1,000 feet per second, is

= §00x 1,000 = 500,000 foot-pound-second units.

The C.G-S. unit of momentum is the mopentum of a mass
of one gramme moving with a velocity of one centimetre per
second, written 1 gm. cm./sec.

Exgmple —If & cannon-ball of 10,000 grammes is discharged with a
velocity of 50,000 centimetres per second, its momentum

= 10,000 50,000 = 500,000,000 C.G.S. units.
[ 1

® From the Latin movimentumg signifying motion.



CHAPTER VI.

NEWTON’S SECOND LAW,

66. Newton’s Laws as given in § 61 are fairly close transla-
tions of the original Latin statements of them. Now, although
Newton was marvellously in advance of his time, it is not
surprising that these original statements do not fully conform
to our modern nomenclature. This is at all events the case’
for the Second Law, which does not explicitly mention the
mass of the body acted on, or the ime of the force’s action.

From elementary considerations, it is easy to see that, if we
double the mass of the body acted on, we must also double
the acting force, in order to produce the same velacity in the
same time. And, again, if a force acts upon a body for two
seconds, it is natural to suppose that the velocity produced
will be twice as great as when the force acts for one second.
This seems an obvious inference from the equation v = ft, but
its proof depends upon observation (as does that of all the
laws), and it is amply verified by experiments of all sorts.

Hence we must suppose the * quantity of motion ”* to be
the momentum, defined as in § 65, and we may conveniently
settle the time difficulty by introducing (as on several previous
occasions) the notion of rafe.

67. The Second Law, accordingly, in its amended form, will
De as follows :— . .
Ther;toofchmgeofmomentumispmpmﬁmltotho
applied force, and the changb ofs momentum takes place in
the direction of the straight line in which the force acts.
This is the form most strongly recommended for learning.
&6
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Another plan, often adopted, is to in the words “ impressed
nttwﬁnfore:l:"ud ifyi pt::egoduet the foroe into its time of
action. This is now ¢ the impulse of the force. The Law will
‘then read as follows :—

Change of momenium is proporiional to the impulse of the force, and
Sakes plau‘:{l the direction in which the force acts.) /

Newton's First Law gave us a definition of force ; his Second Law
tells us how different forces are to be compared and measured. We are
not concerned in this chapter with the cases in which the force is
inclined to the direction of motion.

Examples—(1) If & cricket ball is thrown with a velocity of 50 feet
per second, the impressed force used in throwing it is twice as great
as if the same ball were thrown with a velocity of 25 feet per second, for
the impressed forces are proportional to the momenta produced, and
are therefore in the ratio 2 : 1.

(2) If two railway trains, of masses 120 and 90 tons, are started
together, and one of them acquires a speed: of 60 miles an hour in the
same time as the other acquires a speed of 40 miles an hour, the forces
exerted by the engines of the two trains, being, by Newton’s Second
Law, proportional to the momenta, are in the ratio of

myvy s mevy, or 120x60:90x40, or 7200:3600, or 2:1.

(3) If the unit of force is that force which, when acting on 1 1b. for
1 second, imparts to it a velocity of 32 feet per second, to find the
measure of the force required to impart a velocity of 60 miles an hour
to a railway train of 100 tons in 2 minutes.

Let P be the measure of the required force, and take 1 foot, 1 Ib.,
1 second as units of length, time, and mass.

The velocity acquired by the train in 2 minutes = &8 feet per sccond,
and the mass of the train = 224,000 1b.

Therefore the momentum imparted by P in 2 minutes

= 88X 224,000 F.P.S. units,

Now a force 1, acting for 1 second, produces 32 such units of momen-
tum.
Therefore a force P, acting for 1 second, produces 32P units of
momentum ; and a force P, acting for 120 seconds (or 2 minutes),

uces 32 x 120P units of momentum. *
This must be equal to the momentum just found ;

S 32X 120P = 88 224,000 ;
. pl 88x224,000 .
. - P P10 - 51'331 units of force.

. j'rom the Second Law we derive our method of measuring
Jorce, as will now be shown. - .

k]



58 NEWTON’'S SECOND LAW.

€8, Standard Kinetic Equation.

Let m be the mass of a body, and f the acceleration
produced in it by the action of a force whose measure is P.
Then, by the assumed fundamental law of motion (§ 67),

P is proportional to rate of change of momentum,
1.e. to rate of change of mv,
1.e. to m X rate of change of v,*
i.e. tomf
(by definition of acceleration).

Hence we may put P = kmf, where k is some constant.

Now let the unit of force be so chosen that it may produce
in unit mass a unit of acceleration. That is, let P be 1, when
mislandfis1. Our equation shows us that & will also be 1.
Hence, with this convention, we may put \

P = m’....................u-u........(l)..

This 18 the fundamental kinetic equation.

69. The Poundal.—With a pound as the unit of mass, an
acceleration of 1 ft. per sec. per sec. (sometimes written
1 ft./sec.3, or 1 f.s8.5.) is the unit of acceleration. Hence the:
unit of force that must be adopted (if we are to use equation
(1) with the F.P.S. units) is the force which, acting on one
.pound of matter, produces in it an acceleration of one foot
per second per second. This unit force is called a poundal,
and is constant all over the world.

L]

In using the equation P = mf, we must carefully remember that, in
general, P gives the ineasure of the force in poundals, m gives ther
measure of the mass in pounds, and f the measure of the acceleration
in f.s.8. .

* For let v change in value from U to V. ,Then mv changes from
mU tomV. N
But mV —mU =m(V--0);
* . change of v =em X change of v;, .
and, considering the changes to be those which take place per unit time,
we see thgt the same relation connects the rafes of change of v and mu.
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The equation is sometimes expressed in the form :

_P . moving force
m or acceleration = ass moved " USRI ) X

This form will often be useful hereafter, expressing as it does the fact-
that the acceleration varies directly as the force and inversely as the
mass moved.

70. Connection between the Poundal and the Weight of a
Pound.—We know that, when a body falls freely, it moves
with an acceleration g (= 32-2 units) ; also the force which
causes this acceleration is what we call the weight of the body.
Now a force 1, acting on a mass 1, produces an acceleration 1.
Therefore, by the Second Law,

a force g, acting on a mass 1, produces an acceleration g.

‘e But the wcight of a pound, acting on the pound, produces
this acceleration.

Therefore the weight of a pound is a force g, or contains
g uuits of force.

Dividing by g, we sec that

the unit of force = wt. of -:7 lb., or = zll-lb. wt.

Thus the poundul = -‘}q- 1b. wt. =% oz. wt., nearly ...... (3).

71. C.G.S. Units: Dyne.—When a centimetre, gramme, and
second are the units of length, mass, and time, the correspond-
ing unit of force is called a dyne. When equation (1) is used
in this system, the force will be expressed in dynes, when the
mass and acceleration are in C.G.S. units,

1 . 1
d S0 . = . s sesescceensee .

Also one yn.e 7 gm. weight gl gm. wt 4)

The dyne is a very small force indeed, being only zydyzg of
the weight of a pound. For this reason forces are often

*measured in megadynes, the megadyne being one mill.ion dynes..
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72. Hence we have the following

Dernarrions.—The dynamical or absolute unit of force ¢s
that force which, when applied to a unit of mass for a unit of
time, imparts o it a unit velocily.

The poundal is that force which, when applied to a pound of
matter for one second, imparts to st a velocity of ome foot per

The.dymicthatfmwhich.whmappliedtoamucofm
gramme during one second, imparts to it a velocily of one centi-
metre per second.

In distinction to the above methods of measurement, the Statical
Gravitation measure of a force is the weight that it will support; and
the Statical Unit of Force (as nearly always used in Statics) is the

weight of one pound or one gramme, or, indeed, any other weight that
may be convenient. (§ 89.)

Ezample.—To express the poundal in dynes.
By the Chain-rule of Arithmetic :
Let z dynes = 1 poundal,
32-2 poundals = 1 pound (weight),
2:205 pounds = 1 kilogramme,
1 kilogramme = 1000 grammes,
1 gramme = 981 dynes ;
1000x 981 _ 981000
32:2x2:206 71001
_ 981000
7

Soox=

= 13800, nearly.

... 1 poundal = 13800 dynes.
Or thus :

A poundal acting on a pound for one second imparts & velacity of
1 foot per second.

But & pound = 453-7 grammes,
and & foot = 30-48 centimetres ;
therefore a poundal acting on 453-7 grammes for 1 second imparts &
‘welocity of 30-48 centimetres per second. *
Therefore momentum impérted by a poundal in 1 s.cond
¢ = 4537 3049 = 13780 C.G.5. unita. _
But a dyne imparts 1 C.G.S. unit of momentum in 1 second:

q . & poundal = 13780 dynes, roughly.
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78. Later on, we shall see that W = Mg is a special case of the
relation P == mf, where W signifies the weight of a body of mass Af.
Applying this to the case of one pound of matter, we see that its weight
is g times its mass. Now the mass, or quantity of matter in the body
is constant; but the value of g varies with the locality (§ 47.) Hence,
the weight also varies with the locality ; that is, the weight of a pound
of matter attached to a spring balance would give different indications
on the balance at different parts of the world (§ 93).

74. Other Forms of the Kinetic Equation.
Multiply both sides of the equation P = mf by &.

Thus Pt = mft.
¥ the body was originally at rest, ft = v, and we have
Pl=mDY ...c.cccccverrunnane reeens (9).
If it. originally had a velocity u, ft = v — u, and we have
. Pleam (00— u)....ccveenrvnneen. oees(6).
In each case, forceXx time = momentum produced,
or smpulse of force = change of momentum.

These formulae are very useful for working examples.
‘We see that impulse = mobive effect of a force.

Examples—(1) A force of 3 poundals acts on & mass of 4 ounces
What il%: -:c(ce)lmﬁon produced ?
In equation (1), substituting P = 3 poundals,
m=4o0z.=%}1b,
we have . 3=1f;
~.  J =12 ft. per seo. per sec.
(2)Hov;fnemsforceotlodynumonakﬂog'nmmoﬁommﬁn
a minute
Let f be the acceleration. Then the equation P = mf or 10 = 1000f
gives f = -01 om. per sec. per sec.
And distance traversed from rest in one giinute
= §f.8 = }.(-01)x 60®
, = 18 centimetres.

(3) If a force of 15 poundals act uponea mass of 13 pounds, what

wvelocity will it generate in 8 seconds ? .
LA Pt = mv;
. s 16x8= 13x v

o v=94fs e
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4) What force, acting for 6 seconds on & mass of 12 1b., will change
iu(v)ebdtyfmmm%mfeetpermondt 12 Ib., wil
Pt=m(v—u),
Px6 = 12 (320 — 200),
or P = 240 poundals
= 74 Ib. weight,

75. Equal Forces and Equal Masses.—The above law affords the
following definitions :—

Equal forces are those which impart to the same mass equal velocities
in equal intervals of time.

Equal masses are those in which equal forces (e.g. those of action
.and reaction) produce equal velocities in equal intervals of time.

Thus, two projectiles would have equal masses if they reached a
vertical wall in the same time, when shot successively from the same
fixed cross-bow. And two cross-bows would produce equal forces if
they could project equal masses (or the same mass) equally fast after
-the same time of action.

Note.— Velocity is rate of change of position. .

Acceleration is rate of change of velocity.

Force is measured by rate of change of momentum, t.e. by
mass X acceleration.

EXAMPLES V., VI

1. What is the momentum acquired by
(i) a mass of 10 oz. after falling for 1 second ,
(ii) & mass of 1 cwt. after falling for § minute ;
(iii) a mass of 1 Ib. after falling for 15 minates ;
(iv) a mass of 1 kilogramme after falling for v sccond 2
2. What is the momentum acquired by
(i) & mass of 1 lb. after falling through 160 feet ;
(ii) a mass of } oz. after falling through 4800 iud”
(iii) a mass of 1 ton after falling through 3 inches ;
(iv) a mass of 1 milligramme after falling through 10 metres ?

3. A body, whose mass is 1 1b., moves from rest with an acceleration
«of 10 feet per second per second. Find the momentum acquired in
4 seconds. ¢ )

4. A body, whose mass 4§ ton, moves from rest With an acceleration
of 6 irfthes per second per secgnd. Find the momentum acquired by
the body in moving through 9 feet. ® o« *

5. t force acting for 5 seconds will produce a velocity of 120
Seet pemond in & mass of 6 1b. 2
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6. How Jong will be required for a force of 100 poundals to give to
2 mass of 34 Ib. a velocity of 20 miles an hour ?

7. A mass of 60 lb. has its velocity increased from 30 to 40 feet per
second while it passes over 20 yards. Find the force acting upon it.

8. If, while a mass of 10 oz. passes over 10 feet, its velocity increases
from 5 feet per second to 15 feet per second, find the moving force.

9. A constant force, acting on a mass of 16 Ib. for 5 seconds, produces
a velocity of 20 feet per second. Find the force.

10. A force of 32 poundals acts on a mass of 16 Ib. Find the time
taken to describe 100 feet from rest, and the space described in the
5th second of motion.

11. A mass m is acted on by a force P, and the mass n by a force Q.
‘Compare the accelerations produced.

12. Find the force (supposed constant) producing the acceleration of
a mass of 10 Ib., which moves from rest bgmugh 120 feet in 5 seconds.

13. What force must be applied for one-tenth of a second to & mass
-0of«10 tons in order to produce in it a velocity of 3840 feet per minute,
‘What would be the momentum of the mass so moving ?

[N.B.—A numerical answer is meaningless unless the unit
intended is also stated.)

14. A body resting on a smooth horizontal table is acted on by a
horizontal force of 8 poundals, and moves on the table over a distance
of 10 feet in 2 seconds. Find the mass of the body.

15. A railway train whose mass is 100 tons, moving at the rate of a
mile & minute, is brought to rest in 10 scconds by the action of a uniform
force. Find the magnitude of the force, and how far the train runs
during the time for which the force is applied.

18. A particle, whose mass is m 1b., moves from rest under the action
of a force of P poundals, Which is constant in direction. How far will
tht; partic‘lle move in 7 seconds, and what space willjit describe in the
nth second ?

17. What force, acting for 10 seconds on a mass of 8 Ib., will increase
its vglocity from 200 feet per second to 360 feet per second ?

18. A certain force, acting on a mass of 13 1b. for 3 seconds, gives it
a velocity of 6 feet per second. How long will it take an equal force,
actmgm' onra mass of 1 1b., to move it through a distance of 117 feet
m rest »

19. A blow is given to a maas of 2 Ib. which causes it to start off with
@ velocity of 50 feet per second. What is the measure of the impulse ?

* 20. A cannch slrot of 1000 Ib, strlkes a target directly with s velocity
ﬁl 1600 feet per second, and comes to rest. Find the measure of the
pulse. 4
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21, Tf the carmon shot (in the last question) rebounded with a velocily-
of 200 feet per second, what would be the measure of the impulse ?

22. A mass of 1 kilogramme is acted on by a force of 10 dynes. How
far will it move fromminhalf-u-minutel;y ™

23. A mass of 1 kilogramme starts from rest and acquires & velocity
of 1 metre per second after moving over a distance of 1 metre. Find
the force acting on the mass.

24. How far will a force of 1 dyne move a mass of 1 kilogramme
from rest in 1 hour?

25. A force P, acting on a mass of 50 grammes, increases its velocity
in every second :l;{ 10 centimetres per second ; another force Q, uﬁn{
on a mass of 1 e, increases its velocity in every second by
metre per minute. Compare the two forcea.

26. What force, acting for 5 seconds on & mass of 100 grammes, will
increase its velocity from 110 to 600 centimetres per second ?

27. If 1 kilogramme, 1 metre, and 1 minute be the units of mass,
length, and time, find the dynamical unit of force.

28. If 100 1b., 1 yard, and 1 minute be the units of mass, length, and
time, find the dynamical unit of force and the unit of momentum.

29. A uniform force acting on & mass of 6 oz. for 2 seconds generates
a velocity of 10 feet per second ; find the measure of the force in dynes.
[1 foot = 30-5 cm. ; 1 1b. = 453-6 gm.]

30. A locomotive draws a load of 200 tons. Find the needed
(1) at a constant speed, if the friction is ‘05 of the load ; (2) if the friction
is the same, and the rises from 30 feet/second to 60 feet/second
in 1 minute. [g = 32 feet/second3.]

EXAMINATION PAPER III

1. Enunciate Newton's Laws of Motion.

2. Define momentum. What momentum is produced when a mass
of 10 1b. falls freely for 10 seconds ?

3. Explain the equation P = Mf.

4. A particle, whose mass is 1 1b., is projected along a rough hori-
zontal d&::::nd comes to rest with uniform retardation in 4 seconds,
:t 'Y of 64 feet from the starting point. Find the retarding

orce. s .
5n Find the acoeleration uced, and the momentum aoquired in:
half-a-minute, when a force e .

(i) 32 dals acts on a mass of 1 ton;

(ii) 50 dynes acts on & maas of 1 gramme,
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6. A 30-ton mass is moving on smooth level rails at 20 miles an
hour; what steady force can stop it (a) in half-a-minute, (b) in half.
a-mile ? Specify the force completely.

7. A mass of 16 1b., initially at rest on a smooth hoﬁzonm‘rlme.
is acted on by a uniform horizontal force for 6 seconds, and during
the next 5 seconds the mass moves 375 feet along the plane. Find
the magnitude of the force in pounds weight.

8. A mass of 1 1b. is moving at the rate of 30 feet per second, and
1 minute later it is moving at the same rate, but in the opposite direction.
"What force must have acted on the mass during the interval ?

9. If a force equal to the weight of 10 grammes pulls a weight of
1 kil edo‘n%;lmoothlevelmrhm.ﬁndthovolocitywhanthe
body moved 218 metres.

10. An ounce, a second, and an inch being taken as the units of mass,

time, and len, respectively, com; the (dynamical) unit of force
with the 'ughg:h& s m“rly pare

. MAT.MECH, s



CHAPTER VIIL

NEWTON’S THIRD LAW.

76. Newton's Third Law may be stated thus:

To every action there is an equal and opposite reaction ;

Or, Action and reaction are always equal and opposite.

Here action means the force which one body exerts onm
another, and the law states that the second body always
exerts on the first an equal force in the opposite direction
in the same straight line. This force is called the reaction
of the second body on the first. It is important to notice
that the law is true whether the bodies are at rest or in motion,
and whether they press against one another through being in
contact, or act on each other at a distance (a8 a magnet acts.
on a bar of iron), provided they act directly on one anotker, i.e.
not through a third intermediate body, nor througb a system
of such bodies or machines.

77. Statical Ilustrations of Action,and Reaction.

(1) “ If anyone presses a stone with his finger, his finger so
also pressed by the stone.”

(2) “If a horse draws a block of stone tied by a rope, the
horse s, so to speak, drawn back equally towards the stone.”

Of course this reaction of the stone does not actually make
the horse move backwards towards the stone, but only tends-
to do 80 ; or, what is more correct, tends to prevent the horse
from moving forward: under the action exerted by his feet on
the, ground. If the rope were suddenly cut, and the horse
continued to exert the dame effort with his feet as before,
he would start so quickly into motion that he would probably

“ - .
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fall over forwards. As Newton puts it, the pull of the rope
“ impedes the progress of the one by the same amount that
it promotes the progress of the other.”

(3) If a ladder js allowed to lean against a wall, the ladder presses
against the wall and the wall ;ushcs with an equal force against the
ladder. The action of the ladder tends to overturn the wall, and will
actually overturn it if the masonry is weak and dgi\-es way. The
reaction of the wall on the ladder prevents the ladder from falling
over, as it would at once do if it were placed in the same position without
such support.

78. Different Kinds of Action and Reaction.

(i) Thrust: DEFINITION.—When the action and reaction
of two bodies tend to keep them apart from one another, or
to prevent them from moving towards one another, they
constitute what is called a thrust, or a push, or * force of
pressure.”’

(1) Pull: DEFINITION.—When the action and reaction of
two bodies tend to keep them together or to prevent them
from separating, they constitute a pull, or tension.

(ili) Attraction and repulsion: DEFINITION.—When bodies
act on one another at a distance (as a magnet acts on a bar of
iron), the force between them is called an attraction if it tends
to bring them together, or a repulsion if it tends to separate
them,

Thus the Earth's atiraction causes bodies to fall to the ground with
the acceleration g (Chap. 1V.).

(iv) Friction: DEFINITION.—When the actiofl and reaction
between two bodies tend to prevent them from sliding one
along the other, they constitute what is known as friction.

79. Applications of the Third Law to Locomotion.

(1) The act of walking affords an excellent example of the
equality of action.and reaction, as weld as of the properties
of friction. In starting off to walk we press backwards og the
dround with olir feet, and the réhction of the ground gives us
an cequal and opposite impulse forwards, which sets us In
motion. .
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This action and reaction are due to friction. If we try to
walk across a smooth sheet of ice, we shall experience some
difficulty, because only a very small amount of friction can
be called into play between our feet and the ice.

(2) Motion of a horse and cart.—When a horse and cart are
just starting into motion the horse exerts a forward pull on
the cart, and this pull sets the cart in motion.

If follows from Newton’s Third Law that the cart exerts an
equal and opposite backward pull on the horse. If this were
the only force acting on- the horse, the horse would move
backwards towards the cart instead of forwards, and this we
know is not the case.

But the action of the horse’s feet in the act of walking
presses backwaids on the ground, and therefore the equal
and opposite reantion of the ground (due to fricticn) tends to
push the horse forwards. This reaction exceeds the back-
ward drag of the cart by an amount sufficient to produce the
acceleration with which the horse starts into motion.

80. The Principle of Conservation of Momentum.

In the last chapter we saw that forces might be measured
by the rates of change of mnomentum they produce (or tend
to produce) ; hence the Third Law asserts that the rates of
change of momentum of two bodies due to their action and
reaction are always cqual and opposite.

The momentum of one body will jncrease at the same rate
that the momentum of the other decreases. This will always
be algebraicfily true, provided that we make the same con-
ventions with regard to sign for momenta as for velocitics
(t.e. we regard the momenta of bodies moving in one direction
as positive, and the momenta of bodies moving in the other
direction as negativk). The only effect of the action and
reaction will be to transfer momentum from one body to
the other, without altering the algebrait sum of their momenta.
In other words: °® .

Fhe total momentum o{: System of moving bodies in an
divection és not altered by the nutual reactions bf the several bodies,
Thijs property is called the Principle of Conservation of
lomgxmm. It holds good for any number of bodies.
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81. The recoil of a gun affords a good illustration of this
principle. The explosion of the powder inside the bartel
exetts equal and opposite impulses on the shot and the gun,
and causes them fo move in opposite directions with equal
momenta. Hence, if the speed of the shot be given, the speed
of recoil can be found.

Ezample.—TI a 700-1b. shot be fired from a 75-ton gun, with a speed
of 1200 feet per second, to find the speed of recoil of the gun.

hHen the momentum of the gun is equal and opposite to that of the
shot.

Now, momentum of shot = 700X 1200 foot-pound-second units, and
. momentum of gun is also = 840,000 F.P.S. units.
But mass of gua = 75X 2240 = 168000 Ib. ;

»  velocity of recoil = mox::;r:um = ?:m = 5 feet per second.

82.,Let M, m be the masses of the gun and shot, V, v their
velocities.
Then, since the momenta are equal and opposite,

S MFP = —my o cererennes ).

Neglecting for a moment the negative sign, this gives us
the proportion ¥V :v::m:M: or, the velocities of the gun
and shot are inversely proportional to their masses.

Again, if the velocities of two bodies (measured in the same
direction) are changed from U, % to ¥, v by a collision between
them, and if the masses of the hodies are M, m, then, since
the changes of momentuin are equal and opposite,

M(V—-U)=—-—m@v—u), ,
or MV4+mo=MU+mu ......c........ (2),

or, momentum after the action = momentum before the action.
For an experimental verification of this equation see § 323.
L ]

Ezample.~—A ball of mass 3 lb., moving with velocity 2 feet per
seoond, is struck by a ball of mass 1 1b., moving in the same direction
with a velocity of 10 feet per second. If after the blow the smaller
ball comes to rest, find the subsequent velocity of the larger one.

* Momentum of smaller ball before blsw ¢ = 1x10 = 10 units®

P ” ”» after ”» =0;
.. change of momentum of smaller ball =0-10=~-10 Jnits.
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The change of momentum of the larger ball is equal and opposite ;

and therefore = - 10 units,
But, before the blow, momentum of larger ball= 3X2 = 6 units;
s after " » » =6+ 10 = 16 units;

and its mass = 3 1b.;
its-velocity = 18 = 5} ft. per sec,
Or, working by the formula, MV + mv = MU + mu,
3.V+1.0=38.2+1.10,
3V=6+10, .. V =25}

83. Measurement of Mass.—The Second Law has furnished
us with a means of measuring force (Chap. VI1.). The Third
Law affords a means of measuring mass. Feor, since the
changes of momentum of twe bedies due to their action and
reaction are equal, the changes of velocity produced in opposite
directions are inversely proportional to the masses of the
bodies.

This property follows from (2) by writing it in the form

M_ v—u
m U—-V
As the velocities can be observed, the relation between the
masses may be thence deduced.

Erxample.—A truck of 6 tons, travelling at 3 miles an hour, collides
«vith another truck st rest, and both move on together at 2 miles an
hour. To find the mass of the second truck.

Taking a mile, an hour, and a ton as units of length, time, and mass,
the momentum-af the first truck is decreased: by the collison by 6 x (3 — 2)
or 6 units, and therefore 6 units of momentum are imparted to the
second truck.

But the velocity acquired by the latter is 2 units ;

hence its mass = § = 3 units of mass;
.. the mass of the second truck is 3 tons,

Or, as we should more commonly express it, the second truck weighs

3 tons.

84. Reaction of Motions Relative to the Earth.—Newton’s
Third Law shows that when a man jumps' off the ground, he
communicates to the Earth an amount of Jnomentum equal
and opposite to that of his own motion. But the mass of the
Euﬂlr\u 80 great—bemg about 6,067 million billion tors—
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that the velocuy thus imparted to the Earth is absolutely
imperceptible, and it is destroyed directly the man comes
down again.

Moreover, the Earth yields slightly under the man, so that,
instead of the motion getting transmitted to the whole Earth,
only a slight vibration is produced in the Earth in his
immediate neighbourhood. In the case of a man jumping,
the vibration is imperceptible ; but larger moving masses,
such as traction engines and ra.llway trains, as also sudden
explosions, often shake the ground for a considerable distance.

85. Tension.—Another important extension of the Third
Law is the assumption that the tension in a flexible inelastic and
‘weightless string is the same throughout its length, even when
it passes round any number of smooth pegs or pulleys (§ 120).

A surface is amooth when it can. exert no frictional force on bodies in
oogtact with it (§ 78).

8o :olzo the thrust (§ 78) is the same at all points of a straight

EXAMPLES VII

1. A shot weighing 16 1b. is fired from a gun weig lnng 4 tons
velocxty of 1120 feet per second. Find the velocity with which t«ho gua
nc

}tonshotndmchnrgedfromcnSl-tongm'iﬂltnhdty!

of l eet per second. What will be the velocity with which the gun
mﬂmoxl,ﬂthemnnofﬂxepowderbeneglectedf
3. A shot weighing 1 gramme is fired from a gun 1000
grammes, chevelocxtyoﬁt.halhotbe-l()o:netruper find
the velocity of recoil.
4.Agunwelghm35tonlucha.rgedmthauhot 28 1b.

X the gun be free to move, with what velocity will it moll the
ball leaves it with a velocity of 100 feet per second ?

5. A shot of 700 1b. uﬁndmthaveloeztyofllsofeotpnmd
from a 356-ton gun. Find the velocity with which the gun recoils. I
themdldthegunbeluuhdhyolwodyfmdl.m.omm
through what space will it recoil ?

6. A shot 896 1b. nﬁndmthnveloutyd Seet
mdﬁomi%m If the mmlthmghadthnu’:
8 foet, find the average force in resisting the recoil,
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7. A shot, whoee mass is 700 1b., is moving with a velocity of 1000
feet per second, snd.m«ﬁwa.mmﬂpwbmm
is 8000 tons, it remains em in it. Find the velocity which it
communicates to the ship.

8. A ball whose mass is 3 1b. is moving with & velocity of 60 feet per
second, and impinges directly on another ball whose mass is 9 1b., and
which is moving in the same direction with a wvelocity of 20 feet per
-eeclond. The two balls move together after impacty. Find their common
velooity.

9. A body impinges on another of twice its maas at rest. If th
two move together after impact, show that the impinging body loses two-
thirds of its velocity by the impact.

10. A shell at rest bursts into two parts, the smaller of which is one-
fourth of the whole, Find the ratio of the initial velocities of the parts.

11. A shell, which is moving with a velocity of 60 feet per second,
bursts, in the line of its motion, into two parts, whose masses are
respectively 36 1b. and 6 1b. The velocity of the hl?! iece is increased
in: the direction of motion by 15 feet per second. ¥ind the velocity of
the smaller.

12. A body A, of weight 5 lb., strikes a body B at rest, weigh:n,
200 1b., wichya velocity :)gfh 100 feet per second. Yind the velocity of B‘%
supposing A to be brought to rest by the impact.

13. Two balls, whose masses are 5 grammes and 20 grammes, and
whose velocities are 200 centimetres and 25 centimetres per second,
respectively, approach each other in opposite directions, and, after
impact, move on together. Find their common velocity.

14. Two inelastic balls, weighing 15 1b. and 30 lb., impinge directly
ar each other in opposite directions. If the velocity of the smaller be
12 feet per second, find the velocity of the larger in order that the
motion may be entirely destroyed by the impact. '

13. Three spheres, whose masses are respectively 5, 7, and 13 lb., lie
in the same straight line. The first impimses on the second with a
velocity of 20 feet per second, and, after impact, the two move on
together, and imyinge, without rebounding, on the third. Find the
final velocity of the spheres.

9



CHAPTER VIII.

WEIGHT AND ITS RELATION TO MASS.

86. Weight: DerINtTION.—The weight of a body s the
Jorce with which it is attracted towards the Earth.

When we lift a body off the ground, we have to exert a
certain force in order to overcome its weight. If the body
rests on a table, it presses on the table with a force equal to-

.its weight. If the body is unsupported, it will fall to the
ground ; hence Newton’s First Law of Motion shows that
some force must be acting on it. This force is the body’s
weight. We shall now show that

87. The Weights of Different Bodies are Proportional to
their Masses,

As we have already remarked in §§ 70 and 72, the force
which causes the acceleration of gravity in a body is called
its weight, so that the kinetic equation P = mf becomes in
this case W=mg..... ceereseseresennrnnn veeeeo(1).

And we have seen in § 44 that g is constant for all bodies
at the same place. °

Hence -,;!; is constant, .. the weight of & body is propor-
tional to its mass.

88. To Express the Weight of a Given Mass in Dynamical
Units of Force.
- The formula W°=mg may be expressed in words as
follows :— = *

.wexgh: ¢ (in dynamijcal pnits)s;,.: pgww g.
. Thus weight of a pound =
and weight of a gramme = 981 dynes. ' -
3 °
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When the weight of a body is measured in dynamical units
of force, we‘?pe}sa.k of it uythe * absolute weight” of the
body. Hence absolute weight of mass M = My, or, in words,

(absolute weight) = (mass) X (acceleration of gravity).

Conversely, as stated before in §§ 70, 71,

-8 force of one poundal = ,}; weight of one pound
= weight of half-an-ounce:

And a force of 1 dyne = 3y weight of a gramme.
89. The Gravitation Unit of Force is the weight of the unit

of mass.

Where masses are measured tn pounds, the gravitation unst
of force is the weight of one pound. Where the gramme is
taken as the unit of mass, the gravilation unit of force is the
weight of one gramme.

The measure of a force in gravitation units is really the
measure of the mass whose weight is equal to that force.

By ““ a force of 1 1b.” is yneant * @ force equal to the weight
of a pound.”

Similarly, “a force of 10 tons* and “a force of 5 oz.”
denote forces equal to the weight of 10 tons or 5 0z., respec-
tively. To avoid confusion, however, it is better always to
add the word “ weight > or its abbreviation * wt.,”” and we
may therefore speak of the above forces as “1 . wt.,” “ 10
tons wi.,” ** 5 oz. wt.” respectively.

In like manner, forces equal to the weights of 1 gramme, or
6 kilogrammes, are more briefly spoken of as “1 gm. wt.,”
““5 kilog. wt.,” réspectively.

Whatever be the system of units adopted, we always have
-the gravitation unit of force = g absolute units,

the absolute unit of force = 1/g gravitation units.

90. If we follow Newton in merely asserting that forces are

proportional to the momenta produced, we can use any (the
-same). pnits in comparing two different forces. Thus the

P‘ M « 8
forunla B-5 ‘



. + THE GRAVITATION UNIT OF FORCE. 75

{of which the meaning will be obvious) will occasionally be
useful, the forces P,, P,, being reckoned in any, the same,
‘weight unit, as pound, ton, etc.

But when we use the Kinetic Equation, and thereby assume
the force equal to the rate of change of momentum produced,
we must keep to the absolute units. In fact, -this is the
general rule. If the force, as given in any question, is in
gravitation measure, we should at once turn it into absolute
measure (e.g. replace 5 Ib. wt. by 160 poundals*), only at the
very end of our work going back, if necessary, to the gravita-
tion measure.

The student should spare no pains in becoming familar with the
dynamical and gravitational units of force, as well as the difference
between * mass > and * absolute weight."

To understand these ideas fully may take some time, but the time will
be well spent if this is done before proceeding further. And in working

o Problems the only safeguard against confusion is to specify at each step
of the work the umits in terms of which the different quantities are
measured—a caution which has already been given, but which applies
with especial force to problems of the present class,

Ezamples.—(1) If a bucket of water, weighing 20 Ib., is pulled up
from a well with an acceleration of 8 feet per sccond per second, to
find, in 1b. weight, the force which must be applied to the rope.

Hecre the weight of the bucket

= 20 lb. wt. = 20x 32 = 640 poundals.

The force applied to the rope must not only support the weight of the
‘bucket, but must also produce an upward acceleration of 8 F.I’.>. units.

Now the force required to support weight of bucket = 640 poundals,
and the force required to produce an acccleration § in 20 1b. = 8x 20

= 160 poundals.+
<« total upward pull on bucket = 640 4 160 poundals
== 800 poundals = 800/32 1b. wt.

' = 25'1b. wt. )

Therefore the rope must be pulled witl & force equal to the weight of
25 pounds.

Lot P paundals bo the 1 ally upwards

P poun: the force applicg, acting vertically upw :
209 poundals ilq:ha weight, acting vertically downwards. '

, ¥ We may occaiionally, in our work, invent such a term as a on-al for
the gth part of a ton wt. (or we may call it 1 wn-tt./m.",
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Resultant, or net, upward force is P — 20g;
s P—20g = mf = 20x8,
P = 160 + 640 = 800 poundals.
{2) A force equal to the weight of B lb., acting on a body, produces

an acoeleration of 9600 yards per minute per minute. What is the
qmnuss of the body ?

Here P = wt. of 5 b = 65x 32 poundals,

_f = 9600 yd. per min. per min. = 8 ft. per sec. per scc.;
6xX32=mx8;
m = 20 lb.

(3) A man weighing 170 Ib. is descending in a lift with acceleration
4g. To find his force of pressure on the floor of the lift.

Let R be the required force. Then the forces acting on the man are
his weight 1709 poundals downwards, and the reaction of the tloor
equal and opposite to R upwards.

.. force producing motion = 170g — R poundals downwards,

Calling this P, and putting m = 170 1b., f = }g in P = mf,
we have 1709 — R = 170x 3g;

.. R=(170—34) g = 1369 poundals;
. required force B = 136 1b. wt.

(4) If a railway train of 120 tons is pulled by the engine with a force

of 3 tons weight, to find how far it will have to travel to acquire a

velocity of 60 miles an hour.
Here a force of 3 x 32 ton-als moves a mass of 120 tons;

3x32 = 120f, or f = §.
Let s be the required distance in feet. The acquired velocity = 88
feet per second, hence the formula for accelerated motion

v =2fs -
gives ¢ 88t=2xixs,
whence 8 = 440x 11 ft. = {} of a mile.

(5) If a 2-0z. bullet, trave]linf 1600 feet per second, penetrates
10 inches into a target, to find in lb. the mean resistance of the target.

Let f be the acceleration of the bullet in feet per second per second =
then, by the formula v* — u? =*2fs, we have

0° — 1600% = 2X }3Xf;

whence f =—1600x 960 = — 15636000.
(The acceleration is of cours€really a retardation.)
Now o P = mf = } (Ib.) x 1636000

= 102000 poundals -
= 6000 1b. wt.
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91, How Mass is Found by Weighing.—We are now in a
position to explain why weighing a body in a pair of scales
determines its mass.

A common balance consists of & beam or lever which can
‘turn about its middle point, and at its ends are suspended’
the two scale-pans. The body to be weighed is placed in one
scale-pan, and suitable weights are placed in the other. Now
it will be shown in Statics that if the beam remains balanced
in a horizontal position, the body and weights must press
with equal forces on the two respective scale-pans. We thus
infer that the weight of the body is equal to that of the weights
.employed.

But weight is proportional to mass.

Therefore also the mass of the body is equal to the mass of
the weights used to balarice it. If these weights are known
maultiples and sub-multiples of a pound, their amount is equal

*to the number of Ib. wt. in the weight of the body, or the
number of Ib. in its mass.

92. Difference between Mass and Weight.—Although the
weight of & body may thus be measured by the same number
as 1ts mass, it 1s important to distinguish between the mass
and the weight of a body. Mass always represents a quantity
-of matter in the body, and does not depend on gravity; while
weight always means the force with which a body is attracted to
the ground.

So long as we lmve to compare the weight of one body
with the weight of another body, the distingtion between mass
and weight is unimportant.

Tt does not matter, for example, whether we regard the weight of a
packet of suiu or tea as measuring its relative heaviness as compared

with that of the pound weight belonging tosur scales or as measuring the
‘quantity of material or mass in it.

But, when weight is measured in dynamical units of force,
the distinction is at once apparent,for
Weight of mass m = m times weight of unit mass®

' * =om gravitation units of force
* = mg dynamical units of forge.
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93. A spring balance is often used for the purpose of

weighing. One of the simplest forms is shown in Fig. 6.

The scale-pan holding the goods to be weighed

is suspended from a spiral spring. The spring

- is thus extended by the weight, and the greater

2 the load the more is it extended. The required

weight is indicated by a pointer, which moves

= up and down with the scale-pan, along a grad-
uated scale at the side of the spring.

Unlike the common balance, the spring balance
H | measures the absolute wweights and not the masses of

: the bodies placed in the scale-pan. A force of one
poundal will always extend the spring by an in-
variable amount, so that if the scale be graduated
in poundals at one place, it will correctly measure
forces in poundals at any-other place.

Hence a- spring balance really gives a con-
stant measure of force.

But it does not give an accurate measure of
mass unless it is used to weigh goods at the

Fig. 6. place for which it is graduated, as the following
example will show :—

Ezample.—Su that it is uated for weighing bodies in
pounds ::elaondgll:.o:hem g= 1412-1981r,“l and where a pot?ncingoanuently
weighs 32:191 poundals. Then the pointer will always indicate 1 Ib.
when the scale-pan is pulled down with a force of 32:191 poundals. At
the Equator a pound only weighs 32:091 pouncals, and therefore the
weight of a pound mass does not pull the pointer quite down to the
graduation marked ‘¢1 1b.” To bring the pointer down to the 1 lb.
reading, we should have to add an extra force of f5 of a poundal, and
this would require us to ;iut in about 5 of an ounce more into the
scale-pan (since a poundal nearly eq 4 oz. weight). -Hence if &
tradesman were to buy a spring ce in London, and to use it for
weighing goods out at the Equator, he would have to add about % per
cent. (yiy nearly) to the observed weight to find the weight under the
new value of g.

[OBSERVATION.— Practically, such differences are too small to be
detected except with the mosf’ sensitive spring balance.]

94. Apparent Weight of a Mar in & Moving Lift.—When a
man is ascending or descending in a lift with uniform velocity,
the reactidr. of the floor of the lift is exactly equal to the
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man’s weight. When, however, the lift is being accelerated.
upwards, the reaction of the floor must be greater than the
man’s weight, because it has not only to support his weight,
but also has to give him an upward acceleration. And when
the lift is being accelerated downwards, his weight must exceed
the reaction of the floor on his feet by the amount necessary
to impart to him the downward acceleration of the lift.

The reaction may be found as in Ex. 3, p. 76. The acceleration is-
evidently upwards when the lift is starting to rise or stopping after
::ﬂing, downwards when the lift is stopping after rising or starting to

EXAMPLES VIIL

[Note.—In the solution of the following examples (as also in:
some of those on Chapter VI.), there are generally two main
. First, to find f by mcans of the Kinetic Equation
e P = mf; second, to put this value of f in the suitable Kinematical
Equation (§§ 36, 37). Or, f may sometimes be eliminated between
the two equations.]

1. Find the accelerations, the velocities acquired from rest in one
minute, and the distance traversed in that minute, by the following
masses, when acted on by the given forces, namely :

(i) Mass of 16 lb. under forcé of 2 1b. weight ;
(ii) Mass of 1 cwt. under force of 1 ton weight ;
(iii) Mass of 1 kilogramme under force of 1 gramme woeight.

2. How far will a mass of 64 Ib. be moved from rest by a force of 1 Ib.
weight in 10 seconds ? ~

3. A force equal to the weight of 1 0z. acts upon & mass of 1 1b,
Find the time required to describe from rest a space of 64 feet.

4. If a force equal to the weight of 10 1b. act u)on & mass of 10 1b.
for 10 seconds, what will be the momentum acquired ?

5. A force equal to the weight of 4 1b. acts on & mass of 16 Ib. Find
the time taken to describe from rest 400 feet, and tho space described
in the 5th second of motion. .

6. A mass of 1 kilogramme is acted on by a force of 10 grammes
weight. How far will it move in 20 seconds ?

7. A mass originally at rest is acted on by a force which, in 1/384th
of a second, gives it a velocity of 6 inches’per second. Find the ratio
of the force to the weight of the mass, °

8. A body resting on s smooth hbrizontal table is acted on by a

oforoe which would statically support 2 oz., and moves on the table over
a distance of 10 feet in 2 seconds. Find the mass of the bqgy.
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9, While a railway train travels } mile on a smooth level line, its
8 increases uniformly from 15 to 30 miles an hour. What proportion
oes the pull of the engine bear to the weight of the train ?

10. How far will a force of » kilogrammes weight move a mass of m
grammes from rest in ¢ seconds ?

11. If a force equal to the weight of 1 me pull a mass of 1 kilo-
gramme along a smooth level road, find the velocity when the mass has
moved 1 metre from rest.

12. A certain force, acting on a mass of 10 1b. for 5 seconds, produces
in it a velocity of 100 feet per second. Compare the force with the
weight of & pound, and find the acceleration it would produce if it acted
on & mass of 1 ton.

13. A ball, whose mass is 3 Ib., is falling at the rate of 100 feet per
second. What force expressed in pounds weight will stop it (i) in 2
-seconds, (ii) in 2 feet ?

14. A body of mass 1 cwt. is moving with a uniform velocity of 10
feet per second, and a force of 1 ton weight begins to act on it. How
long will it take this force to increase the velocity to 42 feet per second ?

15. A mass of 12 oz., attached to a string, is descending with a uniform
aoceleration of 12 feet per second per second. Find the force with which
the string is stretched.

16. A weight of 2 1b., attached to a string, falls vertically down a
mine with uniform acceleration. Find the value of the acceleration if
the tension in the string be equal to the weight of 1 oz.

17. A mass of half a ton is supported by & chain, and is moved up
and down with a uniform acceleration of 8 feet per second per second.
What foroe is exerted by the chain in each case ?

18. A mass of 1 lb. is supported on a plane which is moving down-
wards with an acceleration of 8 feet per second per second. Find the
reaction between the mass and the plane.

19. A man whose weight is 200 1b. is ntmdin‘%,in a lift which ascends
and descends with uniform acceleration §g. With what force will he
press on the bottom of the lift in each case ?

20. If & mass of 32 1b. be placed on & plane which is made to ascerd
with a uniform acceleration’of 2 feet per second per second, find the
pressure on the plane.

21. If a railway train of 100 tons is pulled by an engine with a force
ofﬁtomni%t, find how fer it will bave to travel from rest to acquire
a velocity of 30 miles an hour

22. 1f & body be acted upon Hy a force equal to itssown weight, and

it traverses 176-99 feet during the 6th second of its motion from rest.
find the vtlue of g.
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23. A camnon ball, whose mass is 2 1b., strikes a target with a velocity
of 1000 feot per second, and penetrates 5 feet into the target. Find, in
1b. wt., the mean resistance of the target.

24. A mass of 100 kilogrammes is acted on for 1 hour by a force equal
fo the weight of 1 milligramme. Find the distance traversed from rest.

EXAMINATION PAPER 1V.

1. Explain clearly the application of Newton’s Third Law of Motion
to the case of a horse starting a cart in motion.

2. A 14-1b. shot is fired from a 5-ton gun with a muzzle velocity of
1600 feet per second. Find the velocity of recoil of the gun.

3. Two balls, whose masses are 12 1b. and-8 1b., are moving in the
same direction with uniform velocities of 13 and 8 feet per second
respectively. When the first ball impinges on the second, they move
on together. Find their common velocity.

4. Distinguish between volume, mass, and weight.

S.dWhntilf.hanln.tion between a poundal and the weight of
pound ?

6. If a force equal to the weight of 5 lb. act on a mass of 5 lb. far
20 seconds, what will be the momentum acquired ?

7. Find the magnitude of the vertical force which will stop ia 4 feet
& mass of 5 Ib. which has been falling freely for 4 seconds.
bys. Exp:?i:"lllow it ﬂ: that the wei%h: of a subst:xﬁe as d:fhrmimd

& pair es is the same everywhere, while it will vary if a spring
balance be used.

9. A body in falling'through 250 feet is retarded by the tension of
® string attached to it, 80 as to occupy 6 seconds ir\ the fall. Find the
tension of the string if the mass of the body be 5 lb.

10. A 3-ton cage, descendi aaluhwithaapeedoﬂ){ndanleeond
llhoughttonstopbys::fmfomh:thoupmof 8 feet. Whlﬁ;
is the tension in the rope while the stoppage is ocourring ?

*  MAT. MECE. (]



CHAPTER 1X.

ATWOOD’S MACHINE.

" - 95. The following apparatus was invented about the ycar
1784. It is now used for illustrating the laws of motion
experimentally, and at one time was also employed to deter-
mine the intensity of gravity. For the latter purpose,
however, it has been superseded by the pendulum.

We could not find g accurately by letting bodies fall down
a shot tower or down a mine, and timing them, because the
velocity acquired in a few seconds would be so great that the
motion could not be timed with sufficient exactness.

96. Atwood’s Machine consists essentially of a light brass

pulley (Figs. 10-12) fixed at a considerable height above the
ground, over which passes a fine string supporting two weights
P, 0 attached to its ends. A pulley (Fig. 7) is a whee! with a
groove cut round its rim to keep the string which it carries
from slipping off. In Atwood’s machine it is essential that
this wheel should turn very freely, for which reason its shaft
usually rolls on,sets of supporting wheels called * friction
wheels ” (Fig. 8), though any other arrangement which
.answered the same purpose might be used instead.
. For measuring the heights of the weights in any position,
a scale of inches or centimetres is attached to the pillar or
wall on which the pulley is fixed, and for measuring time a
clock is provided, whose pendulum ticks every second. In
most experiments, the wgights P and @ are eg'ml, and a small
“rider” R, of the shape shown in Fig. 9, 18 placed on the
top of ), the string passing through the slot in R. ,A (Fig. 10)
is a platform by which @ can be supported or released at will,
8 is a rigg which is just large enough to let Q pass through,

. S P .
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but which stops the weight R, and C is a fixed platform that
will stop the weight . Both B and C can be fixed at any
desired height, measured by the scale on the pillar.

» When the weights Q, R are released, they are together
heavier than P, so that they naturally begin to descend, at
the same time pnlli.n& up the weight P (Fig. 11). When
0 reaches the ring B, the weight R is detached, and the equal
weights P, { continue to move on alone (Fig. 12) until @
reaches the platform C, when it also stops. 'lslgm times taken
to fall to the ring B and then to the platform € can be reckoned
bythe‘iclock. and the scale measures the depths fallen in these
interv

Fig. 10. Fig. 11 Fig. 12.

_ 97, In forming the equations of motion of the two weights
In Atwood’s machine, it is necessary to make use of the
following facts :— ¢

° [ ]
* 1. The dowmoard velocity of Q is equal to the upward veloaity
°f|’.¢n¢lﬁedmmrd¢wde{'aﬁdlofoioqualtoﬂwupward
acoejeration of P.
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For, since the length of the string remains constant as one

weight falls and the other rises,
.\, distance fallen by 0} _ {distance risen by P
per unit time — U per unit time ;

s.e. downward velocity of Q = upward velocity of P.

Hence also

increase of ()’s downwatd} _ {increase of P’s upward

velocity per unit time J velocity per unit time ,
1.e. downward accel. of Q = upward accel. of P.

I1.* The tension of the string s the same throughout, so that
sts upward pulls on the weights P, Q are equal (§ 85).

Standard example.—Masses of 3 and § 1b. hang over a pulley, as in
Atwood’s machine. Find the tension of the string in lb. weight, and
the acceleration of cither mass.

Let T be the tension of the string in poundals, and f the acceleration
produced. The greater mass will move downwards, and the less up-
wards. Consider the motion of the 6-1b. mass. The forces acting on
it are its own weight, = 6x 32 poundals, acting downwards, and the
tension of the string acting upwards. The total downward force is
therefore 160 — 7' poundals, and the mass moved is § Ib. ;

. 160—-T
A 5

Now consider the motion of the 3-1b. mass. The forces acting on it are
the tension acting upwards and its weight acting downwards. The total
upward foroe is fore T' — 96 poundals, and the mass moved is 3 lb.,

. T—9 .

¢ Heaoe, from (i) and (ii),
160—T T—96.
'1, ]

>~ 8T = 480 4 480 = 960 poundals;
o =% poundals = 33 Ib. weight.

=f cireriiieccecannieinenicen (1

2
Substitute the value of T' in poundals in either of
% the equations (i) or (ii). We thus obtain
o Fig. 13. j'=8ft.perlec.peruc.

"o This ia only true on the sssumption that the pulley is frictionless
'Mdugu;ﬁm.
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Second Method.—1f the value of 7' has not to be found, the following
(tht.}ngh involving some assumptions) is the readiest method of calculat-
ing f :—

Resultant force producing motion
= weight of 5 lb. — weight of 3 lb. = weight of 2 b,
= 64 poundals.
Total mass moved is (3 4 5)1b. = 8 1b.;
. f= moving force _ 64

Sammoved — 8 = 8 ft. per seo. per sec.

Ezample.—(2) Masses of 6 Ib. and 8 1b. are hung over a pulley. In
-what time will they have moved over 7 feet ?
Force causing motion
= (8 — 6) 1b. weight = (8 — 6) 32 poundals.
Mass moved =84 61b,

. _8—6 -
. J= s———_*_‘)x32ﬂ;. per sec. per sec,

32
. ,=-_i—ft. Per sec. per sec.
Let  be the required time ; then -
1=y=1e t=’\/';—2=l§uc.
’

98. Two unequal masses P, Q* (Q > P), joined by a string
passing over a light pulley, as in Atwood’s machine, move
ander gravity (Fig. 14).

(i) To find their acceleration ;
(ii) To find the pull in the string ;
(i1i) To find the force which the pulley has to support.

(i) The masses being P, Q, the absolute Wel.ghts of the
bodies are Pg and Q.

Let the pull in the string be 7' dynamical units ef force.

Let the downward acceleration of @ be J, then the upward
acceleration of P is also f (§ 97).

The forces acting on Q are therefore Qg downwards and T
upwards, and their erence produces the downward
acceleration f;  ° ¢

. o o U=Qg =T i, ®).

*® For oonvenience, wenwwtheietter@fortbemlmnoftho
0 and R before mentioned. -®
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Similarly, from considering the motion of P,
Pf=T—Pg .ccuuveererrrenenns U ) N
To find f we must eliminate 7' (as we do not know the

value of 7).
By addition, (@ + P)f=(Q — P)g;

.. required acceleration f = g:_l-_-:,—’g ........ ceeee (1)

If the weight P is very small, %_*:_;g becomes nearly gg. = g, which.
is the acceleration of a free body.

(ii) To find 7, the pull in the string, we must
eliminate f from the equations

Of=Q—T
and Pf=T— Py; .
nt, and we get
4 T or 2PQg=(P+QT;
@ . ._ 2PQ N
e S T PT o g dynamical units,
Fig. 14. _ 2PQ _ .
P Qgrav:tahon units of force ...(2).

Thus the pull in the string is a hrrmonic mean between the weights
(see any Algebra). It must always lie &tween them.

(iii) The ‘strings on either side of the pulley pull with a
force T. Hence the pulley has to support altogether a force
27, equal to the weight of a mass

. 4PQ
P+
Notice that this force is less than, the sum of the weights,
P -+ @ (by algebra), .

99, Alternative Method ¢f Finding the.Aceeleration. -
The weight of @ tends to pull down @ and to pull vp P,
whilts the weight of. P has the opposite tendency. Hence
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the total force tending to accelerate Q downwards and P
upwards is the difference of the weights, or (Q — P) g dyna-
mical units. The whole mass-accelerated in this way is
Q<+ P, and ita acceleration is the required acceleration f.
Hence the relation’

mass X accel. = impressed force

gives @+ P)f=Q@—Py;
Q->r
y bef = Ssseqescceco possssesccsscncs 1 o
‘ot as before ¥ o+ P! (1)

{

100. If the two masses are each equal to M, and a third
mass m is placed on the top of one of them, we must write
M for P and M + m instead of Q in the expression we have
found for f, and we have

. m

f-_-.' 2fﬂ—_i_—”"g..............................-(3),

which is small if m is small compared with M. This accelera-
tion is the acceleration due to mg, the weight of m, acting on
2M -+ m, the total mass of the three weights, as explained
above.

101. Experiments with Atwood’s Machine,

In the preceding article we have discussed theoretically
the values of f and I that ought to hold, if Newton’s Laws
are correct. We are now to verify experimentally, by aid of
the machine, that the above values do hoM, and hence we
shall infer that Newton’s Laws are sound.

Let the equal cylinders each be of mass M, and the rider
of .mass m. Keeping these constant, we can prove .that
v t* and s« 2, either of which facts will show that the
acceleration produced is constant (or uniform). Let the ring
B be fixed at differént depths below A, and let the time taken
in falling from ‘A to B be noted in eath case. It will be found
that this time is always propprtional to the square root of the

o * The symbol o« denotes * varies as  or * is proportional to,” Thus
azt'm?;lthltcilproporﬁondtol‘. K
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depth AB, or, what is the same thing, the distance AB is
always proportional to the square of the time taken. Thus
a2,

To prove that voc ?, we must not only note the times from
A to the various positions of B, but we must also fix the
C at such a depth below B in each case that exactly 1 second
is taken by the fall from B to €. The distance BC will clearly
measure the velocity acquired in the time of going from A to
B. This velocity will be found to vary as the time; in fact,

32m

we shall find that v = '2111_+Et’ always. Thus we can prove
in two ways that a constant weight acling on a constant mass
produces a uniform acceleration.

Further, if we arrange B and C so that the times down
AB and BC are the same, we shall find that AB = $BC, or
space in time ¢ = $o¢, which is another well-known formula
for constant acceleration.

102. Having established the fact that f is constant when
P and m are constant, we shall now show how f varies with
P and m. For this purpose, we need only observe the length
of AB, the fall in 1 second, in each experiment. Since s=4fi? -
and =1, we see that

f = 28 = 2AB. °

Let the cylindérs be each composed of a number of small
detachable sections. By removing an equal number of these
from each cylinder, we can keep the moving force P constant,
while the mass m varies. By removing one or more from one
side, and placing them ‘above the rider on the other, we
increase the moving force without altering the whole mass
moved.

These experiments prove (within the limits of explainable
error) that the acceleration yaries di a8 P when m is
kept constant, and inversely as m when P is kept constant.
And, therefore, by algebra, f «< P/m, when both Pand m vary.
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103. To Find g, the Acceleration of Gravity.
In Atwood’s machine we have (§ 100)

. m 2M4m
f= pY =9 whence g = --—m—-f ........... «(3).

The acceleration f may be measured, as in § 102, by observing
the time required to fall a given height from rest. The masses
M, m may be compared by weighing them in a pair of scales,
and, knowing them, g may be found.

For a fuller account of experiments with Atwood’s machine see § 322.

104. One Weight Drawn along a Table by Another.

A weight of m 1b., hanging freecly by a string, draws a weight
of M 1b. along a perfectly smooth table by means of a string passing
over a small pulley at ike edge of the table (Fig. 15). To find
the acceleration, and the tension of the string, in lb. wt.

Bet T be the pull of the string in lb. wt.; then its value
in poundals = T¢.* Also the weight of the hanging mass
= mg poundals, and that of the other mass is Mg poundals.

Hr—=

Q
mids

Fig. 15.

Hence, if f be the geceleration of the two masses in feet
per second per second, we have, by consideri:ag the hanging
mass, m.f=mg— Tg;
and, by considering the mass on the table,

. M. f =T 9.
Eliminating T, we bave ’
(M +m).f=mg;
M'_;_‘m Proerrren (4)

* * Note that 7' ismot the same thilg here as in § 98. The former way,
ol taking T as the number of poundals, s the better for general work.

.~ acceleration f =
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Eliminating f, we have
mMg — MTqg=mTyg;

Mm
W +mlb. L TR () X
The result (4) also follows at once from the fact that the
moving force is the m Ib. weight hanging freely and the whole
mass moved is m + M lb.

.. tension T =

Ezdmples.—(1) A mass of 5 Ib., on a horizoptal table, is connected
bynstﬁngpmingommedgedthehﬂo%ammofslb.hmging
v;rtic:ll{. How far will the latter mass have fallen in one second 7
(Fig. 15.

Total mass moved = (64 3)1b.=81b.

Force producing motion = weight of 3 Ib. = 3x 32 poundals ;
.~ acceleration produced = %3-? ft. per sec. per sec.

= 12 ft. per sec. per sec.
Distance fallen = §fi* = §x12x1? ft. = 6 ft.

(2) In the preceding example, what is the tension of the string ?
Consider the mass on the table. The only force affecting the motion
is the tension T of the string ;

o+ T = mf = 5x12 poundals == 60 poundals = 1§ lb. weight.

EXAMPLES IX.

1. Two weights are attached to the cnds’of a string passing over a
smooth pulley. 1ind the acceleration (stating the units employed),
the tension in the string (in gravitation units), and the force which the
pulley has to support, when the weights are :

(i) 17 1b. and 15 1b. ; (v) 3lb.and 6 1b.;

(ii) 14 oz. and 2 0z.; (vi) 490 grammes and 491 grammes ;
(iii) 3 cwt. and 1 ewt.; ° (vii) 90 grammes and 19 grammes ;
(iv) 15 1b. and 9 Ib. ; (viii) 4 kilogs. and 5 kilogs.

2. The pairs of weights of Example 1 are laid with one weight resting

on a horizontal table and the otbcrp]l:mgmg vertically over &e edge of

of tho eisen, considering sepabaiely the owo difetent’ armaagements
cases, 0

when (a) the lighter, () the haavier weight rests on the table, — . s



. EXAMPLES. ) 4

3. Two maases of 10 and 14 lb., res over a smooth
pulley. mm.mmmﬁdmmx&mu'm

4.'1‘wobodiu,hmfingbya ing over a smooth , Move with.
an acceleration of 8 feet second per second. mass of the
descending body is 3 1b. Find the mass of the other.

5. Two equal weights of § Ib. each are fastened to the ends of &
string which passes over a fixed smooth pulley. What weight must
- be added to one of these to make them move with an acceleration of
4 feet per second per second ?

6. Two bodies, whose masses are 31 and 33 oz., respectively, sus-
pended at the two ends of a thin -trin(ghpnaing over a smooth pulley,
are allowed to fall freely for 3 seconds. What will be the velocity
acquired, and what will be the space traversed by each body ?

7. Two weights of 14 oz. and 18 oz. are suspended by a fine thread
which passes over a small pulley. If the system be left free to move,
find how far the heavier weight will descend in the first 3 seconds of its
motion. Find also the tension of the string.

8. Two weights of 15 oz. and 17 oz. are attached to the ends of a
fine string which passes over a smooth pulley, and the system is left
free to move. In how long will the heavier weight descend through
64 feet ?

9. Two weights of 5 1b. and 7 1b., respectively, are fastened to the
ends of a cord passing over a smooth pulley supported by a hook.
Show that, when they are free to move, the pull on the hook is equal
to 113 1b. weight.

10. Two equal weights of 15 1b. are suspended at the ends of & strms
which passes over a smooth pulley, and a rider, weighing 21b., is attache:
to one of them 80 as to start the system in motion. The rider is removed
after the system has been in motion for 2 seconds; find how far the
weights will move irf the next 2 seconds.

11. In an Atwood’s machine, the weights atlached to the string are
8 1b. and 2 1b., respectively. What weight must be attached to the
lighter of the two weights in order that the acceleration may be the
same as before, but in the opposite direction ?

12. A mass of 2 oz. attached to one end of a string, is descending
vertically, the other end of the string being attached to a mass of 6 oz.,
which slides along a smooth horizontal table. Find the acceleration of
the system, and the tension of the string.

73. A mas# of 4 1b., attached to or® end of a string, is pulled along
& smooth horizontal table by another mass, attached to the other end
of the sering, and hanging ofer the edge of the table. If the mass on
the table moves from rest through 4 eetinileoonds,ﬂndthamu\
which bangs over tho edge of the table, -
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14. A mass of 488 grammes is fastened to one end of a cord, which
passes over & emooth pulley. What mass must be attached to the
other end in order that the 488 grammes may rise through a height of
200 centimetres in 10 seconds ? (Take g = 980.)

15. A cord without weight or friction, passing round a single fixed
pulley, has a weight of grammes attached to one end and one of
1000 grammes to the other. When left free, how far will the heavier
weight descend in 2 seconds ?

'16. A weight of 12 oz. is moved from rest on a smooth horizontal
table by a weight of 4 oz., which over the edge of the tablaandis
connected with the weight on the table by means of a fine string p.ssing
over a small smooth pulley at the edge of the table. Find the tension
of the string, the velocity acquired in 4 seconds, and the distance
traversed in that time.

17. What must be the masses attached to the ends of the string of an
Atwood’s machine, in order that the action of a force of 100 poundals
on a mass of 1000 Ib. may be investigated ?

18. It is observed that the larger of the two weights in an Atwood’s
machine descends through 2§ feet in the first second of its motion
from rest. The motion is then stopped, and a weight of 18 Ih. is
fastened to the smaller weight, which then descends through 6} fzet in
the first second. Find the original weights.

EXAMINATION PAPER V.

1. Describe Atwood’s machine, and explain how it is used to deter-
mine the aoceleration of gravity.

2. A couple of unequal weights P and Q hang by a thin flexible cord
over a perfectly smooth bar. Find the acceleration, the tension in
the cord, the distance travelled by either weight from rest in any given
time, and the velocity acquired in the same time. ©

3. In Atwood’s macyine, the two weights are 8 Ib. and 12 ]b., respec-
tively. Find (i) the acceleration, (ii) the distance described by each
weight from rest in 5 seconds.

4. Two unequal weights hang by a thin string over a emooth fixed
pulley. The heavier of the two is 17 1b. Find the weight of the lighter
in order that it may ascend threugh 4 feet in the first 2 seconds of ita
motion.

5. Describe an experiment to prove that the weight of half an ounce
‘will produce in & mass of 1 1b. ay acceleration of (spproximately) 1 foot
per second per second.

6. Describe experiments to prove, that the distance which, a bedy
moving under a given force will traverse in & given time is proportional

#%o the square of the time.
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7. Two scale-pans, each weighing 2 0z., are suspended by a weightless
string over a smooth pulley. Amluoimoz.p;yhzinonemd
4 oz. in the other. Find the tension of the string and the pressure on

8. A weight of 5 Ib. is connected with a weight. of 15 1b. by a fire
string, and the two weighte ave so that the larger weight rests qn
8 smooth horizontal table, while smaller hangs over the edge of the
table. Find the acceleration produced, and the tension of the string.

9. A weight of 6 1b., connected with another as in the previous
question, falls through 16 feet in the firet 2 seconds of motion. What is
the mass of the weight on the table ?

10. What must be the masses attached to the ends of the string of
an Atwood’s machine, in order that the action of a force of 1000 dynes
on a mass of 1000 grammes may be investigated ?



CHAPTER X.

‘WORK, ENERGY, AND POWER.

105, Work.—A force is said to do work when its point of
-application moves in the direction in which the force acts.

When the point of application moves in a direction opposite
to that of the force, work ts said to be done against the force.

By the “ point of application”” of a force is meant the
particle on which the force acts. When the former acts, not
on a particle, but on a body of any size, the force may be
supposed to be applied at some particular point of the body,
and the “ distance moved by the point of applieation *> means °
the distance moved by the particle of the body at that point.

Ezamples of Work.—(1) An cngine drawing a train does work, for the
train moves in the direction in which the engine pulls. But when the
train is being stopped by the brakes, the train does work against the
brakes, because the resistance of the latter acts in the opposite direction
to that in which the train is moving.

(2) If a heavy body falls to the ground, its weight does work. If we
lift it up again, we must do work against its weight.

106. DeFiniTION.—The Work done by a force is measured
by the product of the force into the distance through which its
pownt of applicatiommoves in the direction of the force.

In the present chapter, we shall suppose the point of
application to be moving in the same straight line as the
force. If it is moving in the direction towards which the
force tends, the work dome will therefore be positive. If
it is moving in the reverse direction, we may regard the
distance traversed as negative, so that the work done by the
force is now a minus quantity. .

Hence work done against a force is the same thing as a negative
-quantity of work done by a force ©

o4
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107. DermrrioN.—The dynamical or absolute unit of work
s the work done by the dynamical unit of force in moving its
point of application through a distance of a unit of length,
whatever system of units be used.

The F.P.S. dynamical unit of work is the foot-poundal,
and is the work dome by a force of one poundal in moving its
point of application through one foot.

The C.G.8. dynamical unit of work is called the erg, and is
the work done by a force of one dyne in moving its pont of
application through one centimetre.

Ezamples.—(1) To find the work done in moving 10 lb. through a
distanoce of 3 feet with an acceleration of 5 feet per second per second.
The force applied to the body

= mass X accel.. = 10x 5 poundals,
and the work done
= force x distance traversed = 50x 3 = 150 foot-poundals.

(2) The work done by a force of 980 dynes in moving through a
distance of 10 centimetres is e ¢

980x 10, or 9800 ergs.
(8) To expreas the foot-poundal in ergs.
By § 72, a poundal contains 13,780 dynes, and a foot contains 30-48

ocentimetres. Hence, by definition, the foot-poundal is the work done
by 13,780 dyncs in moving through 30-48 centimetres, and

~. @ foot-poundal = 13,780x 30-48, or 420,000 ergs.

108. Dnmunox.—'i‘he gravitation unit of york s the work
done in lifting the weight of a unit mass through a height equal
to the unit of length.

The English gravitation unit is the foot-pound, or the work
doné in rassing one pound of matter vertically through one foot.
Since the weight of a pound is 32-2 poundals,
a foos-pound = 32-2 foot-poundals.
The C.G.S. urit is the gramme-centémetre, or the work done
. ¥n raising one gramme through g height of one centumetre. o
, Since a gramme weighs about 981 dynes,
.. & gramme-centimetre = 981 ergs.
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ZExample.—To compare, and in foot-pounds, the work done
bysmnwaishinglom“in ing & mountain 4,000 feet high;
and the work dane by the tide between low and high waterin raising &
'h%:mm"m%f:fetio 14 or 140 Ib. through s beight of

man raises a wei %14 or . a t
4,000 feet ; e

s work done = 140X 4,000 ft.-]lb. = 560,000 ft.-1b.
The tide raises 500 x 2,240 or 1,120,000 Ib. through 20 feet ;
*. wark done = 1,120,000 20 ft.1b. = 22,400,000 ft.-1b,
These are in the ratio of 1 to 40.

109. Energy : DEFmNITIONS.—By energy is meant capacily
Jor doing work.

The only kind of ‘energy that we shall have to deal with is
Mechanical Energy, and of this there are two forms, viz.
Potential and Kinetic.

The potential energy of a body or system of bodies is cke
amount of work which s ss capable of performing in virtue of is
position (or the posstions of its parts).

Ezamples.—(1) If a million tons of water are stored in a reservoir
Jooblons of potenial encrgy, ot i the wator wers alowsd £ ren dowa

J Wa were
tothon:fitwculdhsbhto“pu'formm,om.OWfoot-mdmkin
its descent. By employing the water to drive a series of water wheels
in its fall, this work may be utilised for driving machinery.

2 in windi t of 8 J). is raised to ight of
D LR ek s S B, i b 2
pounds, for in defoending again it is a! hﬁf‘n foot- s of

. vercoming

110. If a body of weight W is at a height A above the ground,

its potential energy = Wh ........ccooeneenes(l)e

For this is the amount of work its weight would do if the

body fell to the ground. ¥t mught, for instance, raise another’
ight W to a height A, by means of a fixed pulley.

. Thue, if the mass of s body is M pounds, its weight = Mg
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poundals, and its potential energy when at a height of 4 feet
above the ground is = JM# {t.Ib, = Mg foot-poundals (g = 32,
or 32:2).

111. Dzrisrrion.~The kinetic energy of a body is ifs
capacity for doing work in virtue of its motion. It is measured
by the a:mount of werk that the body is capable of performing
in coming to rest.

The following illustrations show that a moving body does
actually possess energy.

Ezxamples of Linctic ens gy.—

(1) A bullet when fired at a wanden target will penetrate a considerable
distunce into the wood, tier by doing work against the very great
resistance to penefration offexc I by the target. Hence, before the bullet
struck the target, it must bave possessed kinetic energy, or capacity for
doing work.

(2) A stone, when projected virtically upwards, will rise in the air,
and thereby do work against gravity. KEvidently, the capacity for
dving work depends on tke initil motion. The original kinetic energy
is measured by the work dcie Ly the stone against gravity in coming
to rest.

Thus, if a mass of 3 pounds is shot upwards with a velocity of 40 feet
per second, it will rise to a beight k, where (by u* = 2gh),

403 =2.32.h, or h=251{t.
In rising through this heiglit the body will do 3x 25 or 75 foot-pounds
of work. Hence the orizinal kinetic energy must have been 75 foote
pounds, or 2400 foot-poundals.

112, To Find an Expression for the Kinetic Energy of a
Moving Body.

Suppose a body of mass m to be moving with velocity u,
and let us calculate the work it is capable of doing in coming
to rest. If the velocity changes from u to O under the action
of aforce of P dynamical units, and if f denote the acceleration,
8 the space passed over, we have, by § 37,

o1 — ut=2f%),
i U — u® = 2fs,®
and, by § 68, . Ro=pf. * .
Hegnce the work done by the force P, moving over a distance s, ’
y =Ps=mfs=2fsxim=— y”xim=-}mu"o " e
MAT. MECH, 4

-
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and the work done by the body against the force P is equal
and opposite to this, and is therefore = }mu?.
Therefore the body, in coming to rest, is capable of perform-
ing {mwu?® dynamical units of work, or
The kinetic energy of the body = jmul.............c.ceeeee ()
Or in words :
The kinetic energy of a body is half the product of its mass
into the square of its speed.
When expressed in foot-pounds, the kinetic energy
= mv*[2g
{or, as some writers put it, Wv?/2g).
Ezample.—A cannon-ball, of weight 10 1b., is fired horizontally, with
& velocity of 1120 feet per second, from a gun, and the weight of the
gun, with its carriage, is 5 tons. Find the kinetic energy of the gun
immediately after the explosion, expressing it in foot-pounds.
. By § 81, we find velocity of recoil to be 1 f.s.
Hence kinetic energy = } M V2 = § (5 2240)x 1%
= 5600 foot-poundals
= 175 ft.-1b.

113. In uniformly accelerated motion the increase of kinetic
energy is always equal to the work done by the impressed
forces.

We have, in motion under uniform acceleration f,

v — ud=2fs; ¢
also, if P be the impressed force and m the mass moved,

P= wf.
S Ps=mfs = Imx2fs = Im (v — u?),
or Ps = Jmv® — Imu.................. veeene(8)

that is. work done by P
= (final kinetic energy) — (initial kinetic energy)
= increase of kipetic energy. |
In particular, if the body start from rest, the whole kinetic
energy acquired is equuleto the work done bysthe impressed

{orce. .
Eq\'ltion (3) is calleq the Eguation of Work.



THE EQUATIONS OF MOMENTUM AND OF WORK. 99 '

114. Comparison of the Equations of Momentum and Work.
—The student should be careful to distinguish the property
just proved from the property which forms the subject of

ewton’s Second Law [§ 74, equation (6)].

The Second Law states that
force x time = impulse
= change of momentum ;

and the Principle of Work states that
force x distance =work
== change of kinetic energy.

To caleulate the kinetic uired a body after movi
through a given distance mm:::l force, ‘t'tyis not - to'ﬁmns
the velocity and substitute in the expression §mv®, for the acquired
energy is simply the work done by the force.

Bzamples.—(1) A stone weighing 3 1b. falls through 7 ft. What is
its kinetio energy, and what force will stop it in 2 ft. ?
Kinetic energy of stone = work done by gravity
== weight X distance fallen
= 8 X Tft.lb. =21ftlh.
= 21 x 32 = 872 ft.-poundals.
Let P Ib. wt. be the force required to stop it in 2 ft. Then we have
P 1b. wt. acting upwards and the weight 3 Ib. wt. acting downwards.
Hence the upward foroe retarding the motion of the stone is P — 3 1b. wt.

. When the stone is brought to rest,
work done against retarding force = kinetic energy lost ;
S (P=3)x2 ft.-lb. = 21 ft.1b.;
~. required foroe P = 13} Ib. wt!
(2) A stone weighing 8 oz. falls for 5 sec. What is its momentum,
tnd'htfomw;ﬁltopit in 3 sec. ?
Weight of stone = § 1b. wt. = §g poundals.
Momentum soquired = impressed force x titae
= 9 xb
=80 dynamical units (taking g = 32).
Let P Ib. wt. be*the force required to s®p it in 3 sec. Then the
actual retarding force = (P —§) Ib. wt. = (P — {) g poundals,
*and impulse of ghisdoroe in 3 sec. =*momentum destroyed ;
S (P—3)gx3 = §gxb;
... mw ‘om P - l‘ lbo !‘t.
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(3) To find the kinetic energy acquired by e kilogramme in falling
through a metre.
The weight = 1000 gm. wt. = 1000 981 dynes,
and distance fallen = 100 centimetres.
Hence, by the Principle of Work,
acquired kinetic energy = work done by weight
= (force) X (distance)
== 981,000 100 (dynes, cm.)
= 98,100,000 ergs.

115. The Principle of Conservation of Energy.—1f a badr
is started in motion by any force, we see, from § 113, that
the kinetic energy acquired is equal to the work donme. If
after a certain tiine another force acts on the body, the increase -
of kinetic energy is equal to the work done by the second force,
and the total kinetic energy is therefore equal to the sun: of
the works done by the two forces. In like manner, if any
number of forces act in succession on the hody, the finul
kinetic energy is equal to the sum of the works done by ths
several forces. If, therefore, the body is ultimately broughs.
to rest, so that its final kinetic energy is zero, it will have done
an amount of work equal to that done upon it.

Thus we get as much work out of the body as was previously
put indo L. )

This is a particular case of the Principle of Conservation of
Energy, which may be briefly stated thus—

Energy can never be created nor destroyed, but can only be
transformedfrom one form into another ; or,

The total quantity of energy present in the universe always
remains the same, )

116. OBsERvVATIONS.—The Principle of Conservation of
Energy, like Newton's Laws of Motion, does not admit of a
perfectly general proof, but is based on evidence derived
from experiment. Energy may manifest itself in many other
forms besides the ordinary mechanical (kinetic and potential)
energy of moving bodigs, and it is only when all these forms.
‘of energy are taken into account that the“principle really

hol*p good.



THE PRINCIPLE OF CONSERVATION OF ENCRGY. 1C1

These forms of energy include energy of vibration which gives rise to
sound, heat energy, radiant energy in the form of Lght, elentrieal epery:,
and chemical energy. The tendenry of molori physical seinece iz to
—egard all forms of energy as the kinetic and patential energics of the
altimate molecules of which matter is suppoced to be built up. We
cannot, of course, tell what these molecules are like or how tiey really
move, for they are far too small to be seen with any microscope. Ail
that we can do is to build up theories of them that will account for
physical phenoricna. By so doing physicists hope to represent all such
phenomena by particular cases of the principles of dynamies.

117. Particular Case of the Principle.

Moticn of a Body Prcjected under Gravity.—I[ a mass m bhe
projected vertically with velocity u, we have, when the height
above the ground is s,

1¥ = u? — 2gs;
I 4+ mgs = Imud.

But mgs is the notential erergw (in dvnamical units) at
height &, and §an? is the kinetic energy. Hence

kinetic energy -~ potential encrgy
== original Linetic energy.

Hence the total energy of the body always remains constant
and equal to its original energy.

At the start the encrgy is wholly kinetic; at the highest
peint it is wholly potential.

118, Verification for Atwood’s Machine.—Lety P. Q be the
Lotal messes suspended from the ends of a string passing over
a pulley, as in Atwood's machine, where @ >> P. Then, if
& falls through a distance s, P rises through an equal distance
s. The work done by the weight of Q is @gs, and that done
against P is Pgs; hence the loss of potedtial energy

= (@ — P)gs.
Tf u is the initial yelocity, and v the fingl velocity, the initial
and final kinetic energies of the system are -
* $0ulet JPu? ant QMR 4 3P

here gain of kinetic energy = } (Q + P) (+* — u?).
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The Principle of Conservation of Energy requires that
gain of kinetic energy = loss of potential energy,
or that § (Q + P) (v*—u?) = (Q — P)gs,

or that vr-u= 2%%%9: ..................... (i)-
This relation is satisfied, for in uniformly accelerated
motion ¥ — ud=2fs,
and we have seen in § 98 that
y e 4
: I=av#*

whence (i) follows immediately; hence the sum of the
kinetic and potential energies is constant.

Similarly the principle may be verified for the case in which
8 body is drawn along a smooth horizontal table by a second
body falling vertically (§ 104). ‘

119. Applications.—Conversely, we may often determine
the motion of a dynamical system by expressing in mathe-
matical language the condition that the total mechanical
energy is constant, or that the increase of kinetic energy is
equal to the work done on the system.

This is really a most convenient way of finding the accelera-
tion of the masses in Atwood’s machine, especially if it is
required to find the velocity acquired when these masses have
moved through s given distance. .

Ezamgles.—(1) &t of 1 Ib., banging from the edge of & table,
dnwsaplil:d)slb..mtbohﬂobymudntﬁ.:ghﬁdm
velocity aoquired in moving over 1 foot ; and the acceleration.

Let the required velocity = v ft. per sec.
" Then the total kinetic = § (1 4 8)o == §o8 ft.-poundals;
mdthovwkdmbythol‘ﬂi.nai(infdﬁng '
. == ] f¢.-Ib, = 32 ft.-poundals.

:  ‘Therefore P =32 or PumpPy

, whemoo - vis = 2 ft. perssc. o

+ Alsorthe relation o= 2fs

. gives W 21,15 LS

~ whenoe o the acceleration f == AR ft. pec ssc. Per 800.

L3
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MA of 50 Ib. falls from a height of 50 feet, and pensirates
2&2 loose sand. Toﬂndtbnl:gnunuoftholmdmpm

[ ]
into
ﬁ kinetic energy acquired in falling is destroyed by the resistames
of the sand. Henne:;gworkdone ogthebody l:yby vity is equal
to the work done b thabodg”aglimtthomiltuneo of ﬁ:und.
But the body altogether 52 feet,
" & work done by gravity = 52X 50 = 2600 £t..Ib. ;
and, since the body moves 2 feet against the resistance,
.~ resistance of sand = 2802 = 1300 Ib. weight.
[Notioe that in this example we have not had to calculate the velodity
of the body.]

_{9) To find the loss of kinetic energy when a mass of 1 1b., mo
with s velocity of 10 feet per second, strikes an equal mass of 1 1b.,
both continus to move on together.

If v is the common velocity of the two masses after the blow, the
constancy of momentum gives

momentum of 2 Ib, moving with vel. v = momentum of 11b. with vel, 10 ;

s 20=1%x10, or v= 5 ft. per sec,
e kinetlo energy of 1 Ib. moving with a velocity of 10 feet per seébad
(=3mv*) = §.1.102 = 50 ft.-poundals.
Tho kinetlo energy of 2 Ib. moving with a velocity of 5 feet per second
= $.2.6% = 2§ ft.-poundals.,
Heanco the loss of energy = 50 — 25 == 25 ft.-poundals == §§ ft.-1b.

120, Tension of & String over a Smooth Pulley.~Wken a string passes
over @ mmmm&mnmﬁw&l]m
mass of the string and pulley be

Let one end of the strin bo“i‘ulledwithlfomﬂ'.mdsugo‘o.i!'

ible, tthopulln.ﬂie r end is 7, and is not equal to 7T'.
of the stri ilpulledovei'.thowotkdomonthom-ingby
- T's, and wu'rkdombythem'ingat:hem:oudu
‘s.

Their difference (7'~ 7)s ia the mechanical e communicated to.
the string and pulley. But there is no friction ; hence the system is
conservative, and this mechanical energy cannot be lost. Also the
ltriqmdnpunayhsnnomn;thudanthoymnot uire kinetio

. Tmfl'th’ communicated energy (7' .~ 1) must bo zero and

ore = 'c

Therefore the pull is the same throughout the string (§ 85).
[ ]

Ev
it
E

121, DerintrIoNs.—Power is the rate of doing swork.~FRe

of an ““ agent ” (e.g. a stearp engine, & horse, or whatever

work) iommuregbytheamom of work the agent <
capable of performing per unit of time.
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The F.P.S. dynamical unit of power is a rate of working
of one foot-poundal per second.

The C.G.S. dynamical unit of power is a power of ene erg
per second.

122. Horse-Power : Gravitation Units of Power.—Dermvi-
TI0NS.—The power of a steam-engine is always measured in
horse-power.

A horse-power (h.p.) ts a rate of working of
650 foot-pounds per second ...........cocuns. (4)
= 83,000 foot-pounds per minute.

This unit of power was introduced by Watt, who estimated
it as being the rate of working of a good horse, and it has been
universally adopted by engineers as the unit of power. The
power of an engine when expressed in horse-power is spoken
of as the horse-power of the engine.

[Note that the horse-power is a gravitational ucit.]

When engineers speak of an engine of so many horse-power
—say a 10 horse-power engine—they mean an engine which is
capable, under favourable circumstances, of working at 10
horse-power—.¢. performing 5500 foot-pounds per second.
But such an engine might be worked more slowly and might
be used to perform, say, only 4400 foot-pounds per second.
It would then be said that the engine was working at £ of its
full horse-power. ,

Ezamples.~—(1) To find the horse-power bf an engine which draws a
railway train a¥ 60 miles an hour against a resistance equal to the

weight of 1 ton.
ere the engine moves 88 feet per second against a resistance of

2240 Ib. wt. Hence it performs
88 x 2240 ft.-1b. per sec. ;

. required horse-pow.er of engine = 88_:_5‘.;_240 = 358-¢.

(2) A steam pump raises 11 tons of water {5 foet high every minute.
What is its horse-power J o
e Work done per min, = 11x 2240 15 ft.-Ib. ;
s work done per sect== f1x 2240 x 1566 f5.4b.
== 11X 560 ft..1b.
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Bub ane horee-power = B850 ft..1b. per seoc. ;
S - llxmsﬁ- .
. required horse-power B 112,

{8) To express the horse-power in F.P.S. dynamical units.
A horse-power == rate of working of 550 ft.-1b. per sec,
== 550 32 ft.-poundals per sec.
== 17600 F.P.S. dynamical units.

EXAMPLES X.

1. Find the work done by the following forces moving through the
given distances :— v e - ¢
(i) a force of 12 poundals through 100 feet ;
(ii) s force of 10 lb. weight through 2 inches ;
(iit) a force of 10 dynes through 10 metres;
o (iv) a force of 5 grammes weight through 2 centimetres.

2. Find the work done in movirg the given masses through the
given distances with the given accelerations :—
(i) 20 Ib, through 4 ft. with an rccel. of 2 ft. per scc. per see.;
(ii) ¢ ton through 100 yd. with an accel. of z; ft. per scc. per sec.;
(iii) 100 gm. through 20 cm. with an accel. of 4 cm. per sec. per sec. :
(iv) 10 kilog. through 10 metres with an accel. of #; cin. per scec. per sec.

3. If } cwt. be raised vertically through 10 feet in cach minute,
find the work done per second in absolute measure.

4. Find the kinetic energy acquired by the giver masses folling
freely through the giveq heights ;—
(i) 10 Ib. through a height of 100 feet ;
(ii) 4 tons through a height of 9 feet ;
(iii) 10 grammes through a height of 10 centimetres;
(iv) 1 kilogramme through a height of 10 metres.
8. Find the work dome by a firc-engine which discharges eve:
aeoond for a minute 80 1b. of water with a%velocity of 50 feet per secon
6. Equal forces act for the same time upon uneqr:l masses M and
m; what is the ratio of (i) the momenta generated by the forces, (ii) the
amounts of work done by the forces? o
7. A cannon ball, whose is } cwt., falls through o vertical
t of 226 feet; what ilmmrgyl With what velocity must
’ & cannon ball be projected from a cannon to have y an
equal energy ? ; B
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8. A mass of 10 Ib. falls 100 feet, and is then brought to rest by
penetrating 1 foot into sand. Find the average pressure of the sand.

9. A body, whose mass is 12 1b., moves from rest with a uniform
acceleration of 100 inches per second per second ; calculate its velocity,
momentum, and energy after it has moved over 20 feet. In what
units are your results expressed ?

10. A {-ton shot is discharged from an 81-ton gun with a velocity of
1620 feet per second. Will the or the shot be able to do more work
before coming to rest, and in what proportion ?

11. Distinguish clearly between the momentum and the energy of &
moving body.

12. A stone, whose mass is 26 lb., falls freely under gravity for
ghsecond. Find its momentum and its kinetio energy at the end of
that time.

13. A body, whose mass is 100 grammes, is thrown vertically upwards
with a velocity of 980 centimetres per second. What is the energy of
the body (i) at the moment of propulsion, (ii) after § second, (iii) after
1second? (g = 980.) .

14. A shot of 1000 lb., moving at the rate of 1600 feet per second,
strikes a fixed target. How far will the shot penetrate the target,
exerting upon it an average pressure equal to the weight of 12,000 tons ?

15. A steady force applied to a mass of 75 tons, initially moving at
the rate of 3 miles an hour, accelerates it at the rate of 4 feet per second
per second. Calculate (i) the applied force in pounds weight, (ii) the
speed of the body after the lapse of 1} minutes, (iii) its kinetic energy
at the same time, expressing it in foot-tons,

16. A mass of 12 ]b., moving along a smooth horizontal plane with s
velocity of 60 feet per second, impinges directly on & mass of 18 lb.
-at test on the plane. After impact the two masses move on together.
Find the loss of kinetic énergy. ¢

17. A mass of 5 Ib., moving with a velooity of 20 feet per second,
impinges directly on & mass of 5§ lb, moving with a velocity of 10 feet
per second in the same direction, and after impact the two masses move
on together. What kinetio energy is lost ?

18. Find the average force which will bring to rest, in 20 feet, a
cannon ball, whose mass is 1 lb., movint&honzonuuy at the rate of
1600 feet per second. How long will it take to bring it to rest ?

10. A shot is fired from & gun, which is fized, with  certain charge
of ﬂfm’dﬂ. If the chnrgeofg:derboqudrupled.inwhlt proportion.
will the welocity of the shot be increasgd ? .

20. Find, in miluporhour.tho'lpeed which would be maintained by
uongmoiahom-pmwwkhgudnnsmudlwopmdﬁ.
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21. Determine the horse-power of an engine which will raise 120 Ib.
of water per minute from a mine 880 feet deep.

22. Find the time which a man weglnng 10 stone will take to climb
o mountain 3000 feet high, if he can do work at the rate of 4200 foot-
pounds per minute.

23. Find the horse-power of an engine which moves at the rats of
46 miles an hour, the weight of the engine and load being 100 tons, and
the frictional resistance 20 Ib. per ton.

24. A steam crane of 10 horse-power raises & load to a height of 50°
feot in 3} minutes. What is the greatest possible weight of the load ?

25. An engine of 64 horse-power draws s load along a horizontai
road. The weight of the enf_ine and load is 50 tons, and the frictionai
resistance 16 lb. per ton. Find the greatest speed which the engine
oan maintain

20. How many watts are there in a force de cheval 1* (Take g = 981 )
27, f the units of mass, length, and time be, respectively, 1 1b., 1 yard,
and 1 minute, find the dynamical units of energy ind power.

.38. If the units of mass, length, and time be, respectively, 1 kilogramme
lum.udlmond.ﬁndthodymmiulunitotm':éy.

EXAMINATION PAPER VI.

1. Define work, energy, and Aorse-power. How are they measured ?

2, A man weighing 15 stone climbs a mountain ¢ mile high. How
much work does he do against gravity ?

3. A body, whose mass is 5 lb., is thrown vertically upwards with a
velocity of 42 feet per second. Find its kinetic energy when it has been
in the air 1 second. o

4. Show that, when a particle is moved from ®est by a constant
force acting through a given space, the kinetic energy of the particle is
equal to the work done by the force.

5. What is the hon'e‘&owar of an engine which can prt:i'ect 10,000 Ib.
of water minute with a velocity of 80 feet per second, 20 per cent.
of the whole work done being wasted by fristion ?

6. In a railway train the resistance and friction of the rails ie 4 1b.
per ton. What is the Jiorse- of an engine which will maintain a.
monthohvgl.ﬁﬁ nhour.i{thoweightotthotminbo

?

L
* A wait = 10,000,000 C.G.8. dynafnical units of power, & force de
EAeval == 78 kilogramme-metres per second.
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7. A mass of 8 Ib.,, moving with a velocity of 40 feet per second,
impinges directly on a mass of 12 1b. moving in.the same direction with
a velocity of 20 feet per second, and after impact the two masses move
on together. Find the loss of kinetic energy.

8. A bullet of mass 1 oz. leaves the muzzle of a gun 3 feet in length
with a velocity of 1000 feet per second. Find the average pressure of
the powder on the bullet.

9. A body wrcighing 5 1b. drops through a distance of 100 feet, and
is brought to rest by penetrating 10 feet into mud. Find the average
resistance of the mud.

10. Enunciate and explain the Principle of Conservation of Energy.



PART IIL
THE PARALLELOGRAM LAW.

CHAPTER XI.

COMPOSITION AND RESOLUTION OF
VELOCITIES.

. 123. Representation of Uniform Velocities by Straight Lines.
—We shall now deal with motions which are not all in one
straight linc; and in the first place we shall consider the
properties of two or more motions which ‘take place with
uniform velocities in different straight lines. .

In future, when we speak of a body as * moving uniformly,”
we shall imply that it is moving with uniform. velocity in_a
straight line.

In order to specify completely the velocity of a body, it is
necessary to state

() Hoiv fast it is moving ;
(0) In‘what direction it is moving.

The first of these two data is called the Speed of the body,
or the magnitude of its velocity, and (if the motion is yniform)
is. measured by the distance traversed in a unit of time
(Chap. I.).

The second is called the direction %of the velocity, and is the
direction of the straight line in which the body moves. It
may be specified %y referring it to certain nxed directions,
such as the vertical and horizontad directions, the points of
the compass, etc. . " e

If, ther!, wé draw the straight line which the body actually

' graverses in a unit of time, the length of this line will measure
109 ,
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the speed, and its direction will indicate the direction of
motion ; hence the line will be sufficient to completely specify
the velocity of the body. Such a line is said to represent
the velocity in question.

Thus uniform velocities may be represented by straight lines.

ual and ight line dra here would also

— 1t the same m,m% would serve equally well to indicate
the magnitude and direction. The line of motion in Dynamics is of
Iittle importance, although the line of action in Statics is of great
mlportlnoe.

124. The sense of the direction may be shown by an arrow
drawn on or by the side of the line, or by the order of the
letters used in naming the line. Thus AB represents a velocity
which in unit time wonld carry a body from A to B; BA a
‘velocity which in unit time would carry it from B to A (§ 18).

Ezample.~Two boa sailing, d
mnom.ﬁh«?&mﬁﬁ
at 7 miles an hour. To represent their
velooities in a diagram.

Draw AB due east, and on it cut off AB,
oontaining six units of length.

Draw AC, making an angle 45° with AB,
:fndonitcutoEAc.oantuningmuniu

length.
dﬂeﬁﬂufﬂemﬁ:nkmmﬁemiﬁ'
and time, AB, AC represent com-
Fig. 10. pletely the velocities of the two boats.

v 125. Representation of Variable Velocities.—When a body
s not moving in & straight line, its velocity is variable, even
if its speed remains constant. .

Thus, if the body revolves in a circle 8o as to describe equal arcs of
‘the circle in equal times, its velocity will be variable.

In dealing with variable velocity, it is usually necessary to
specify it by the velocity at any snstant of time. This is the
velocity in & small interval of time, including the given
instant, the interval being so short that neither the speed nor
&Lhe diretion of motion hes time te change in it. .

The velocity at any instant is not represented by the path -
«actually-traversed in & unit of time, but by the straight line
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which would be the path traversed if the velocity were to
remain uniform from that instant onwards (as would be the
case, by Newton’s First Law, if the body were not acted on
by any force). This line is a tangent to the curve along which
the body actually moves. Thus velocities are always repre-
sented by straight lines, never by arcs of curves.

126. Relative Velocity.—As explained in §§ 19-21, the
‘velocity of one body relative to another is the velocity with
which the first body would appear to move if the person
-observing it were moving with the second body.

In many cases the relative velocity may be found very
easily.

Ezamples.—(1) Two men start sihultaneously to walk, one eastwards
at 4 miles an hour, the other northwards at 3 miles an hour. To find
their relative velocity and the direction in which they separate.

® Let the men start from A. Then, in 1 hour the first man will have
arrived at B, 4 miles east of A, and the second
‘will have arrived at C, 3 miles north of A. c

Since the two men started together, BC repre.
sents the distance the second man appears to have
moved away in an hour, as observed by the first.

Therefore BC measures the relative velocity in
miles per hour.

Now, by Euclid I. 47, sinco BAC is a right Fig. 17.
’ BC = AB'+ AC' =49} 3% =16 4+ 0 = 25;
' BC=35.

Hence the relative velocity is 5 miles per hour, in a direction paralle}
4o BC

' . .
So, in Fig. 16, the velocity of the second boat relative to the first
ihs represented by BC, and is seen to be 5 (miles per
our).

(2) A carriage is travelling through a shower of
rain, which is ?nlling vertically with a velocity equal
to that of the carriage.® To show that, to a person
in the carriage, the rain appears to fall at an angle
of 45° with the vertical, and to find its apparent
wvelocity.

< * Sup, that at any fhstant a raindrop appeam to

Fig. 18, coincide with a speck on the carriage-windew at A.

o oThen, when the® spack (with the carriage) bas moved

Jthrough s horizontal distance AB, the will have fallen through
4n oqual vertical distance AC, and the zelative positions of the speck
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b

and drop will be B, C. Therefore BC represents the direction in which
the drop appears to move away from the speck, i.e. the apparent
direction of the rain relative to the carriage.

But ABCis a right-angled isosceleuAt‘l:ianzgle, and therefore ACB = 45°;

BC = ACy/2.
Hence lthe direction of the rain appears to make an angle 456° with the
vertical.
Also apparent dist. traversed by drop = 4/2x (actual dist. traversed) ;
.. apparent vel. of drop = 4/2 X (actual vel. of rain).

127, Having given the velocities of two bodies, to construct
graphically their relative velocity.

If the velocities of two bodies be represented by two sides
AB, AC of a triangle, their relative velocity shall be repre-
sented by the third side BC.

Let OP and AC be the paths actually traversed in a unit
time by two bodies moving uniformly. We have to find the
apparent velocity of the second body to an observer stationed
on and moving with the first.

Complete the parallelogram AOPB, and join BC.

‘(hen the tofal change of position of the bodies is the same as if

(i) the first body moved from O to P and the second from
A to B,

,  (ii) the first body then remained at rest while the second
: moved from B to C.

¢ Now the first part of the motion
does not affect the relative position of
the second body asseen from the first,
for, since PB is equal and parallel to
OA, the distance and direction of B
when seen from P are the same as

those of A when seen from 0.
Hence the change per unit time in
the relative positions of the bodies is
ethe same as if the first body remained
Fig. 10. at P, and the sccond moved from B
to C. Therefore BC represents the

velocity of the second bady relative to the first.

And AB (or OP) and AC evidently represent the velocities
of the bodies themselves. « Hénce the relative -velocity is
represented by the third side of the triangle ABC.

L]
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128. Composition of Velocities.—A body' cannot be in two
places at the same time, and cannot move in two different
ways at the same time, and so cannot have two velocities
at the same time. But it is often convenient to consider the
motion of a body as made up or compounded of several
independent velocities.

These are called the component velocities of the body, and
ale to be regarded as relative velocities on which the motion
of the body depends.

The body’s actual velocity is called its resultant velocity.

The process of determining the resultant velocity when
the components are given is called compounding the several
velocities.

The definitions of § 23 are perfectly general. But unless
the motions are all in one straight line, the resultant velocity
is Jnot simply the algebraic sum of the components.

Thus, suppose a river js flowing, a steamer is being driven through
the water by its engines, & man is walking across the deck of the steamer,
and a fly is crawling up the man's hat. Then the component velocities
of the fly are (a) the velocity of the water, (b) the velocity with which
the steamer is driven relative to the water, (c) the velocity with which
the man walks relative to the steamer, (d) the velocity with which the
fly orawls relative to the man’s hat. Each of these relative velocities
affects the motion of the fly, but the actual or resullant velocity of the
fly is different from any of them.

Examples.—(1) A ship is sailing at the rate of 12 feet per second,
and a sailor climbs up the mast at the rate of 34 feet per second. To
find the man's actual velocity.

Y [}

A 8 X
. Fig. 20.

Suppose the saildr originally at the foot 8 the mast at A. Then in
one second the motion of the ship carries the foot of the mas? from
A to B, where AB == 12 feet. Buf the sailor has climbed up 3} feet,
therefore he is at & point C, 8} fest above B, and AC is the distance
actually traversed in one second. - )

MAT. MECH. 8
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. Now, sinoe ABC is & right angle, . )
AC == AB®+ BCS == 120+ (3)' = 144 + 42 = 239; "

s AC= 3= 12};
and therefore the sailor’s actual velocity is 12§ feet per second.

(2) A man rows & boat through the water at the rate of 3 miles an
hour in a direction 60° east of north, in a current flowing southwards
at the rate of 1} miles an hour. To show that the boat will travel
due eastwards, and to find its rate of progress.

If a straw, dropped from the boat at A, were to drift with the

current (supposed constant), it would in an hour
reach a point B, 1} miles south of A.
But the man has rowed relatively to the water
and straw through 3 miles in a direction 60° east
N, °  ofnorth,
. Therefore the boat will have arrived at C, where
2y ¢c BC= 3 miles, and /£ ABC = 60°. Complete the
equilateral triangle BCD.
en AB = ]} miles = §BC = §DB.
Therefore A is the middle point of BD, and
AC is at right angles to AB. '
8 Therefore the boat’s course AC is due eastwards.
Fig. 21 Also AC= 4/3.AB = §/3 miles.
e Therefore the boat’s actual velocity is 3v/3
miles an hour.

Norte.—We have, in these examples, tacitly verified the general
propositions which we are about to prove. e second example, in
particular, may be hard to accept, until the next few articles are read.

129. The Parallelogram of Velocities.—If a body has two
component (uniform) velocities represented by the straight
lines AB and AD, and if the parallelogram ABCD be completed,
the resultant ¢or actual) velocity of thie body will be uniform,
and will be represented by the diagonal AC. 1

Let the body, at the beginning of the A (] a!

second under consideration, be at the
point A. ) £ .
From the notion of component velo -
cities, it follows that the position of £ (I
the body at the end of the second wili Fig. 22.

be the same as if it dioved through the

spdce AB relative to a line coriginally placed in the position
AB, while every point of the line was beihg Moved with a
velogity AD. . line wil] thus at the end of the second be

D
|\

S

e
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in the position DC, while the body will have moved from one
extremity to the other of the line, and will therefore be at the

int C.*

Also, if AE and AG represent respectively the spaces the
body and line would separately deseribe with the given
velocities in any given part of a second, it is evident that the
actual position of the body is then at F, where' GF is equal and
parallel to AE.

Now, since the velocities are uniform,

AE/AB = AG/AD.

Hence, if the parallelogram AEFG be completed, the
triangle AGF will be. similar to ADC (Appendix, § 8), and
therefore F will lie on AC, and AF will be the same part of
AC that AE is of AB, or AG.of AD. Hence the body describes
the straight line AC, and traverses distances proportional to
those traversed by E or G, and therefore it moves with
uniform speed. Hence the resultant velocity is uniform, and
is represented by the diagonal AC.

Nore.—Some writers infer the uniformity of the resultant velocity
after the following fashion: Since the component velocities are
uniform, or the same at each instant, their resultant is also the same

at each instant both in magnitude and direction, that is to say, it is &
uniform velocity.

130. Alternative Construction, _

“8ince BC is equal and _ 2 <
parallel to AD, it is clear ’
that it will représent the
second component velocity !
just as well as AD does. We ;
thys see that velocities AB and 4 _ 8 :
BC have a resultant AC.t+ This Fig. 23. .
leads to a simpler construc . .
tion for obtaining the resultant of two.velocities. Draw a
straight line to represent one of them, and from the extremity

® The result, s far, holds good even if the velocities are not uniferm ;
but then we know nothing a.bout{he paih of the body. e
viwmt rosult, is frequenily referred ta as the * Triangle of .
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of this line draw a second line to represent the other; the
straight line from the start of the first line to the finish of
the second will represent the resultant in magnitude and
direction. Care must be taken to draw each line in the right
sense (§ 124).

Contrast with this the rule given in § 127,

Similarly, if there is a third component, we draw a third
line from the end of the second, and the resultant is from the
start of the first to the finish of the third line.

When we draw lines in this way, one way round, without lifting the
pencil from the paper, they are said to be taken in order. If arrows be
used to denote the sense, one arrow will point towards a vertex, while
another one points away from it. This construction leads- to the
following (somewhat important) propositions.

JANGRVAN

Fig. 24. Fig. 25.

131. The Triangle of Velocities.—If a body have thrae
comaponent velocities which can be represented by the sides
of a triangle taken in order, then the body will remain at rest.

Let the three component velocities be represented by
AB, BC, CA (Fig. 24). .

The resultanttof AB and BC is AC, and this compounded
with CA produces zero velocity, or the body will remain at
rest under the three velocities.

To understand how two equal and opposite velocities can be equivalent
to a state of rest, suppose an ant to crawl on a book from A to € while
we push the book so that § moves to where A now is. Or, suppose a

to walk, inside a tramcar, with equal speed in the opposite
direction to that of the car. ¢

132, The Polygon of Velocities.—If a body have any number
of component velocities, which ean be represenged py the sides
of a closed polygon taken in order, the body remains at rest.

[ 3
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Let AB, BC, CD, DA be the sides of the polygon representing
the several component velocities (Fig. 25).
Then the resultant cf AB and BC is AC, that of AC and CD
is AD, and that of AD and DA is zero.
Hence the body wkcse motion is compounded of all the
velocities remains at rest at A.
Y

.133, To find the magnitude of |2
the resultant of two velocities u, v
in directions at right angles to one v; 2
-another.
Draw AB, AD at right angles, £ 4 = B X
and let AB contain u, and AD Fig. 26.

contain v units of length.
Then AB, AD represent the two velocities u, v.
* Complete the parallelogram ABCD.
Then AC represents the resultant velocity V.
By Euclid I. 47, AC* = AB? + BC? = AB® - AD?;
S M=uwl o e 1);
<% resultant velocity V = 4/(u?®+ o).

Ezample.~Ii the component velocities are 5 and 12 units respec-
tively, Vo= 5% 4 128 = 25 4 144 = 169 = 139, :

and resultant velocity » V=13 units
)

134. Resolution of Velocities.—It may happen that we are
given the resultant velocity in magnitude and direction, and
that we have to find what are the component velocities along
two given lines which have the given velocity for their
resiltant. This process is called resolving the given velocity
into components ig the given directions, and is the reverse
of compounding velocities. o .

The only two cases which are required for the solution of elegnentary
problems agp those in which the® gigen directions are at right angles
1o each other, and the dhwﬁonolg&ginnvdocitymmd'

® gither 45° and 45° or 50° and 60° with them, o
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135. Casz 1.—4 velocity V is inolined at angles of 45° and
45° to two given perpendioular lines. To resolve i tnto com-
ponents along these lines.

Let AC ngr-uent the velocity V, and let AB, AD be the two given
directions. aw CB parallel to DA, and €D to BA; then, by the
Parallelogram of Velocities, AB and AD or BC represent the required
components.

Since /BAC = 45° and £ ACB = 45°, therefore ABC is a right-
angled isosceles triangle ; Ac [Appendix, § 5]

AB= BC =2

= $+/2.AC.

n“?pfh’ required components are $4/2.V along AB and §v2.V

Fig. 28.

Case I1.—A4 velocity V is snelined at angles 30° and 60° to
two given perpendicular lines. To resolve it ¢nto components:
along these lines. ‘

N
Make the same construction as before.

Since /BAC = 30° and £ACB = 60°, therefore ABC is s semi-
equilateral triangle ; 8 AB  AC [Appendix, § 6],

.'.r T-W =5
s ABm §4/3.AC and BC = AC.

Hence the required components are S.Vﬂmg' B and $V along:
AB. We notice that the ﬂmcomﬁgn‘{nt tv8. .khmti:ect?:g
with which V makes the smaller angle 30°.

[I# therefore the given velocity wite to make angles of,60° with AB -
:lndao;:}thAn,tﬂmpmzwoﬂdhivmﬁ 1 4
ong AD. '

<
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+ 136. We thus have the following results, whicA should be
remembered :—
(i) For angles 45° and 45°
components are §4/2.V and }/2.V;
(ii) For angles 80° and 60°
components are 34/3.V and .V.

[Notz.~If the given velocity ¥ makes angles of 4 and 90° — 4 with
two given i lines, it may be shown by Trigonometry that
thoool_n';pglnhd Yuhghinnus V cos A and V sin 4

go may .s]pplyiluunnlhtoﬂndthe resultant of two velooities
whose directions are inclined at any of the common angles 30°, 45°,
60°, eto., as in the following——

Brample~~To find the resultant of two velocities of 5 feet per second °
and 4 feet per second, whose directions include an angle of 60°.

Resolve the velocity 4 into its components along and perpendicular
to the velocity 5. Thess are §.4 and $4/3.4, i.e. 2 and 24/3 foot-
second units respectively.

Kmmhonlodﬁun:ogethueﬂdenttoz+5md 2v3
onits in these directions, which are at right angles. Therefore,

§ 133, their resultant 4
= 4/ {18 4 (2¢/3)1} = /(49 + 12) = 4/61 = 7-81 feet por second
approximately.

EXAMPLES XI

1. One body moves due north at the uniform rate of 1-4 feet per
second, and another moves due east from the same point at the uniform
rate of 4-8 feet per seconds Both started at the same instant. Find
their relative velocity, and their distance apart halfsa minute after
starting.

2. Two men start at the same time to walk along two streets running
at nr;ﬂt les to each other. One of the men walks at the rate of
4 miles an hour and the other at the rate of 3 miles an kour. Find
their djstance apart at the end of 1} minutes.,

3. A train is receding from an observer with a velocity due south,
and the observer himself is seated in another train which is moving due
ecast at the same speed &s the first, In what direction does the first
train appear to move ? °

o 4. A carriage is travelling through a shower of rain which apgears
to meet the catriagh at al:lz":gnglo of '30° #0 the vertical with a vgl:ity
equal to twice that of the carriage. Find the actual direction cud
velooity of the rain.
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8. A boat is rowed on a river so that its speed in still water would
be 6 miles an hour. If the river flows at the rate of 4 miles an hour,
show, by dra.win%,: figure, how to find the direction in which the head
:ﬁ tllzle boat must be kept in order that its motion may be at right angles

e current.

6. A ship is sailing north-east with a velocity of 10 miles an hour,
andto:amengeronboudthowindnp to blow from the north
w@thd.u ty of 104/2 miles an hour. Find the true velocity of the
‘win

7. A person on an express train moving 60 miles an hour wishes to
‘hit a stationary object, which is situated 100 yards off, in a line through
the marksman at right angles to the line of motion of the train. If his
bullet moves 1,200 feet per second, find how much to one side of the
object he should aim.

8. A body is moving due east with a velocity of 24 miles an hour,
and another velocity is communicated to it, so that it now moves due
south with the same velocity as before. Find the magnitude and
direction of the velocity communicated to the body.

9. A carriage is travelling at the rate of 20 feet per second, and a
passenger inside projects a ball with a velocity of 40 feet per second in
& direction making an angle of 120° with the direction of motion of
the carriage. Show that the resultant velocity of the ball is perpen-
dioular to the direction of motion of the carriage, and determine ite
magnitude. ;

10. With what velocity must & man swim at right angles to the
current acroes & stream 120 yards wide, flowing 3 miles an hour, so
that he may not be carried further down, the river than 178 feet ?

11. A ship is sailing due north at the rate of 4 feet per second ; a
current is carrying it due east at the rate of 3 feet per second ; and a -
sailor is climbing a vertical mast at the rate of 2 feet per second. What
is the velocity of the ship, and what the veldcity of the sailoy, relative
to the sea bottor? ?

12. A ship is sailing north at the rate of 8 miles an hour through the
sca, and a man walks at the rate of 7 feet per second straight across her
level deck on a line drawn at right angles to her length. Draw a
d.ingrun (as well as you can to scale) by measuring which one might
find the angle the man'scresultant path makes with the north, and
calculate his velocity with respect to the sea.

13. To the same particle are imparted two vplocities of 5 and 12 feet
second respectively in directions at right angles to esch other.
ind the resultant velocity®
14 Resolve the following velogities into com: ts along and -
perpendicular to the straight Enes with which theg ditections make
the given angles t— )
.
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(i) 4 feet per second, 0°; (v) 24 feet per second, 90°;
(ii) 15 miles an hour, 30°; (vi) 10 kilometres per hour, 120°;
(iii) 12 yards per minute, 45°; (vii) 44/2 miles an hour, 135°;
(iv) 10 metres per minute, 80°; (viii) 12 feet per second, 150°;
(ix) 10 centimetres per second, 180°.

15. A has a velocity of 7 miles an hour to the north, and also
& velocity of 34/2 miles an hour to the south-east. It is brought to
Test by a third velocity. Determine the magnitude of this velocity.

18. Show how to find, by a graphical construction drawn as well as
you can to scale, or by calculation, the resultant of the follo
veloemea, which are oommumcatod to a point, viz. 10 feet per
in an easterly, 20 feet per second in a north-easterly, and 30 feet per
second in a northerly direction, respectively.

17. Find the resultant velocity of a body which has communicated
to it simultaneously the following velocities : 35 feet per second to
the north, 30 feet per second in a direction 30° north of east, 304/3 feet
tho mond in a direction 30° west of south, and 12 feet per second to

weat. .



CHAPTER XIIL
THE PARALLELOGRAM OF ACCELERATIONS.

137. General Definition of Acceleration.—When a body is
moving in a straight line, its acceleration, if it has any, must
be in the line of motion, and may be defined as in Chap. II.
In falllI other cases we must define the measure of acceleration
as follows :—

DEFINITION.—Acceleration is measured by the rate pes
unit time at which velocity is being acquired, and the direction
of the acceleration is the direction of this acquired velocity.
The velocity acquired by a body in any interval of time is that
velocity which must be com{:ounded with the initial velocity
in order to obtain the final velocity, the composition being
effected by the Parallelogram (or T'riangle) of Velocities.

From this definition it will be seen that changes in the .
direction of motion of a body involve acceleration, as well as
changes in its actual speed. When a body is moving in a
curve, the direction of its acceleration will be different from
the direction of motion at any instant. “

Ezamples—(1) A body is thrown with a velocity of 96 f.5. at an
inclination of 30° to the horizon, and moves under gravity.
will it cease to rise, and what velocity will it have ?

The velocity after ¢ seconds is compounded of the original velocity
and gt vertically downward¢ Replacing the former by its horizontal
and vertical components, as in § 135, Caso II., we see that the com-
ponents at time ¢ are 96 x 44/3 and 96x  —gt.

Hence the body will be moving horizontally®when 48 —gt = 0 or
¢ = 13 seo., and its velocity will be 484/3 or 83-14 . . . f.s.

(2) At a certain instant, & particle is moving due north with a velocity
3, and o second later it is moving gort®-east with a velogity 34/2. Find
its acceleration.

Let OA and OB represent the first and last velocities; then AB:
will reprefent the velocily acguired in the second, or the aoceleration.
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It is easy to prove by Trigonometry, or, indirect]; Geometry, that
the triangle OAB is a right-angled isosceles trisngleyf:gpendix, tﬁi, and
that A8 is equal to AO. Hence the acceleration is 3, towards the east.

Note that the particle does not travel along any of
the lines of the figure. If it starts from 0, it beiim A
to move along OA, but is constantly deflected until
finally it is moving parallel to OB. That is all we
know about it at present.

(3) A bodty. uniformly accelerated, starts with a
speed of 20 feet per second in a direction 30° west of

south, and 10 seconds later it is moving with the same P4

apeed in a direction 30° east of south. To find the .
acceleration and the velocity of the body & seconds Fig. 29.
after starting.

Draw AD due south. Make /BAD = /DAC = 30°, and take
AB = AC = 20 units of length (Fig. 30). Then AB, AC represent
the inithl and final velocities of the body, and, by the Triangle of
Velocities, BC represcnts the velqcity which must be compounded

o with the former to obtain the latter. BC therefore
I ] represents the change of velocity in 10 seconds.
ince AB = AC and / BAC = 60°, the triangle ABC
is equilateral, and AD, the bisector of BAC, bisects the
base BC at right angles. Thus BC = AB = 20, and
BC poiuts due east.
Therefore the velocity acquired in 10 seconds is 20-
D C feet per second in a direction due east, and therefore the

Fig. 30.  body is subject to an eastward acceleration of 2 feet per

second per second.

The actual change of position of the body in 10 seconds is represeated
by a length of 10 times AD measured along AD, as may be verified after
§ 144 has been read.

At 5 seconds from starting, the acquired velocity is half as great,
and is represented by BD. Therefore the actual velocigy is represented
by AD. Since £ BAD = 30°, therefore (Appendix, § 6

AD=AB3—/2-§=201/_,—3=10\/3.

Hence the velocity 5 seconds after startinq is 104/3 feet per second
due south.

138. When two badies have the same acceleration, their
relative velocity is uniform.
+ Let AB, AC represent the jyitial velocities of two bddies
at any instant. Then. BC represents their initial relative
velocity (§ 126).
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Let OA, drawn towards A, represent the velocity acquired
by either body in any given interval of time, under the
common acceleration.

Then the final velocities are obtained by compounding the
velocity OA with AB and AC, respectively; and are, there-

fore, represented by 0B, 0C. Hence the
¢ final relative velocity is represented by
BC, and is the same as the initial relative
velocity. Therefore the relative velocity
A is constant.
Another way of stating this principle
is as follows: If two bodies are moving
2 in any way, their relative motion will not
Fig. 31. be altered by a common acceleration being
smparted to them (compare §§ 59, 127).

Cox. If two bodies are projected in any directions and fall
under gravity, their relative velocity will be the same as if gravity
were not acting.

This property is of frequent use in investigating the motion
-of projectiles.

139. Properties of Velocities Extended to Accelerations.—
From the fact that an aeceleration is a velocity acquired per
unit time, it follows that, to most of the properties of velocities
proved in the last chapter there correspond analogous
properties of accelerations. These wg shall now enumerate,.
in some cases without proof.

An acceleration may be represented by a straight line, for
‘the velocity imparted per unit of time may be represented
by a straight line, and we may take this line to represent the
-acceleration, o

Thus an acceleration of f feet per seoond per second in any direction
may be represented by drawing a line in that direction, and on it
measuring a length Wﬁg [ feet. .

The acceleration of one body relative to another is the rate,

of change of their relativé velocity per unit tithe, defined as
in § 137. .
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It is also the acceleration with which the first body wowld
appear to move, if observed by a person moving with the
second, body.

Let AB, AC represent the velocities acquired by the two bodies per
unit time. Then, by § 127, BC represents the relative velocity acquired
per unit time, i.c. the relative acceleration.

The component and resultant accelerations of a body are
the rates of change of the component and resultant velocities
per unit of time, defined as in § 137.

140. The Parallelogram of Accelerations.—If two component
acoelerations be represented by two adjacent sides of a parallelo-
gram drawn from a point, their resultant acceleration shall be
represented by the dwgtmd of the parallelogram drawn from
the same point.

Yor since the sides of the parallelogram represent the
component accelerations, they represent the component
velocities acquired by the moving body per unit time. By
the Parallelogram of Velocities, therefore, the dm.gonal
represents the resultant velocity acquired per unit time, due
to the two components, and this is tho resultant acceleration
of the body.

The following are easy deduotions from the Parallelogram of Acoelera-
tions or the Triangle and Pol of Velocities. Notioe the difference
between these enunciations those of §§ 131, 132.

141, Triangle ofAceelmhm—ljthrec alcelerations be
represented by the sides of a trangle taken in order, then a
body whose acceleration is compounded of the three will either
remain at rest or move uniformly in o sitraight line.

of Aeeoluthom—@enemlly, if a body have any

number of component gooelerations, represented by the sides of

a closed polygon tgken in order, the body either remains at
rest or moves uniformly in a straight line.

* For, in either oase, the sides jepresenting the accelerations

algo represent the component velocities imparted per unit of
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time. By the Triangle or Polygon of Velocities the resultant
imparted velocity is zero.

142. Composition of Two Accelerations at Right Angles.—If f,, f, be
the component accelerations in two directions at right angles, F the
resultant acceleration, then, as in § 133,

Fr= g+ S

[ Resolution of a given acceleration in two directions at right angles.—
Similar results to those proved in § 135 hold for accelerations, but they
are not so often used.)

143, Projectiles.—The properties of accelerations enable us
to investigate the motion of a body projected in any direction
and falling under gravity. Such a body may be called a
projectile.  We shall always neglect the resistance of the air,
and shall assume that the acceleration of gravity (g) is the
same (both in magnitude and direction) at all points of, the
path.

Problems of this class are solved by using the * Principle of
Independence of Motions * (or the * Principle of the Physical
Independence of Forces *’), which was given by Newton as a
sort of rider to his Second Law of Motion, and is supposed to
be implied in the expression * change of motion.”” We may
state it thus : “ If a force acts upon a body in motion, the
change of motion produced by the force is the same as if the
body were at rest.” In other words, to find the final position
of a body that is under two (or more) influences, let each
influence be supposed to have its fuk effect, one acting after
the other.

The influences may be two velocities, as in the Parallelogram of
Velocities, or a velocity and an acceleration (as in the case we are
<coming to), or two accelerations, as in the Parallelogram of Acoelera-
tions ; or, finally, any more elaborate combination of velocities and
accelerations.  Of cours, an acceleration is always caused by a force.

144. A body is thrown with a given Velocity V in any given
direction. To constrwct geometrically its potition at any given
instant of the motion. .

Let AP be the direction of projection.



PROJECTILES. 127

On AP cut off

AB = ¥Vt = distance which would be traversed in time 2, if
the velocity were uniform and equal to V.

Draw AD vertically downwards, and make
AD = }g* = distance which would be tra-
versed in time ¢ by a body
falling from rest at A.

Complete the parallelogram ABCD. Then
C represents the actual position of the body
at the time ¢.

This follows immediately from the last article.
For AB is the space due to the velocity of projec-
tion, and AD, or BGC, is the space due to vity.
(It is obvious that the two lines AB and BC ﬁn are

sufficient to fix the position of the body.) Fig. 32,
The path of the
: coesght Tns WG, but_ slcng. & Sree
i ine ut & ourve
) touching AB at A, as wﬁlq be shown

more clearly below.

The velocity of the body after 1, 2,

3, ... tseconds can be determined by
ing as in § 130, but a separate
diagram will have lo be draum. If we
measure off, successively, lengths of ¥
units and g¢ units parallel to AB, BC,
respectively, the third side of tLe tri-
e thus found represents the velocity

at time £, (§ 146.)

Fig. 33 shows how the construction
of Fig. 32 is used tv find the position
of the body at every second of the
motion. The points D,, D,, D, ...repre-
sent the positions of & body falling from
rest after 1, 2, 3. . . seconds respec-
tively. They are therefore the points
shown in thle diagram on page 37. On
the direction of projection, we must
take each of the dlv;i'si;:::t (Al,. B, By,
BB, . .. to represent suppusing
th'e velocity ¥ to be measured in feet
ﬁr seoand), or the distance traversed

‘onq second with velocity V. Com-

,mm:m;mh.mw-.nmwmuc..c..
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C, .. .representing the positions of the projectile after 1,2,3...
seconds respectively.

If the points A, C,, Cg, C, ... be joined together by a curve, this
curve, when well dra;vn.'wi'll represent the path described b} the

projectile. The curve must be drawn fouching AB at A, for, at the
instant of projectéon, the direction of motion is along AB.

[The curve is called & parabola.]

Ezample.—A stone is projected horizontally from the top of a tower
80 feet high, with a velocity 30 f.s. Find where it will strike the ground,
and with what velocity.

Considering the horizontal and vertical motions independently,

time occupied in fall (by 8 = §9¢*) = 4/5 seconds.
Horizontal space described in this time with a velocity 30 f.s.
= 304/5 feet.

t'thne stone therefore strikes the ground at 30/5 feet from the foot of
e tower. .

The vertical velocity = 324/6 (by v =gt or ¢* = 2gk), and the
horizontal velocity = 30 ;

.~ resultant velocity = 4/ {30® 4 (324/6) = 4/(6020) = 776 f.s.

*145. To find geometrically the velocity of a projectile after
time ¢ seconds.
To find this we must compound the two velocities—viz.

the original velocity (V) represented by AB
B (Fig. 33a), and the downward velocity (gt) pro-

v duced by the earth’s attraction in .t seconds
(represented by AC).
A Using the Parallelogram Law we find the
resultant AD. &

NoTe 1.—AD represents the required velocity in
° magnitude and dircction, but tho projectile is not

¢t travelling alomg the line AD.
Norte 2'.—-Cont.rast Figs. 32, 33a. The former gives
C the position after ¢scconds ; the latter gives the velocity

Fig. 33a. after ¢ seconds.

[0
1454, Vertical and Forizontal Velocities.—Another method
of dealing with projectiles (i.e. finding position and velocity)
is to resolve the given initial velocity into iis horizontal and
vertical components, say X and Y respectively.
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' Now suppose that after a time ¢ seconds the particle is at
P. Then we call AN the horizontal displacement and NP the
vestical displacement in ¢ seconds.

Now the vertical motion is due to
the initial vertical velocity Y and the
acceleration of gravity (g ft./sec.?
downwards).

Thus— Y,

vertical velocity after timet =Y — gt
[§52(7) A% ~
and NP = the wvertical displacement Fig. 33b.
intimet = Yt — 3g13 [(§ 52 (8)

Now the acceleration, being entirely vertical, has no effect
on the horizontal velocity X, which therefore remains uniform
Hepee— horszontal velocity afler time t = X,
and AN = horizontal displacement in time t = Xt

[§14(1)

AN and NP determine the actual position P. To find the
actual velocity at this moment we must combine the two
component velocities determined above, viz. X (horizontal)
and Y — gt (vertical).

Notz.—If another particle is projected from A, with vertical velocity
Y, st the same instant as the given particle is projected with velocity
components Y and X, then the two particles will always be at the same
height. . R

Ezample.—A cricket ball is thrown up with a velocity whose horizontal
and vertioal components are 30 f.s. and 40 £.s. mg::tively. To what
height doeas it rise, and after what time does it fall back te the ground ?

Suppose a second cricket ball thrown up from the same point at the
ssme time with vertical velocity 40 ft. per sec. Then the two balls
will always be at the same heiﬁl‘lt.

Thus we need anly find to what height the second ball rises and when
it falls back to the groungd.

M_inysumrequmdheigu-.z"—;a‘g--xu.

[ ] ° A J
'nyssamz%qumdeime -2-'!=2§2‘°-2§m.

MAT. MECH.
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EXAMPLES XII.

1. If a body be moving north with a velocity of 54/2 feet per second,
and after b seconds it is found to be moving at the same rate eastward,
what are the direction and magnitude of the acceleration, supposed
uniform ?

2. A body is moving at the rate of 12 feet per second, and after
6 seconds it is found to be moving at the same rate, but in a direction
inclined at an angle of 60° to its former one. Supposing the acceleration
be uniform, how will the body be moving after 6 seconds more ?

3. A particle of mass m moves uniformly with velocity » along the
sides of a square. Calculate the change of velocity at each corner of
the square, and the magnitude of the blow, measured by the total
<change of momentum, required to cause this change.

4. A body is projected horizontally from the top of a tower with
& velocity of 32 feet per second. Re, t in a diagram its velocities
after 1, 2, 3 seconds respectively, and find their magnitudes.

5. A particle is projected in a horizontal direction with a velocity
of 10 miles an hour, and at the same time falls under gravity. Assuming
that no other forces are acting, and taking g = 32 (feet, seconds), draw
& picture representing the position of the particle at the end of 1, 13,
2%, and 3 seconds.

6. A cannon ball is fired horizontally from the top of a tower 49 feet
high, with a velocity of 200 feet per second. Find at what distance
from the tower the cannon ball will strike the ground.

7. A person inside clings to the roof of a railway carriage, which
then rushes horizontally over the edge of a precipice. What change,
if any, in his motion will result if he lets go his hold ? Give a reason
for your reply. .

8. A body is projected horizontally from the top of a tower with a
velocity of 300 fect per second. It strikee the ground in 5 seconds.
What 1s its distahce from the foot of the tower ?

9. A balloon is carried along at a height of 100 feet from the ground,
with a velocity of 40 miles an hour, and a stone is dropped from it.
Find the time before the stone reaches the ground, and the distance
from the point where it reaches the ground to the point vertically
below the point where it left the balloon.

10. A ball is thrown horizontally from a height of 225 feet, with a
veloeitf,of 90 feet per second. at is its velocity on reaching the

11. A balloon is carried”along by a current of aif, moving from east
10 west, at the rate of 60 miles an hour, and a stone is dropped from it.
Whutu;rtonp;thwﬂlitspwwducﬁbe,umlvunminﬂn

f
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12. A body is projected horizontally from the top of a tower, with &
velocity of 60 feet per second, and in 5 seconds it strikes the ground.
Find the distance between the point of fall and the point of projection.

13. A cannon ball of mass 14 Ib. is fired horizontally from a gun whose
mass is 4 tons. The mouth of the cannon is 16 feet from the ground,
and the ball strikes the ground 880 feot off. What force will be required
to bring the cannon to rest in 10 feet ?

14. A body is projected upwards with a velocity whese vertical and
horizontal components are 38 and 8 feet per second. Find its distance
from the point of projection after 2 seconds.

15. A stone is projected horizontally with a velocity of 324/3 feet
per second. Find what time must elapse before it is moving with a
velocity of 64 feet per second.

16. A cannon ball is projected into the air in a direction inclined at
an angle of 30° to the horizon. If the initial velocity of the ball be
1000 fcet per second, at what distance from the cannon will it strike the
ground ?

17. A body is projected upwards in a direction inclined at 60° to the
horizon. Show that its velocity when at its greatest height is half of
its initial velocity.

18. A stone is projected into the air with a velocity of 200 feet per
second in a direction inclined at 60° to a horizontal plane. With what
velocity must another stone be projected vertically upwards so that
the two stones may rise to the same height above the horizontal plane ?

EXAMINATION PAPER VII.

1. Explain and illustrate the proposition known as the ** Parallelo-
gram of Velocitics.” .

2. If a point has a velocity of 1 foot per sccond to thd cast, and also
a velocity of 4/3 per sccond to the north, determine the velocity which
must be compounded with these to bring the point to rest.

3. A body is moving from north to south with a velocity of 30 miles
an hour, while at the same time it moves from east to west with a -
velocity of 33 feet per second. Find the direction of motion, and the
velocity of the body in yards per minute.

4. A river, } milc wide,runs at the rate of 3 miles an hour. A boat,
rowed at 3 miles an hour relative to the water, is required to reach the
opposite bank at a point § mile lower down. Find the direction‘in
&ich the boat must be stecred, and the time occupied in crossing.

5. A man walks across the deck of a ghip, sailing due north at the
ra¥® of 10 miles an hour, in 9 scconds, and finds he has actually moved
in s direction 30° east of north, How wide in the deck ? A
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6. Show that, when two bodies are equally accelerated, their relative
velocity is uniform.

7. A straight stick PQ moves on s table paralle]l to itself in such &
way®that the end P traces out, with uniform velocity of 5 feet per
minute, a straight line inclined at an angle of 60° to PQ. At the same
time a fly walks along the stick at the uniform rate of 5 feet per minute,
Find how fast the fly walks, relative to the table.

8. Show how to find, at any given instant, the position and velocity
of a body which is projec with a velooity whoee horizontal and.
vertical components are u and v.

9. A body is projected with an upward vertical velocity of 16-6 feet
per second, and & horizontal velocity of -8 foot per second. Show that

its distance from the point of projection at the end of 1 second is 1 foot.

10. A balloon is moving horizontally with a velocity of 30 miles an
hour, and a stone is jeoted horizontally from it with a velocity of
14 feet per second in the direction opposite to that in which the oon-
is moving. The stone reaches the ground in 4 seconds. Find the
height of the balloon, and the distance of the point where the stone
reaches the ground from the poiat vertically under the balloon at the
instant of projection. . L. AR NP



CHAPTER XIIL

THE PARALLELOGRAM OF FORCES.

146. Representation of Forces by Straight Lines.—Newton’s
Second Law tells us that force, like velocity, has direction as
well as magnitude. For it shows us that rate of change of
momentum is proportional to the force, and takes place in the
direction in whch the force 18 tmpressed. Hence the magnitude
of a force is measured, as in Chap. VI., by the momentum
per unit time which it imparts to the body on which it acts,
ang the direction of the force is the direction of this imparted
momentum.

Or, what is equivalent, the magnitude of the force may be
measured by the velocity it would impart to a unit mass in
unit time, and its direction is the direction of this velocity,
or the direction in which the body would begin to move if it
started from rest.

T, therefore, this velocity be represented by a straight line,
this line will indicate both the magnitude and direction oi the
force, and it may therefore be said to represent the force.

§ Thus forces may be represented by straight lines. (See also

148.)

147, The Principle of the Physical Independence of Forces.
—When a body, instead of starting from rest, is initially
moving in a direction different from that of the impressed force,
the velocity which the force imparts ¢o the body must be
compounded with the body’s initial velocity in order to
obtain its final velocigy.

A few simple illustrations will show this.
. (I)MA,Dbothepositiomstqnyimtmtoftvomenmto@hs
cailway eu’m mbving uniformly with velocity AB. If the man at
%thrmu 80 a8 to reach the other in one second, As will project it
133
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. n the direction AD, in just the same way as he would have done if the
carriage had been at rest. But, owing to the motion of the train, the
two men will, in one second, be carried, say, to B, C, and the actual
path of the ball in space will be the diagonal AC.

Hence the force exerted in throwing the ball merely imparts the
relative velocity AD. But, before

[} € the ball was thrown, it had the

same velocity AB as the carriage.

Therefore the final velocity AC is

‘ obtained by compounding the
initial velocity AB with the velocity

AD due to the impressed force of

A > 7 Pprojection.

Fig. 34. (2) Again, when a stone is

dropped, we say that its momentum

is equal to the product of the time into its weight. But, when the Earth’s

motion is taken into account, the momentum which we observe is only

the momentum of the velocity relative to the Earth. The actual velocity

of the stone in space is compounded of the velocity of the Earth and this

relative velocity. That is, its final velocity is compounded of its initial

velocity and the velocity due to its weight, the latter component betag
given by Newton's Second Law.

This property may be stated more generally thus: Tie
velocity-component which any given force wmparts to a body ix
any given time-1is independent of any other velocity-components
which the body may possess or acquire.

. This is called the Principle of the Physical Independence of
orces.

Employing the definition of acceleration of § 137, it hence
{follows that the relation

. P = Mf, '
or force = mass X acceleration,
holds good in every case of motion under force.

148. Point of Application of a Force.—A4 force cannot act on
nothing; it must be applied to some definite particle or body
whose velocity it changes or tends to change, and the change
of velocity will depend on the mass moved. Hence, to
ccmpletely define a force, it is necessary to specify on what
;;article the force acts ; ¢.e. to*specify its poixt of application
(§ 105).

.
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When, therefore, a force is represented by a straight line, this
line must be drawn from its point of application.

149. Composition of Forces Acting on a Particle.—A body
may be acted on by two or more independent forces at the
same time ; in fact, it generally is so.

If we lift & body off the ground, the body is acted on simultaneously
by two entirely distinct forces, namely, its weight and the lifting force
exerted by our hand.

When two or more forces act simultaneously on the same
particle, each force tends to impart a certain acceleration in
the direction in which it is applied. But a particle cannot
actually move in two different ways at the same time; it
must move with a certain definite acceleration in some
direction. Such an acceleration could always be produced by
8, single force of suitable magnitude applied to the particle
in that direction. This force is called the resultant of the
original system of forces. If the acceleration vanishes, the
forces are said to be in equilibrium. Hence we have the
following

DerivitioN.—The resultant of two or more forces is that
Jorce which would produce the same acceleration that 18 produced
by the several forces acting simultaneously.

Any forces which have a given force for their resultant are
called components of the given force.

DEFINITION.—A sfstem of two or more forces is said to
balance, or to be in equilibrium, when the forces, acting simul-
tancously, produce no change in the state of rest or uniform
motion of the body or bodies to which they are applied.

150. The Parallelogram of Forces»—If two forces, acting
simultaneously on the same particle, be represented by two
adjacent sides of a, parallelogram drawn from their point of
application, their resultant shall be represented by the diagonal
of the ogram drawn from'that point. o

Let the g¢woe forces, P, Q 1% gepresented by the sides AB,

, AD of the parallelogram ABCD. These lines represent (§ 146)

- °
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the velodities which P and @, acting separately, would impart

%0 & unit mass in & unit time. When the two forces act on

the same particle during the same time, the velocity-com-

ponent imparted by either force is independent of that

imparted by the other (§ 147).

) € Therefore the actual velocity

acquired is found by com-

pounding the velocities AB,

AD by the Parallelogram of

Velocities, and is therefore

A ] represented by the diagonal

Fig. 84. AC. Hence the change of

momentum is the same as

would be produced in the same time by a single force repre-

sented by AC; therefore the diagonal' AC represents the
resultant of the two given forces, as was to be proved.

151. Deductions from the Parallelogram of Forces.—The following
properties of forces acting on a particle are analogous to those of
welocities and accelerations (§§ 131-136 and 141, 142). As they will be
considered more fully in treating of Statics, we shall now merely state
them without proof.

Triangle of Forces.—1II three forces lctinion the same particle can
‘be represented in magnitude and direction (but not in position) by the
sides of a triangle taken in order, they will be in equilibrium.

Polygon of Forces—If any number of forces acting on the same
particle can be represented in magnitude and direction by the sides of
a closed polygon taken in order, they will be in equilibrium.

Composition of Two Forces at Right Angles.—1f X and Y denote two
forces nnni at right angles on a particle, the magnitude of their
resultant R is given by R* = X* 4 ¥Y3.

Resolution of a Force in Two Directions at Right Angles.—The results
of §§ 135, 136 apply to forces.

EXAMPLES XTI
{Further examples on Composition and Resolytion of Forces will be
given in Statics. Pl’l‘he followinp;.:.re miscellaneous examples.]
1. Find the resultants of the following pairs of forces acting at
right aifgles to one another :— ;

« . 1
* (i) 101b. and 24 Ib. ; * (iii) 8 grammes and 15 grammes ;
i) 20 oz. and 21 oz.; (iv) 21 tons and 220 tons,
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2. Three foroes of 5, 12, and 13 Ib. respectively, act on a particle ;
vhsuuthegrum‘ndleutnluuohhdrmufmt?

8. Two bodies start together from rest, and move in directions at
right angles to each other. One moves wniformly with a velocity of
8 feet g:muoond; the other moves under the action of a constant
foxrce. ine the aoceleration due to this force, if the bodies at
the end of 4 secands are 20 feet apart.

4. The horizontal and vertical components of a certain force are °

guul to the weights of 5 and 12 Ib. respectively. What is the magnitude *

the foroe ?
‘5. Supposing this force (see Question 4) to act for 10 seconds on a

mass of 8 1b,, which is also exposed to the action of gravity and is .

imitially at rest, what velocity will be communicated to the mass, the
wertical component of the force acting upwards ?

6. A bullet is dropped from a height of 9 feet above the ground by
& man in & train moving at the rate of 60 miles an hour. Find how
far the train will have moved before the bullet reaches the ground.



CHAPTER XIV.

MOTION DOWN INCLINED PLANES.

152. DEFINTTIONS.—An inclined plane may be exemplified
by a plank tilted up at one end, so that bodies can slide
down it, or by a road or railway
running down hill at a uniform
slope. It will, however, be con-
venient to take an inclined plane
as the slanting face ACC’A’ of
a block of material whose
rerm vertli:s.l face leAm'?l'hi: : right-
: Fig. 35. triangle. ypoten-
f ﬁlciscaﬂedthehg&of
the plane, AB is the base and is horisontal, the perpendicular
BC is the height of the plane, and the angle BAC measures
its inclination to the horizon.
The plane is said to be at an inclination of “ p in q,”” when
its height is to its length as p to g, or
BC _AC
¢ ? g9’
8o that there is a rise or fall of p feet for every ¢ feet traversed
up or down the plane.

Thus, if / BAC = 30°, th‘a inclination is 1 in 2 (Appendix, § 6)-

By a smooth plane or other surface we mean one that is
perfectly slippery or devoid of frictian, go that bodies ean
slide along it without":hresmance' . The supface exerts a
reactipn, for otherwise the body would penetrate it ; but the
reaction of & smooth siurfacg % wholly perpendiular to the
surface (§ 78). 18 )
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153. To find the acceleration of a body sliding down a
' smooth incline of 1 in n.

Let the body be on the plane at €. Let its weight be
represented by the vertical line Ca. Draw ab perpendicular
to the plane.

Then Cb, ba represent the components of the weight along
and perpendicular to the plane.

Since the body moves down the plane, the resultant force
producing motion is down the plane. Hence the reaction of
the plane, acting perpendicular to it, must be represented by
ab, and the force producing motion by Cb

On the plane cut off c
CA = Ca,

and draw AB horizontal. Then the 3
right-angled triangles ABC, abC are
equal in every respect ; ' 8

Cb = CB.

But, since the incline is 1 in %, the
height CB is one nth of the length CA;
therefore also

Cb=Ca =n;
.. resultant force producing motion = weight of body =~ #;
. the acceleration down the plane =§ vevennee (1)
height of plane
= 9% fength of plane’
In particular, if the inclination = 0°, 30°, 46°, 60°, 90°,
the acceleration down the plane =0,* g g V2 y;\’/__s’ '

(by§ 135, or Appeudix, §§ 5 6)
For czp'mmmlal verification see §.3"l, Ezp. 1 (Nole).

Fig. 36.

154, A hpavy body slides from, rest down a smooth ix;cline&
_Plane. To construct its position at & given time ¢.
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Let the body start from rest at A. Draw AC vertically
downwards, and cut off

AC = }gt* = distance that would be fallen in time ¢ by a
body drgpped from A.

Drop CB perpendicular on the plane AB.

Then B will represent the position of the body on the plane
at the time 2.

For, if it were acted on by gravity alone, it would be at C.

The only other force, namely, the
reaction of the plane, is always per-
pendicular to the plane, and therefore
parallel to CB; hence it can only
produce motion of the particle in the
direction CB. .

Therefore the particle is in CB.

But it is also in the plane AB.

Therefore it is at B.

Note.—If the inclination is 1 in », it is
easy to see that AB is 1/nth of AC, a result
which at once follows from the fact that the
acceleration is g/n.

*Cor. 1. Since the angle ABC is a right
angle, B lies on a circle having AC as
diameter (Euc: III. 31). Hence, if any
number of bodies start simullaneously from .
. A, and slide down straight lines in the same X \
vertical plane, their positions at any instant kY
will all lie on a circle whose highest point hX 1%
s A, kS
*Cor. 2. Hence the times taken to slide \
down different_chords of a vertical circle, \
starting from the highest ‘point of the circle, kY
are all equal. N "1

s
155. Fig. 38 shows hqw the position of . Fig. 35,
the bedy may be constructed at each .
second of the motion. The poifits C;, C;, C, are the positions
of a freely falling body after 1, 2, 3 seconds, and these are
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given by the diagram on page 38. Drawing perpendiculars on
the plane, their feet B;, By, By represent the positions of a.
body sliding down the plane, at the same instants.

156. Work.—When the direction of motion of a body is
pot in the same straight line with the force acting on it
the work done must be defined as follows :—

DEeriNiTION.—Let a force P, constant in magnitude and
direction, move its point of application from A to €. Draw
CB perpendicular on ‘the direction of P.

Then the product of the force P into the
distance AB measures the work done by the [ P
force, AB being considered positive or negative él
according as its direction is the same or B P
opposite to that of the force. When the point Fig. 30.

» of application moves perpendicular to the force,
no work is done.

Thus, if the point of application were moved from C to A, the work
done would be Px BA, or Px( — AB).

If the point of application is moved first from A to B and then from
B to C, the work done by P in the former displacement is Px AB, and
in the latter it is zero, because BC is perpendicular to P ; therefore the

whole work done is P x AB, the same as if the point of application moved
directly from A to C.

157. Work on an Inclined Plane: Work done by Gravity.—
When & weight W slides down the inclined plane CA (Fig. 35
or 36), the work dane by gravity is by defipition,

= WX CB = W X vertical height descended ;
and is the same as the work which would be done in falling
vertically down the height of the plane.

Thus the work done by gravity on a body is always equal to
the product of the weight of the body into the vertical height
through which it descends, whetber the weight falls vertically
or slides down an inclined plane.

Similarly, the %ork done against gravity in raising a body
is the produét of the weight into the vertical height through
which it js rgised. , *

When a body moves borizdntally no work is done either:

_ by or against gravity.

0 ]



142 MOTION DOWN INCLINED PLANES.

Ezamples.—(1) To find the work done against gravity by a horse
ilbpnninglurtweighingsm.upahillamﬂelong, at a slope of 1 in
Vertical height =, of a mile = if—g‘-’ ft. = 132 ft.,

weight raised = 5x 1121b. = 560 Ib.;
S, work done = 132x 560 = 73920 ft.-]1b.

(2) To find the horse-power required to draw a train of 150 tons up
an incline of 1 in 128 at 30 miles an hour, if the resistance due to
friction is 10 1b. per ton.

In one second the train moves 44 feet ;

. 1 bioht 1 C4. 1
» ventical height risen per sec. = %8 ft. = 33 ft.
Also, weight of train = 150 2240 Ib. ;

% work done per sec. against gravity
= 1315052260 t.-1b. = 115500 ft.-Ib.;

Also, total resistance due to friction = 10x 150 1b. = 1600 Ib. ;
o work done per sec. against resistance
= 1500 x 44 ft.-1b. = 66000 {t..1b. ;
2. total work done per sec. = 115500 -+ 66000 ft.-1b. = 181500 ft.-Ib.,
181500 = 330
5560 *

158. To verify the Principle of Conservation of Energy for
motion down a smooth inclined plane.

Let a mass m slide down an incline of 1 in n, starting with
initial velocity . By (1), the acceleration is ¢ = n. Hence,
if v is the velocity aiter the bedy has gone a distance s, then,
by (8) § 87,

. required horse-power =

v’—u’=2;g's. ,
S 3 — dmu = mgx %.

The left-hand side reprezents the increase of kinetic energy.
Also mg is the weight of the body, and s - n is the vertical
height fallen; hence the right-hand side réprelents the
decrease of potential energy.

« These .re, therefore, equal ; as was to be proved.
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Cor. If the body starts from rest, we have
= 297: = 2gx height fallen.

Hence, if different bodies slide down inclined planes of the
.s;;me height, they will all acquire the same speed on reaching
the bottom.

Ezamples—{1) A body slides down a smooth plane whose height is
one-third its length. To find the velocity acquired when it has
travelled 12 feet.

Let the mase of the body be m 1b. In travelling 12 ft. it falls a
vertical depth of 32 ft. or 4 ft. ;

.~ work done by gravity = 4m ft.-lb. = 4mg ft.-poundals
= 4mX 32 ft.-poundals.
This is equal to the kinetic energy. Hence, if v is the required velocity,
. dme® == 4mx 32;
S P =4X2x32=4x64;
S v=2xX8 = 16 ft. per sec.

(2) A weight of 3 1b. draws a weight of 4 1b. up an incline of 30° by
means of a string passing over a pulley at the top of the plane and
hanging vertically. To find the acceleration.

fLet. v be the velocity acquired when both weights have moved over
8 feet. :

The 3-1b. wt. will have fallen vertically through s ft.

.. work done by 3-Ib. wt. = 3s ft.-Ib. = 3gs {t.-poundals.
The 4-1b. weight will have risen vertically through §s feet ;
<. work done by 4-1b. wt. =—4 X 8 = —2sft.-lb. = —2gs ft.-poundals.
The whole work done is equal to the kinetic energy’;
S 44 3)vt=3gs —2g8 = gs;

s w=
S = 7 8
Comparing this with o? = 2fs,
‘we have required acceleration } = i9.

Alternative Method.—By the method of § 113, it will be scen that
acoelerativn = (moving force) -~ (mass moved)

‘ = (39 —4gx §) =3 + 4) = §g.°

® When a hdavy*body is on an inclined plane, the moving force, or the
component of its weight down the plane, is reduced to mg ein 4, or
‘mgjn, but its mase (m) of course remains unaltered..

0 v -
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(3) To find the acceleration with which a weight of 4 grammes,
sliding down a smooth incline of 1 in 4, draws a weight of 5 grammes
along a smooth horizontal plane by a string passing over the edge.

Let v be the velocity acquired after moving & centimetres.

The weight of 4 gm. or 4g dynes falls through }s cm. ;

. kinetic energy = work done = 4gx }s = gs ergs, where g = 981 ;
{4+ 6)vt=gs, or v*= Zgs.

Comparing with 3 = 2fs,
we have J = $g = 109 cm. per sec. per sec.

Or thus : With C.G.S. units, we have

component of weight of mass 4 down the plane = 49 -4 = g;
acceleration = (moving force)--(mass moved) = g--(4+5) = 109.

(4) In a cable tramway, a truck of 6 owt., descending an incline of
1 in 7}, pulls & truck of 3 cwt. up an incline of 1 in 6. To find the
acceleration.
The component of the weight of the first truck down the plane
= § -~ 7} owt. = § cwt.,
and this tends to pull the G?t. truck down and the 3-cwt. truck up.
The component of the weight of the second truck
= 3 - 6cwt. = }cwt,,
tending to pull the 3-owt. truck down, and the 5-cwt. truck aup.
Therefore, on the whole, we have a force of § — } cwt., or § owt.,
tending to move a total mass of (5 + 3) cwt., or 8 cwt.;

o nquindmmmn-g—g—‘%zift.perm.perm.

EXAMPLES XIV.

1. Find the distances traversed in one second, and the velocities
soquired in that time, by particles sliding down smooth inclines of
(i) 1 in 18, (ii) 5 in 13, (iii) 3 in 64.

2. Find the distances traversed in 10 seconds, and the velocities
myindinth&tﬁme,bypﬁﬂioludidingdownthegivenmooth

P (i) an incline of length 10 feet and height 8 foet ;
. (ii) an incline of length 25 feet and base 21 feet ;
g (iii) an incline of height 8 feet and base 15 feet.

3. Find the velocities acduired in 1 second by particles sliding down
smooth planes of inclinations 30°, 45°, 60°. i . ding

4. A boy in s to slides: down a perfectly smoosh hill, whose
inclination is 1 in 20. At what rate will he be going (in miles per hour)
when heshas travelled 100 yargs from the start ? :
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5. A heavy body starting from rest slides down a smooth plane
inclined at an angle of 30° to the horizon. How many seconds will
it occupy in sliding 240 feet down the plane, and what will be its velocity
after traversing this distance ?

6. A body is projected up a smooth inclined plane, whose height is
one-half of its length, with a velocity of 60 feet per second, and just
reaches the top.  Find the length of the plane, and the time taken in
the ascent.

7. The height of an inclined plane is three-fifths of its length; a
body is projected up the plane from the bottom with a velocity of 50-
feel, per second, and slides down again. Find the distance attained,
and the time before the body returns to the starting point.

8. A heavy body slides down a smooth plane inclined at 30° to the
horizon. Through how many feet will it fall in the fourth second of
its motion from rest ?

9. A beavy particle slides from rest down a smooth inclined plane
15 feet long and 12 feet high. What velodity will it possess when it
reaches the bottom, and how many seconds will be occupied in the
desetnt? How long would it have taken to fall vertically through a
beight of 12 feet ?

10. A stone is projected up a smooth inclined plane with a velocity
which will just carry it to the top. How far would a stone ascend a
plane of the same length, but twice the height, if projected with half
the velocity ?

11, A body, weighing 187 lb., is supported on an inclined plane,
whose angle is 30°, by a horizontal force. Find the force and the
work necessary to move the body 20 feet along the plane.

12. The pull exerted by a rope which draws a truck up an incline cf
1 in 8, with an acceleration of 2 feet per second per second, is 1 ton wt.
Find the weight of the truck.

13. Find the work done when & mass of 45 lb. is moved 40 feet up
an incline of 30°,

14. Find the h.-ﬁ. of an engine which pulls a load of 90 tons at the
rate of 30 miles an hour up an incline of 1 in 100, the frictional resistance
of the road being 12 1b. per ton.

16. Find at what rate an engine of 15 h.-p. cor'ld draw a load weighing
25 tons up an incline of 1 in 280, the resistance from friction being 6 1b.
per ton.

16. Find the velocity acyuired in 1 second, and the distance traverged
in that time, by particles sliding down a plan.. inclined to the horizon
ot 30° (Take g = 981.) »

® 17. Find the distances which a particle must slide down inclines of
(i) 1imn 9, (ii) 1 in 109, (iii) 1 in 981 respectively, in order to acquire a
valocity of 10 centimetres per second.

MAT. MECH. ' 10‘
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18. Find, in ergs, the work required to move & mass of 1 Enmm
rough o distance of 1 metre up a plane inclined at 60° to the horizon,

19. If & body slides down a smooth inclined plane, and in the fifth
second of its motion from rest passes over 2,207-25 centimetres, find
ite a;%ellention and the inclination of the plane to the horizon. (Take
9 = 98l)

20. A smooth inclined plane, whose beight is one-half of its length,
has a small pulley at the top, over which a string passes. To one end
of the string is attached a mass of 12 1b., which rests on the plane,
‘while from the other end, which hangs vertically, is suspended a mass
of 8 b, and the masses are left free to move. Find the acceleration,
and the distance traversed from rest by either mass in 5 seconds.

21. A weight of 10 Ib. is drawn up a smooth plane inclined at 30°
1o the horizon by means of a weight which descends vertically, the two
‘weights being connected by a string which passes over the top of the
plane. If the acceleration be 8 feet per second per second, find the
‘weight which descends vertically.

22. Two masses m and M are connected by a string which is placed
‘over the top of a plane inclined as 30° to the horizon, so that one of
the masses rests on the plane while the other hangs vertically. It is
found that m, hanging vertically, can draw M up the plane in half
the time in which M, hanging vertically, can draw m up the plane.
Find the ratio of m to M.

23. A mass of 6 Ib. is connected with another of 18 Ib’ by means of &

fine string which passes over the top of a smooth plane inclined at an

e of 30° to the horizon. The mass of 6 lb. is placed on the plane,

and the other mass is Fln.ced on & horizontal table whose edge is level
with the top of the incline. Find the acceleration produced.

24. In the preceding question find the velocity of either mass when it
bas traversed .c' distance of 2 feet from rest.

EXAMINATION PAPER VIII

1. Give a dynamical proof of the Parallelogram of Forces.

2. Find the resultant of two forces of 8 1b. and 15 b, acting at a
point at right angles to ‘each other.

3. If a body, acted upon by several forces, move in a straight line
with uniform velocity, what condition must ghe forces satisfy ?

4. Find the acceleration down a smooth inclingd plane.

¢5. A body slides down a smooth plane inclined at an angle of 30°
to the horizon. Find the sppce*described in the frst gecond sesl.

6. Find the s described from rest in 5 seconds by a body slid
dowy a smooth xmo of 7 in 25, by d in¢
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7. A nmes of 6 oz. slides down a smooth inclined plane, whose
Licight is half its length, and draws another mass from rest over a
distance of 3 feet in b seconds, along a smooth horizontal table which
is level with the top of the plane, the string passing over the top of
the plane. Find the mass on the table.

8. Two bodies, whose masses are P and Q, are connected by a fine
string ing over a pulley at the top of a smooth plane inclined at 30°
to the horizon. 2P hangs vertically, and Q rests on the inclined plane.
If P descend from rest through a given space in twice the time in which
it would fall freely from rest through the same space, find the ratio of
PtoQ.

9. Show that, if a number of bodies start simultaneously from A
and slide down straight lines in the same vertical plane, their positions
at any instant all lie on a circle whose highest point is A.

} 10. A body, whose mass is 1 kilogramma, lies on a smooth plane
inclined at an angle of 30° to the horizon. Find the work done against
gravity in moving it ]} metre up the plane.



STATICS.

PART 1.
EQUILIBRIUM OF FORCES AT A POINT. |

CHAPTER XV.

COMPOSITION OF FORCES.

159. Statics is that branch of Mechanics which deals with
forces applied to a body or a number of bodies which remain
at rest. Such forces are said to balance, or be in equilibrium.

For the present we shall only consider the properties of
forces applied to a single particle. In Chap. XVIII. we shall
treat of forces acting on a body of extended size.

It should not be forgotten, however, that forces are in equilibrium
when the body on which they act moves uniformly in a straight line
just as well as when it is at rest (§ 149).

Thus, an express train, travelling with uniform speed, is under the
influence of a number of forces which form a system in equilibrium.

160. Force has been defined (§ 62),as that which changes
or tends to change a body’s state of rest or motion.

Hitherto, we have looked upon forces in their dynamical
aspect, as being measured by the momentum ‘they can
generate. Statically, we have nothing to do with motion,
and a force is practigally measured by the weight which it
can support. Moreover, there are two main classes of forces,
which may be described as active and passive, the former
being competent to originate motion ($uch as the weight of
a body, the push or p#il of a living agent, the force of moving
winl or water, the attractivg or repulsive force of a magnet,

¢ 148 ¢
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etc.), the latter only having power to modify or prevent motion
(such as friction, resistances of all kinds, or the tension of a
string tied to a fixed point). If a book is let fall upon a table,
the resistance of the table at first changes its state of motion
into one of rest, yet continues to act after the state of rest
has been produced, neither changing nor tending to change
that state, but only preventing motion. These passive forces
are called into play by one or more of the active sort, and their
numerical magnitude depends chiefly on the magnitude of
these latter. They are therefore generally spoken of as
reactions.

161. Equal Forces.—Dynamically, two forces are said to be
equal if, when they are applied to the same body for equal
intervals of time, they tend to impart the same velocity, or
change of velocity, to the body. .

Statically, two forces are sad to be equal if, when they are
spplied to & particle in opposite directions, the particle remains
at rest.

That one of these definitions leads to the other can be seen
by tke following considerations : If two equal forces act on
the same particle in exactly opposite directions, the motion
which one force tends to impart is exactly the reverse of that
which the other tends to impart. The particle cannot move
in opposite directions at the same time, and there is no reasoo
why it should move in one direction rather than the other.
Hence it will remain at nest, and the two forces wll be said #o
balance, or be in equilibrium.

162. Systems of Forces.—The forces with which we shall
deal in Statics will always be supposed to be kept in equi-
librium, But it is often necessary to comtider the properties
of some’ of the forces apart from the rest. Any number of
forces may be called a system.

Defining the resultasft as in Dynamics (§ 149), we see that,
when a number ol forces have a resulfhnt, we may redyce
them to a system,in equilibriume by applying an additional
force equal arftl opposite to that rbsultant. For the whole
system is then equivalent to two equal and opposite forces
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(viz. the ori;insl resultant and the added force), and is there-
fore in equilibrium. This additional force is sometimes
spoken of as the equilibrant.

Conversely, when any number of forces are in equilibrium,
each force is equal and opposite to the resultant of all the rest
taken together.

This theorem is of frequent application, and leads, more-
over, to the following (alternative) statical definition :—

DerintTioN.—When a system of forces can be balanced by a
mk Jorce, a force equal and opposite to this is called thetr

tant,

[A system of forces does not necessarily have a single resultant force.
except when they all act on the same particle, as in the proof of § 149.]

163. Point of Application of a Force.—The conditions of
equilibrium of a system of forces do not depend on the nature
and mass of the body on which they act, but only on the
forces themselves. We mmy, therefore, speak of a force as
acting at a point, meaning a force ““ applied to any particle
placed at that point.” And the point of application of the
force is “the point at which the particle acted on by the
force is situated.”

In Chap. XVIII., however, we shall see that the point of application

is rather taken to signify the point of intersection of the lines of action
of two or more forces.

164. Statipal Units of Force.—The, forces which occur most
frequently in Statics are those due to weight. Hence the
most convenient statical unit of force is the weight of a pound,
and this we call “ a force of 1 1b.”

If the French system of weights and measures is used, the
statical units of forge will be the weight of a gramme or of a

ilogramme (1,000 gramme).

166. Forces may be Represented, Statically, by Straight Lines.
—In order to define & force, statically, it is necessary to specify
(i) its poixt of applicatiop, .
(ii) its direction, '
- (iii) its magnitude. N
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All these data will be specified by a straight line of finite
length, provided that

(i) the line is drawn from the point of application of
the force,

(i) it is drawn pointing in the direction of the force,

(iii) its length is proportional to the magnitude of the

force.

Such a straight line is said to represent the force.

The sense of the diréction may be shown by an arrow
drawn on or by the side of the line, or by the order of the
letters used in naming the line. Thus AB represents a force
acting from A towards B, BA a force acting from B towards
A. (Compare §§ 146, 148.)

166. On the Choice of a Scale of Representation.—In order that the
length of = straight line may represent the magnitude of a force, the
line should properly contain as many units of length as the force contains
units of force. Thus, if a line 1 inch long represents a force of 1 1b., a
line 2 inches long will represent a force of 2 1b., and s0 on. Very often,
however, it is necessary to adopt some other scale of representation
suggested by the conditions of the problem. We may so choose the scale
of rcirmnlation that one of the forces is represented by a straight line of
any length we please. When this has been done, a line of double that
length will represent double that force, and so on, so that the lines
representing all other forces will be fully determined.

t will often be necessary to rcpresent a force in magnitude and
direction only by a straight line not drawn from its point of application.
A force will be represented to this extent by any straight line drawn equal
and parallel to the line which fully represents it, for parallel straight
lines are to be regarded ag having the same direction. 0

167. THE PARALLELOGRAM OF FORCES.—If two forces
aoting on the same particle be represented by two adjacent
sides of a parallelogram, drawn from their point of application,
their resultant shall be represented Jy the diagonal of the
parallelogram drawn from that point.

This has already bicn fully discussed in Dynamics, § 150, but the
following trcatment of the proposition is of great interest, being based
on Newton's orifinal proof, modified so adto apply to <« nstant forces.

Let two conetant forces Py q be applied to a pnrt}cle at
rest at A, fn directions AB, AD,’respectively.
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Let AB be the distance the particle would traverss in
a given time ¢ if it were set in motion by the constant force
P alope.

Les AD be the distance traversed in the same time if asted
on similarly by Q alone.

Complete the parallelogram ABCD, and join AC.

Then shall AC be the distance traversed by the particle in

the time ¢ if set in motion by
¢ both forces P, Q acting on 1t
simultaneously in directions
parallel to AB, AD, respec-
tively.

Also AB, AD shall represent
the forces P, Q, and AC shall
represent their resultant on
the same scale.

(i) For, since the force @
always acts parallel to the line BC, it can have no effect in
changing the rate at which the particle approaches BC in
consequence of the other force P. Therefore the particle will
reach the line BC in the same time, whether the force Q he
applied or not. Therefore at the end of the time ¢ it must he
somewhere in the line BC.

Similarly it must be somewhere in DC.

Therefore it must be at C.

(ii) Hence the resultant of P and Q must be that force
which would move the particle from rest along AC in the
time ¢. It mus$ therefore act in the direction AC.

And since the distance traversed in the given time ¢ by
a particle starting from rest is proportional to the force acting
on it (§§ 36, 68), therefore AB, AD, AC are proportional to
P, Q and their resultant.

That is, AB represents P, AD representsQ, and AC represents
the resultant of P and @, all on the same scale.  [Q.E.D.]

5 168. Experimental Verification of the' Parallelogram of

'orceg.
(a) MEcHANICAL DETAILS.—Take three strings ; knot them
together in a point, To,thelr ends attach any three weights

>7
Fig. 40.
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®, 0, R, say P, @, R Ib. respectively (any two of which are
together greater than the third). Allow one string fo hang
freely with its suspended weight R, and pass the other two
-over two smooth pulleys H, K, fixed in front of a vertical
wall (Fig. 41).

(b)) GeomeTricaL CoN-
STRUCTION. — When  the
strings have taken up a
position of equilibrium with
the knot at A, measure off
on the wall (not on the
string) lengths AB, AD, con-
taining P and Q units of
length along AH, AK respec-
tively. Complete the paral-
l.elogramABCD,andjoinAc. .

(c) OBsErvED FacTs.—
Then it will be invariably Fig. 4l

Jound
(i) that the diagonal AC is vertical,
(i) that AC contains R units of length.

(® PEpucTIONs.—Now the knot A is in equilibrium under
the pulls P, Q, R acting along the strings mpectivetl{.
‘Therefore the resultant of P, Q is equal and opposite tc the
weight R, that is, a force R, acting vertically upwards ;

. AC represents the resultant in mn.gnituée and direction.

Therefore the resultant ss represented by the diagonal of the
parallelogram whose sides represent the two forces.  [Q.E.D.]

Fig. 4] is drawn for the case in which P = 21b.,Q = 31b., R== ¢1b.
“The measured AB, AD ﬂt‘nuat therefore oonti:m 2and :;;iuthol
Jength respecti . When the ogram constru , the
diagonal AC will be found to be vertical and to contain ¢ units of
length. See also § 325, Exp. 14, 16.

»
Ezample.~To,find graphically the tﬂtﬂnﬁ of forces of 7 1b. and
11 1b., whose dir:actiomyi:mlndo an angle of 60°.

. Take any unit, of length and mpasure off AB, AD containing 7 and
11 units reepectively, making / BAD = 60°. Complete the parallelo-
gram ABCD. (Fig.42.)
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Then AC represents the resultant. .

On AC mark off from A a scale of the selected units. Then € will
be found to lis between the 15th and 16th marks, so that AC contains
about 152 units,

Therefore the resultant force = 16 Ib. wt. roughly.

169. Half the Parallelogram is Sufficient.—Since BC is equal
and parallel to AD, it
represents the force Q in
magnitude and direction
(though not in position;
see § 166). Hence, if two.
forces acting on a particle
are represented in mag-
nitude and direction by
two sides of a triangle,
AB, BC, their resultant is
represented in magnitude
and direction by the third
TFig. 42. side AC, its point of
application being that of

the forces. This leads to the following theorem.

A D
) P
&
B B c
Fig. 43.

Fig. 44,

D c

170, The Triangle of Forces.—If three forces acting on the
same particle can be represented in magnitude and direction
(but not in position) by the sides of a triangle taken in order,*
they shall be in-egquilibrium. .

' L}

‘Th'edduofstﬁangleotpozgmmnidtobe i order when
of any two adjacent sides one imdrawn towards thevother away
from their common angular point (§ 130).
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Let three forces P, Q, R, acting on the same particle at 0,
be represented in magnitude and direction (but not in position)
by the sides BC, CA, AB of the triangle ABC, respectively.

Then shall P, @, R be in equilibrium.

Complete the parallelogram ABCD, so that AD is equal
and parallel to BC.

The forces R, P are represented in magnitude and direction
by AB, AD, and they act at 0. Hence, by the Parallelogram
of Forces, their resultant is similarly represented by AC,
and also acts at 0.

Bat Q is represented by CA.

Therefore the resultant of R, P is equal and opposite to
the third force Q.

Therefore the three forces are in equilibrium. [Q.E.D].

171. The angle between any two forces is the supplement of the
interior angle of the triangle.
Thus / between R, P (i.c. /£ ROPin Fig.43) = /£ BAD = 180° — Z ABC.
OBsErvATION.—The three forces must not act along the sides of the
triangle. They muat act a¢ a point in directions parallel to these sides,
as in Fig. 43 ; otherwise they cannot be applied to the same particle,
and the proof fails.

172. Converse of the Triangle of Forces.

If three forces acting on a particle are in equilibrium, any
al;ia.n%e whose sides are parallel to the directions of the forces
shall

ave the lengths of these sides proportional to the magni-
tudes of the forces..

R »
JFig. 45. o Fig. 46.
Let P, Q, B be three forces in equilibrium acting at¢ 0, and
let ;qu ;'e any triangle whose sides BC, CA, AB are paraliel
to £, ¢

\]
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Then, if the scale of representation be properly chosen, BC,
‘CA, AB shall represent P, Q, R in magnitude as well as direction.
For let the length BC be chosen to represent P. (§ 166).

If CA does not represent Q, let CK represent Q.

Then, by the Parallelogram or Triangle of Forces, the
resultant of P and @ is represented by BK. But P, Q, R
are in equilibrium. Hence R must be represented by KB,
-equal and opposite to BK. But this is contrary to hypothesis,
since R acts in the direction AB. Therefore Q cannot be
‘represented in magnitude by any other length than CA, and
“therefore also, by the above reasoning, R is represented by AB.

OBsErvATION.—The above conditions may be expressed by the

. P_BC Q _CA R_AB .

relations TGN E=AB P~ BC which may also
. P_Q_ R

be written BCTTA™ AP .

From similar triangles (sce Appendix, § 8), any triangle whose angles
are equal to those of ABC has its sides proportional to those of ABC.
Hence, if any triangle is drawn whose sides are parallel to BC, CA, AB,
-these sides also will represent P, Q, R, but on a different scale.

173. The Polygon of Forces.—If any number of forees acting
on the same particle can be represented tn magnitude and
direction by the sides of a closed polygon taken in order, they

shall be in equtlibrium.
Q
. 0 g
& P
s A ~
Fig. 47. . Fig. 48,

Let the forces P, Q, B S, acting on a partkle at 0, be
Tepresettted in magnitude and digection (but nog in position)
by the sides AB, BC, CD, DA of a polygon ABCD. ¢

Then shall the forces be in equilibrium.

[ ] .
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For, asin the Triangle of Forees, or § 169, the resultant of the-
forces P, Q is represented in magnitude and direction by AC.

Therefore the resultant of P, @, R is the same in magnitude
and direction as that of forces AC and CD, and is similarly
represented by AD.

But the force S is represented by DA.

Therefore S is equal and opposite to dhe resultant of P, Q, R.

Therefore the forces P, Q, R, S are in equilibrium. [Q.E.D.]

f'.;'rhe propertics stated in § 171 are equally applicable to the Polygon

01 Xorces.

We have considered the case of four forces, but the proof may be
similarly extended to any number of forces.

1

174, To construct the resultant of any number of forces
acting on a particle.

Let the given forces be represented by the straight lines
AB, BC, CD, taken in order, forming all the sides but one of
a* polygon. Then, if the polygon be completed by drawing
the remaining side from A, the extremity of the first side, ¢o
D, the extremity of the last side, the line AD will represent
the resultant force.

This is evident from the last article.

176. It is immaterial in what order the forces are represented. The-
form of the polygon will depend on which force is represented first,
which next, and so on ; but the line representing the resultant will be
the same in every case.

[For, consider the case of two forces P, Q, acting at A (Fig. 40). If
we represent P first and Q second, the lines representing them will be
AB, BC respectively, ang the resultant will be reprcpented by AC. If
wo represent Q first and P second, the lines representing them will be
the opposite sides AD, DC respectively, and therefore the resultant will
still be represented by AC. The same property may be extended to any
number of forces by interchanging their order of successive representa
tion, taking two at a time.]

176. Converse of the Polygon of Forces.

1 any number of forces acting on a particle are in equi-
librium, a closed pdlygon can be drawn whose sides represent
these forces both in magnitude and direction. .

Let the forceg P, Q, R, S, acting at 0, be represented by
AB, BC, CB, DE respectively, these lines being placed end to
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end. Then, if the figure ABCDE be not a closed polygon, the
forces will have a resultant represented by AE (§ 174), and will,
therefore, not be in equilibrium.,

Q
§
Fig. 49. Fig. 50.

Therefore the lines representing forces in equilibrium must
form a closed polygon. (See also § 325, Ezp. 16.)

Note. The converse of tie Polygon of Forces is less complete than that
«of the Triasgle.—That is, it is not true that the sides of any polygon
respectively parallel to the forces will be

necessarily proportional to them.
For, if there are more than three forces,
we can draw any number of different polygons,
4 such as ABED, ABcd (Fig. 51), each having
its sides parallel to the directions of the
forces, and the sides of one polygon aze not
necessarily proportional to those of another.
The sides of each polygon represent a system
. of forces in equilibrium acting in these
Fig. 51. directions, but not necessarily the system
we started with. We cannot, therefore,
except in the case of three forces, determine whe ratios of the forces

drom merely knowing their directions.

177, Applications of the Parallelogram, Triangle, and
Polygon of Forces.

(1) The resultant of two eaual forces bisects the angle between

'.l'hi; follows from the fact that the Parallelogram becomes a rhombus,
in which it is known that the diagonals bisec® the angles. It also
follows from first principlesthrough considerations ofisymmetry.

(2)If any three forces are iy equilibrium, gny two of the
Jorces are together not less thaw the third. For, in tke Triangle
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of Forces, any two sides are together greater than the third
{Euc. 1. 20).

If two forces are together equal to the third, they will balance if the
ﬁn:.h two forces act in the same straight line and in the opposite sense
to the third.

(3) The resultant of two forces P, Q ss greatest when both
act in the same direction, and is then P4 Q. It is least
when they act in opposite senses in the same straight line,
and is then either P — @ acting in the direction of P or
Q — P in the direction of Q.

This is an easy inference from (2).

(4) If three equal forces are in equilibrium, the angle between
any (wo of them 1s 120°. For the Triangle of Forces is equi-
lateral ; therefore each of its angles is 60°, and the angle
between the corresponding pair of forces
. = 180° — 60° = 120°.

It follows also, from considerations of symmetry, that if any number

of equal forces act on a iut.icle at equal angles, all round, so as to
form a symmetrical star, they will be in equilibrium.

(5) The Perpendicular Triangle of Forces.—If three forces
proportional to the sides of a triangle act on a particle in
directions perpendicular to these sides taken in order, they
shall be in equilibrium.

For if the triangle ABC
be turned through a right 4
angle into the position DEF, o,
its sides, taken in orfler, will ’ o
be brought parallel to the
forces, and will therefore
represent them both in mag-

nitude and direction. There- P
fore - the forces will be in ’ Fig. 52.
equilibrium.

Conversely, if three forces acting perpendicularly to the
sides of a trigngle keep a particle ip equilibrium, they shall
be proportional to these sides.." .

¢ This tiporem has an important application to Hydrostatics, ia
proving that the pressure at a point in a fluid is the same in all directions,
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(6) If tawo forces be represented by the sides of a triangle both
drawn from their point of application, their resultant is repre-
sented by twice the bisector of the base drawn
€ from that point.

For let AB, AD represent the forces.
Complete the parallelogram of forces ABCD;
then AC represents the resultant. But the
Fig. 53. diagonals of a parallelogram bisect each
other. Hence AC bisects BD in E, and AC

is twice the bisector AE.
This result affords an easy comstruction for the resultant of two
forces acting frem a point. Simply join BD, and bisect it at E. Then

the resultant is represented by twice the bisector AE, t.e. by twice
the medium line (as it is called).

(7) To find where a particle O must be placed inside @
triangle ABC so that it may be ¢n equi-
librium under forces to the verlices repre- A
sented by OA, 0B, OC.

Let D be the middle point of BC.
Then, by the last proposition, the forces [7 3
0B, OC have a resultant 20D along OD.
This must be equal and opposite to the
third force 0A. Hence 0 must lie on the
bisector AD at a point such that Fig. 64.

0A = 2D0.
s, DA=3D0 and DO=}DA.

Similarly, 0 mvst lie on each of the othes bisectors, or medians.
We thus have a mechanical proof of the geo-
A metrical theorem that the three medians of a
triangle meet at one point, which is a-point of
truerinon in estl of t.aen ’ ! o
{The point is the cenire of gravity ol
triangle ; pom Chap. XXV.]
Ezamples.—(1) Two forces act along the sides
AB, AC of a triangle, and aro represented in
. magnitude bznAB md times AC respec-
r tively. To find where then- resultant cuts the
B base, sad to determine its magnitude.
¥g. 55. Let the resultant cut the base in 0. Then, by
: the Triangle of Foroel, the force AB ‘s equivalent
to forces AO along AO, 0B at Apanlle to 0

1
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Similarly the force 3AC is equivalent to forces 3A0 along AO, 30C
at A parallel to 0C.

Therefore the two given forces are equivalent to forces of mag-
nitude and direction 4A0, 08, and 30C.

If the resultant acts along AO, the two latter forces must balance.

. 0B=30C, and BC = 40C;
.. 0C=}8BC, and BO= }BC.

Also the resultant is the remaining force, viz. 4A0 acting along AO.

The above is a strict treatment of the question. If we remember that
all the forces really act at A, we may speak more freely, as thus : *“ The
force AB is equivalent to forces AQ and 0B,"” and s0 on.

(2) ABC is any triangle, and E is the middle point e
of BC. To find the resultant of forces at A repre-
sented in magnitude, direction, and sense by 2BA,
2AE, end AC respectively.

By the Triangle of Forces, the resultant of forces
2BA, 2AE is a foroe 2BE parallel to 8C. But 2BE=BC; A (-
therefore the three forces are equivalent to forces BC,
AC acting at A. -

Produce 8C to F, so that CF = BC.

Then the two last forces are represented by CF,
AC respectively, and they act at A. F

Therefore the required resultant is represented by AF. Fig. 66.

178. To find the magnitude of the resultant of two forces
P, Q in directions at right angles to one another,

Y
R
Q - !
A P 8 X
Fig. 67.

Let AB, AD represent the two forces'P, Q.
Complete the rectangle ABCD.

Then AC represents the resultant force.
Let this be = R. Then, by Euclid I. 47,

AC* = ABS -+ BC? = AB? + AD?; >
n R=P Qe e (1)
or ? resultant force R ="y’ (P* + Q).
' MAT. MECH. : 1
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Jwemple.—To find the resultant of forces of 2 Ib., 2 Ib,, dllb.lt

» eﬁr-tlndmondbdngw and thas
hmthouoondmdthhﬂbdng

..?:a tdthoﬁutnndmondimheud seen to be 24/2 1b.,
i biseots the obetmthem.nnsimlfst t amgzles to

go third force. Henoe,nfllbethemlmtofthethteo orces, R =
V2 + 1’=841=9and B=23Ib.

EXAMPLES XV.

1. Draw a diagram, as well as you can to scale, showing the resultant
of two forces, equal to the weights of 5 Ib. and 8 1b., acting on a particle,
with an angle of 60° between them ; and, bymemnngthemnlhnt,
ﬁndxunmeﬁulnlue

m& & mass of 3 1b. at its extremity, another masa
of&lb :bovethe d a third of 7 Ib. above the second. Find the
hnnomolthethmpnﬂnofthelhng

3. When two foroes act together in the same straight line they have
& resultant of 18 Ib., and when they act in opposite directions their
resultant is 2 Ib. Find the two forces.

4. Two forces act on a particle, and their test and least resultants
are 20 1b. and 4 1b. respectively. Find the forces

8. The greatest resultant which three given hm-et acting at & point
can have is 36 Ib.,, and the least 18 0. Find the greatest and least
poesible values of the greatest of the three forces.

6. ABC is a triangle. Find the resultant of forces acting at A which
are represented in magnitude, direction, and sense by

(i) 2AB and 7AC; (iii) 3BA and AC; (v) 2AB, 3AC. 4BC;

(ii) 2BA and OA; (iv) ABand 4CA; (vi) 2BA, 5AC. 3CB.

7. Show that the three forces which are represented in magnitude
and direction by the straight lines drawn from the sngular points of
a triangle to the Biiddle points of the opposite sidcs are in equilibrium.

8. Seven forces act at & point so that the angle between every
oonsecutive two is 45°. The foroe and the alternate foroee from
the first are each 4 Ib.; the second foroe and those alternate from it
are each 101b. Find the resultant of the whole.

9. In the side AB of the triangle ABC a point D is taken sc that
AD: DB = 14: lcl" ;‘mote;t C in t!:l’diuoumthsl. CI,N%I:
to N respecti Find magnil
direction of their resultant.

10. Two f t at t at right to other.
the roraliaat whaa the forel are rht g to quh o, ik

(1) 16 1b. and 20 Ib. ; « () 119 1b. and 120 1b.;
(i) 401b. and 42 1b.; . (iv) 2401b. aud 100 "D,
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11. X the resultant of dwo forces aba ab right angles %o
each other be 53 1b., and one of the forces be 28 ib., find the other foroa.
12. Two forces whose magnitudes are as 5 to 12, acting on a
at right angles to each other, have a resultant of 78 lb. the farces.

13. Two forces acting in opposite directions to one another on a
particle have a resultant of 34 1b., and if they acted at right angles their*
Tesultant would be 50 Ib. FEind the two forces.

14. Two forces act on a particle at right anglea to each other, and
‘the ter of the two forces is 32 Ib. less than the resultant, which is
305 1b. Find the smaller force.

15. The smaller of two forces, which act on a ab t
to each other, is 8 1b., and the sum of the resulm thamhgu.?gbm
45 2881b. Find the resultant and the larger force.

16. Forces répresented in magnitude and direction by AB, A8, AD,
AE, AF aab at the corner A of & regular hexagon ABCDEF.  Find the
magnitude and direction of their resultant.
ﬂl17. tr:&i:fat fllelngrup. n.mul is huanhg at ‘El. Show that

e res oroes represen in magnitude and direction
AD and AC is double the resultant of the forces re; tedinm-gn.i.mz
and direoction by AC and AE, and aota in the same direotion.

18. The sides AB, AC of a triangle ABC are bisected in F end E.
{n:d té:estzmuutoﬂmnprmudhmmuddmmw
an
adds ST peatmlis el o i by e Sagl
. a e! acbate o ing i
and direction of their resultant.

20. A tree is pulled north, south, east, and west by four ropes, and
the forces of temsion in the ropes are equal to 35, 60, 20, and 80 1lh.
respectively. Find the magnitude of the resultant force.

21. Can three forces whose magnitudes are in portion of 4, 7,
and 11 keep & partidte at rest ? ke pro ‘4

22. Show that the resultant of two perpendicular forces P + Q and
P —Q is equal in magnitude to the resultant of two perpendioular
foroes 4/2P and 4/2Q.



CHAPTER XVI.

RESOLUTION OF FORCES.

179. Dxrinrrions.—The process of replacing a single force
by two or more forces having that force for their resultant is
known as the resolution of forces, and is the reverse process
to the composition of forces. :

The several forces are called the components of the given
force.

Thus we speak of resolving 8 force into components, and of
eompounding two or more forces into a single resultant.

To resolve 41?5::0 om 0: hh‘: g:xeen direclions Al.‘hlo. it is
A AR T St Ty sy Tl
Then, by the Parallelogram of Foroces, AB, AD will represent the
required componenta.

180. Resolution at Right Angles.—It is often necessary to
resolve a force into components along and perpendicular to a
given line, the cases most frequently occurring in elementary
problems being those where the
force makes anples of 30°, 45°,
or 60° with the given line.

Let AC ropresent the given

, +force P, snd AB be the given
line, and let ./ BAC = 4.

r Drew AD yez'_npndicular to AB,

Pig. 88. and completn th's parallelogram

¢ABCD. Then AB, AU represens
the two uqmnd components. Let X, Y denote, these com-

ponents respectively. 1 “1. ]
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By referring to § 135, or to Appendix, §§ 5, 6, or from
trigonometry,* the student will have no difficulty in verifying
‘the following very important results :—

Where the angle 4 = 30° 45° 60°
X=| v3.P |dv2.P P
The component { 7= 1P WP | jva.P

181, DeriNrrioN.—The resolved part or resolute of a force
alonga given straight line is the component of the force along

that line when the other com-
ponent i3 perpendicular to .

Thus, let AB be the given
straight line, and let the givén
fdrce P be represented by AC.

Drop CM perpendicular on AB.

Then AM, MCerepresent the 4 -5
components of P alongand per- Fig. 6.
pendicular to AB.

Therefore AM represents the resolved part of P along AB.

This is the X-comp

ml(;l:dl:l;tng parallel to the line, X = P,
is or to the line, X == P,
HPis icular to the line, X = 0.

If the angle is obtuse, the resolved

in Example 1, below. Henoe the following results :—

v—

t of § 180; the Y-component o called the
to the line,

part is consifered negative, as

I the inclination

of the force Pis | 0° | 30° | 45° | 60° | 90° | 120° | 136° | 150° | 180°

i‘l'"ﬂ"dmm 2 ) 2| V3| v
oog the line is | v4| v3| w2l vil ¥ |_v1|_v2|_ v3|_v4

P multiphed by |+ |55 |+ |7 | T |" T " T (T2

¢ *Those who arp acquainted wigh the rudiments of Tri

will see that

would follow &t once.

=Pca4deﬁPainA.wheneothmnnlu
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En;ph.—-(l) A force-of 10 1b. makes an angle of 135° with a given
line, omolveitlntooomponenhdongmd?ﬁpendinﬂntoth&tlim.

Let XAC = 135° and let AC represent 10 1b.

Pcroduoe XA to B, and complete the rectangle
ABCD.

Then AB, AD represent the required com-
ponents.

Now £ BAC = 180° —135° = 45°.

Henoce the components along AB and AD are

AB = ACy} = 10X }/2 = 5y/21b,,
AD = ACy/{ = 10X §v/2 = 5y/21]b.

But the force 54/2 Ib. along AB acts in the opposite direction to that
in:;h'_!‘cyh AX is drawn ; hence this force is to be regarded as a minus
geantity.

Therefore the required components are

—54/21b. along AX, +54/2 1b. perpendicular to AX.

(2) Three forces of 5 1b., 6 lb,, and 4 1b. are inclined to one another
at angles of 120°. To replace them by two forces acting along and
perpendicular to the force of 5 Ib., and to find the resultant of the three,

Let OP, 00, OR represent the three forces.
aroudl\:m PO to B, and draw DOE perpendicular

Then BOQ = BOR = 60°. 2

Therefore the force @ 1b. along 0Q is

Fig. 60.

equivalent to
6x § 1b. slong 0B »
and 6x /3 Ib. slong 0D. fe Sths
ﬁ%‘farly, the force 4 1b. along OR is %
equivillent to R
4x §4b. along 08 v
and 4% $4/3 1b. along OE. Fig. 61.

We also have the force 5§ Ib. along OP.
Therefore the three forces are equivalent to
5 —3 ~21b. along OP and 34/3 —24/3 Ib, along 0D,
ie. zero along OR and 43 1b. along 0D.
Therefore the yequired resultant acts along 00, and its magnitude
= 4/31b, = 1:732 1b. nurly.‘

182, The algebraic sumrof the resolutes of two°forces in any
direction is gyual to the resolute ef their resultant in the same
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Let AX be the given direction, and let the forces P, Q and
their resultant R be represented as in Fig. 62.

Draw the perpendiculars BL, CM, DN on AX.
Then AL, AN, AM represent the resolutes of P, Q, R.
Now it is easy to prove geometrically* that AN = LM,

[}

Fig. 62.

» Therefore AL 4 AN = AL+ LM=AM;
.e. sum of resolutes of P and Q = resolute of R.

Cor. The algebraic sum of the resolutes of any number of forces on &
particle is equal to the resolute of their resultant in the same direction.

This follows at once by applying the theorem successively to the
resultant of two of the forces, that compounded of this resultant with
& third force, and so on.

Ezamples.—(1) To find the resultant of two forces of 1 1b. and 3 1b.
inclined at an angle of 30°.

Resolve the second force into components along and perpendicular
to the first. These components are 3x §4/3 and §x § 1b. respectively.

Hence the two forcls are together equivalent to forces 1 4 §4/3 1b.
and  1b. acting along and perpendicular to the first force.

Let their resultant be B. Then, by § 178,

R=(1+4+3v3P+(3=14+3v3+ 32+ =10+ 3y3;
& RB= /(10 4 3¢/3) = 4/(10 4 3% 1-732) = 4/15:196 ;
. . the resultant = 3-898 Ib. nearly.

(2) Two forces of 4/3 1b. and 1 1b. include an angle of 150°. To find
the magnitude and @irection of their resultant.

* For, drawing BK parallel to AX, the triangles DAN, CBK :ro equal
hmryre’peot; . AN= BK = |.H.
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Reduoe the forces to two forces X, Y ac along and perpendicular
to the direction of the force of 4/3 Ib. Theﬁzzguin lso.pe

X =4/3—}v3.1=}y30b,
Y=4}lb.;
L RB=X =34 3=1;
~. resultant R =1 Ib.
Now X, Y, R can be represented as the sides of a semi-equilateral

triangle ;
.. the resultant makes an angle 30° with the force of 1/3 1b,

183. To find the magnitude of the resultant of two forces
inclined to each other at a given angle.

Let AB, AD represent the components P, Q.

Let X be the resolved part of Q along AB.

Complete the parallelogram ABCD. Then AC represents
the resultant R.

Drop CM, DN perpendicular on AB.

Then BM = AN = X.

m
Fig. 63.
By Euo. II. 12, AC? = AB? 4 BC® -+ 2AB.BM.
Th&tefoﬂ m = P. + Q’ + 2Px ............. YY) (1)0

If £ BAD is obtuse, £ ABC is acute, and X is negative, and the
same thing follows from Eue. II. 13.

Hence, to calculate tke resultant of any two forces, it is
only necessary to deternfine X, the resolved part of one of
the forces along the line of action of the other, and to substitute
in the formula R= P4 Q4 2PX.,

Alternative Method —~The DAN or CBM bein} right y
we find the values (X, Y) m‘ nulorlll and zng ;gn.m

BCor AD. Then, by Eue. I. 47, we can find A, the hfpotetnn of the
right-angled triangle AMC, which rejresents R.
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hﬂuplu.—-(l) To ﬁnd the resultant of forces of 7 1b. and 11 1b.
inclined at an angle of

The ruolved ofthe second force in the direction of the first
== 5} 1b, ; therefore, if the resultant contains R 1b.,

Rr= 704 110 4+ 2,764
=49 + 121 + 77 = 247,
‘whenoe B = /247 = 15716 Ib. wt. (cf. § 168, Ex.).

(2) To find the resultant when the same
{oroes jnclude an angle of 120°.

If the direction of the 7 lb. force is
godoodhck\nrd- the 11 Ib. force will
found to make an angle 60° with it.

Hence X = ~ 8¢,
and R= 7+ 1114 2.7.(~5})
= 49 4 121 —77 = 93,
whence R = /983 = 9-643 lb. wt.

by
By the alternative method (see 64 -

ainds BC = 11 and the sngle Com & oo Fig. 4.

we have BM = 33 and CM = 33y/3.
Honce AC* = AM® + MC* = (7 —56})* + (My/3)' = £ + 2§23 = 93,
Thus R = /93 1b,, as before.

184. Particular Cases.—For certain inclinations of the
forces P, Q, we can apply (1) to write down the resultants in
a convenient form :—*

Fir 0, R=P4Q 4 \4.PQ;
30°, R=P+Q + 3.PQ;
5°, B=P+Q + v2.8;
60°, R=P+@ + v1.PQ;
90°, R=P+ + 0.PQ;
120° R=P4@¢ — y1.PQ;
135°, R=P+ @ — 2.PQ;
150°,  R*=P:4+ @ - 4/3.PQ;
180", Rt= P24 Q* — +/4.PQ.

In this table, thaexpncx‘onﬂorthemuluntmngenfordlmglu

anﬂlﬁpluoflﬁ ththpexoeptionofM‘. 76°, 105°, 165°.

® ® These are particular cases of the gneral trigonometrical formula
RY= P* + @* + 2PQ cos d for any angle 4.
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H the angle between the forces has any one of these four values, we
must draw two perpendicular lines 0X, OY inclined at angles of 45° to
the direction of one of the forces, thus :—

Q

Y Ezample.~To find the resultant of
forces 3 and 4 lb. inclined at an
angle of 75°.

Take a line OY betweenr the two
forces, making angles'45° and 30° with
them respectively.

Draw 0X perpendicular to 0Y, and
replace each force by its components
along 0X, 0Y. The work will now
be easy, and is left as an exercise for
the student. It will be found that
the rectangular components of R are
1-328 and 5-426 1b., and that

R = 5-586 1b.

Fig. €5.

185. Conditions of Equilibrium.—In order that a system of
forces acting on a particle in ore plane may be in equilibiium,
it is necessary and sufficient that the sums of the resolved
parts of the forces along two straight lines at right angles
shall be separately zero.

Let OX, 0Y be two straight lines at right angles.

If the forces have a resultant R, let X, Y be the resolved
parts of this resultant along 0X, OY. Then, by § 178,

R = X2+ Y2,
and, by § 182, Cor., )
X = sum of resolved parts of forces along 0X.
Y L ’» ” e ” OY'

Now, for equilibrium, R must = 0. Hence X2 Y2 must
= 0. But square quantities, such as X2 and ¥3, cannot be
negative ; hence they must scverally be zero. Thus the
condition R = 0 involves the pair of conditions X = 0 and
Y =0. .

Conversely, if these two conditions are satisfied, R =0,
and the forces are in equilibrium. .

OBsERvATIONS.—If X were zero and ¥ were Juot zero, the forces

have a resultant % perpendicular to 0X.

he proposition shows that, if the forces are in equilibrium, the suh
of the resolved parts along ey straight line is zerp, But this will
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necessarily be the case if the sums of their resolved parts along fwo
pe'ﬁlondiouhr straight lines be zero.

e same thing is true if the two straight lines are not perpendicular.
For, if the foroes were not in equilibrium, their resultant would have to
be perpendicular to both lines, which is impossible.

Ezamples.—(1) A icle is in equilibrium under the following
tem of horizontal forces®, viz. a force of P units to the north, Q to
e west, 4 to the south-west, 3 to the east. Find P and Q.

Here X=3—-Q—4xiv2 .

: =3-2v2-Q 2

and Y =P -2y2

Since the system is in equilibrium,

3—-2y/2-Q=0, Q —3

and P —2y/20.

Hence P = 24/2 = 2-828 units,
and Q = 3 —24/2 = 172 unit. )

Note.—If the value of Q had turned out
negative, this would indicate that @ must Fig. 66.

aot in the opposite sense to that assumed.
{2) To indicate the forces which enable a ship to sail partly against

the wind.

Let OCP be the direction of the ship’s
length, DC the direction of the relative
velocity of wind, ACB the direction ot
the sail, which must lie within the angle
DCP. Resolve the velocity of the wind
into two con:gonents, one perpendicular
to AB, the other along AB. The former
component produces a ure of the
wind against the sail, while, since there
is little friction, the effect of the latter
component may be neglected, Hence
the wind exerts a force R perpendi
to AB, represented by CR.

Fig.67. Now resolve the force R into its

components P, Q along and perpen-

dicular to the ship’s length, The component P tauses the ship to move

forward. The component Q, acting broadside or athwart the ship,

meets with very great resistance, and causes the ship to make lee-way,

as it is callod ; but the aggount of this is so small that the path of the

*ship is very nearly in, the direction CP, and st.il‘ makes an acute angle
with CD. .

* That i'.thoirdimtlmtllliei’a horisontal plane.
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__ In liké manner, if & barge be drawn by a tow-rope pulled from the
! in the direction CR, it will move very nearly in the direction of
ite length CP.
[When the ship moves uniformly, the forces on it are of course in
mﬂibn‘um, the components of R being balanced by the resistanees of
water. The greater the velocity of the ship, the greater the resistamce
.t encounters ; hence the greater must be the motive force P.}

EXAMPLES XVI.

1. Resolve the following forces into components, along and perpen-
dicular to the straight lines to which theypom inclinedgat thgegiven
angles— .

(i) 561b,, 0°; (iv) 12 oz., 60°; (vii) 4 tons, 135°;
(ii) 8 Ib., 30° ;" (v) 5 cwt., 90°; (viii) 24 grm., 150°;
(iii) 104/2 tons, 45°; (vi) 32 kilog., 120°; (ix) 3 mgr., 180°.

2. A force equal to the weight of 20 Ib., acting vertically upwards,
is resolved into two forces, one of which is horizontal and equal to the
weight of 10 1b. What is the magnitude and direction of the other
eomponent ? .

3. A vertical force of 12 Ib. is resolved into two equal components,
one of which makes an angle of 30° with the vertical. Find the
‘magnitude and direction of the other.

4. The vertical resolved part of a force making an angle of 60° with
-the vertical is 5 1b. Find the force and its horizontal component.

5. A force of 4 1b. bisects the angle between two straight lines which
include an angle of 120°. Find (i) the components, (ii) the resolved
parts, of the force along these lines.

6. Find the magnitudes of the resultants of the following pairs of
forces inclined at the given angles, namely—

(i) 8 u‘d 10 oz., 0°; (v) 17 and 144 mgr., 90°;
(ii) 2 and 4/3 tons, 30°; (vi)'12 and 24 kilog., 120°;
(iii) 1 and 4/2 Ib., 45°; (vii) 54/2 and 2 Ib., 135°;

(iv) 3 and 6 grammes, 60°; (viii) 7 and 8 owt., 150°;
(ix) 5 and 4 1b., 180°.

7. Two forces of 8 1b. and 12 lb. act at angles of 60°, 90°, 120° in
succession. Compare the resultants in the three cases.

8. Two forces of 5 1b. and 12 Ib. act at & point and are inclined to
each other at an angle of 60°. Find the tude of their resultant.

9. Indicate two forces, at right angles to each other, which could
maintain equilibrium with the forces of Ex. 8. ©

*10. Two forces P and Q actest such an angle that their resultant is

equal te P; -howthatif?lioreplmed byﬂPthono‘vtaulmtwinbo
perpendicular to Q. .
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»

11. AB, AC represent two forces of 25 1b. and 18 Ib. respectively.
It €D be drawn perpendicular to AB, AD would on the same nslyb :
represent 3 Ib. Find the resultant of the forces in AB, AC. .

12, Show that the greater the angle between the lines of action of
two foroes acting at a point, the less will be their resultant. :

18. A force of 12 lb., acting northwards, is resolved into taree
components, of which one is 64/2 lb. north.westwards, and another
8 1b. westwards. Find the magnitude of the third componeat.

14. Find the magnitude of the resultant of three forces of 1, 2, and
3 Ib. acting at & point along lines making angles of 120° with one
another.

15. The sides AB, BC, CA of the triangle ABC are respectively 6, 10
and 8 inches long, and a force of 16 1b. acts at the point A in the
direction of the line joining A to the middle point of BC. Find the
forces which, acting along AB, AC, will produce the same effect as this
foroe.

16. The following forces aot on a particle : 4 1b. due east, 54/2 Ib.
due nogth-east, 34/2 1b. due south.east, and 7 lb. due south. Find
the magnitude of their resultant.

17. Two forces, one of which is treble the other, act on a particle at
right angles to one another, and are such that, if the smaller force be
doubled and 8 1b. be added to the other, the direction of the resultant
will be unchanged. Find the two forces.

18. Two equal forces act at a certain angle on a particle, and have
& certain resultant. 1f the direction of one of the forces be reversed
and its magnitude be doubled, the new resultant is of the same.magni-
tude as before. Find the angle between the two equal foroes.

9. Show that the resultant of the two equal resultants in Ex. 18 is
equsl to either of them.

#20. Forces of 33 Ib. and £5 lb. act at & point and h!.ve for their
resultant & forco of 52 lb. Find tho cosine of the angle between the
two forces.

*21. Find the cosinc of the angle between the directions of forces of
86 and 25 units which have a resultant of 39 units. Show that the
angle itself exceeds a right angle.

22, A force of 124/2 1b. acts along a atraight‘line which is inclined
at angles of 75° and 156° to two straight lines at right angles. Find
the mesolved parts of the force along these lines by first replacing it by
its components along the #fitcrnal and cxternal bisectors of the angles
between them. ° ?

23, Caloulate, to two places of decjmals, the magnitude of th®
zesultant of forces of 44/2 and 24 lb. when the angle between them is

' 16°, and when it i 105° I -
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24, Calovlate, to ¢wo places of decimals, the magnitede of the
zesultant of forces of 4/2 and 5 1b, when the angls between them is
96°, and when it is 165°

25. Show that, if forces of 25, 30, and 55 1b. o particle at rest,
they must act in the same straight line. e

26. Forces of 1, 2, 3, and 4 lb. respectively aot along the straight
lines drawn from the ccentre 0 of a square Algntothamguhrpoint
A, B, C, D taken in order. Find their resultant.

27. Forces of 3 Ib., 4 1Ib., 5 Ib. act at a point in directions paraliel to
the sffles of an equilateral triangle taken in order. Find their resuitant.

28. A boat is being towed by & rope making an angle of 80° with
thsbo&t‘alength;themulhntlpnumofthonuronthbuemd
rudder is inclined at 60° to the length of the boat, and the tension in
thempahegdtothamightofhdfnm Find the resultant foroe,
appposing it to be in the direction of the boat's length,

EXAMINATION PAPER IX.
1. Explain carefully the msuner in which forces can be geometrically
Tepresented.

2. What is meant by the reculiant of two foroes, snd bow can it be
determined ?

3. Enunciate the proposition known as the * Parallelogram of
Foroes,” and describe an apparatus for verifying it experimentally.

4. Assuming the truth of the “ Parallelogram of Forces,” enunciate
and prove the proposition known as the “ Triangle of Forces.”

5. The greatest resultant of two foroes is 31 lb., and the least
resultant is 17 1b. ; what is the resmitant when the two faroes act at
Tight angles to one another ?

6. If five forces ac at & point can be represented in magnitude
and direoti bythe%dsmukminm.nhowthﬁ
they will be in equilibrium.

o R LT e et
) /) an .
their resultant. eq

8. Show that a forco may be resalved into two com in any
number of different ways, and explain what is meant by the resolved
part of & force in any given direotion.

9. Obtain the formuls giving the magnjtude of the resultant of sny
two forces acting at a point, in terms of the components and the
resolved part of one cpmponent along the line of action of the other.

¢ 10. Two forces of 12 1b. 15 1b. respectively, act at & paint, and
the. between their lines 8¢ action is 60°. * Find, to two places of
the magnitude of their resultant, ‘



CHAPTER XVII

THE INCLINED PLANE.
186. Equilibrium on a Smooth Inclined Plane.—The con-

ditions of equilibrium of a weight resting on an inclined

lane may be found very rea.d.i?y by means of either the
X’riangle of Forces or the Principle of Work, when the weight
is either pushed against the plane by a horizontal force, or is

suppo by a force acting along the plane.
T.he foroce employed to support or raise the weight is sometimes called

the effort or .

The base, and height of the plane will sometimes be denoted
Dby the letters I, b, & ; for the meaning of these terms see § 152.

In di it is usual to represent an inclined plane by its sectiont
ABC.

For experimental treatment ses § 333.

187. Equilibrium on an Inclined Plane under a Supporting
Force applied horizontally.

Let a body of weight W be supported at any point O on
the plane ABC by a horizontal force P,

It is required to find P, the dimensions of the section ABC
‘being supposed given.

The three forces which keep the body in equilibrium are :

i) The weight W acting vertic downwards, and there-
iol('e perpond?c%u to AB. “ly v

(ii) The applied force P acting horizontally, and therefore
‘perpendicular to BO.

(iii) The reaction Ot the plane, R, which, since t.ho‘phns
js smooth, acts perpendicular to OA. ) »

‘Therefore the taree forces W, P, B act perpendicular to
AB, B¢, CA rpspectively. :

1%
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Turn the inclined plane round, through a right angle, into
the position DEF, so that its base DE is now vertical and its
height EF horizontal (Fig. 69). Then the forces W, P, R are
parallel to DE, EF, FD.

D

}

8 £ F
Fig. €8. Fig. 69.

Hence, by the Triangle of Forces, the three sides of the
triangle DEF can represent the three acting forces W, P, R
both in direction and in magnitude.

Also the triangles DEF, ABC are equal in all respects;

therefore E-—Z—-—IE, or_I.).__.Z - R

EF DE_ FD BC AB _ CA'
P W R
- Therefore ’-.' = 3 = T’
or ‘ P=WX E;:g;t:ffpg% cecerassmennsenns(l)y
length of plane
R=W X mpl;—;‘;- .................. 2).

Sinee action and fpeaction are equal and opposite (by
Newton’s Third Law), the weight presses against the plane
with a force equal and opposite to the reaction of the plane,
and the magpitude of this force of pressuve is therefore R and
is given by (2). . ~

Corresponding to the condition ¢hat three forcesdn equilibrium must*
be representable by the sides strhnglolaknc'umdqcr.nhlvetho
obvious conditien that, for equilibrium, P must be & p1 shing force, as
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represented by the arrow, and not a pull in the opposite direction.
Generally, this condition may be thus expressed : If three forces at a
point are in equilibrium, and lines be drawn from the peint in the sense
(§ 165) of the forces, each line must lie outside the geometrical angle
formed by the other two. To illustrate this rule, the line of action of P
should be drawn on the right of 0, with the arrow pointing from 0.

Ezample.—To find the horizontal force which will support a weight
of half a ton on an incline of 30°.
Here BAC is a semi-equilateral triangle ;

BC = AB/y3 = ABx}y/3, or h=0bxiv3;
P= Wx4y/3=10cwt.x }/3,
required force = 5-7735 ... cwt.
= 5 cwt. 3 qr. 2§ Ib. wt. nearly.

NotE. The following results should be verified by the student
as an exercise :—
If the inclination of the plane is
0°, 50°, 45°,  60°,
thke horizontal force required to support W is
0, ViW, W,  4/3W,
and the force of pressure on the plane is
W, VAW, 2, 2W.

188. Equilibrium on an Inclined Plane, the Supporting
Force acting along the Plane.

Let a given weight IV rest on a smooth inclined piane of
given section ABGC, and let it be kept from sliding down by a
force P acting up the plane.

It is required to find the magnitude of P. )

Let R be the reaction of the plane.

Then the forces acting on the weight are

(i) W, acting vertically downwards ;

(ii) P, acting in the direction AC;

(iii) R, acting perpendicular to’ the plane (since the
' plane is smooth).

Produce the vert,ical CB to D, and make CD = CA. Also
draw DE perpendicular on the plane. Then the triangles
ABC, DEC are equal in all respects, afld therefore °

® EC=BC, DE= AB.
4 12

MAT. M".CB.
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Now, the forces P, W, R are parallel to the sides EC, CD, DE
of the triangle DEC. Therefore, by the Triangle of Forces,

P W R P W R

EC~TO~DE’ ™ BE — €A~ AP’
P W R
whence E<T<%°
R
[/
Fig. 70. Fig. 7.
_ 1y 5 beight of plane
Therefore P=W x Tength of plame "+ """ (3),
_ base of plane
R=W X m—pm .................. (4).

Ezample.—To find the force acting up an incline of 30° that will
support a weight of } cwt.
In this case the required force
. height of plane
= W ‘nfl.--———_.—.: ¥
welght % length of plane owt.x}

= ! ewt. = 28 Ib. wt,
Note. The following results should ¢ verified by the student
as an excreise i—
If the inclination of <he plane is
0, 30°, 45, 60°,  90°
the force up the plane which will cujport J¥ is
0; A I%IV; \/?. “7’ '\/4 “" '/%Wv
and the force of pressure on the planeis .

V4T, ViW, ViV, VAW, o,
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L]

180. Alternative Method.—The expression for P also follows very
simply from the Principle of Work.

Let the force P applied along en inclired plane pull the weight W
from the bottom to the top of the plane with uniform velocity.® Then
P moves its point of application along the length AC, and the weight
W is raised against gravity through the vertical height BC of the plane.
Equating the two amounts of work, we have

P length of plane = W xheight of plane,

height of plane
P= leen ol plame "+ e (3).

[Whon one smooth body slides on another, no work is done by or
agsainst their reactions.)

Ezample.—A road rises 440 feet in a mile. To find the pull that a
horse must exert on a cart weighing 6 cwt. to draw it up the road.

Let the force be P cwt. Then work done by P in moving its point
of n})pliuﬁon through 1 mile = work required to lift 6 owt. through
440 feet ; . Px5280 = 440 6;

6x440 6

o P= = 5= dowt. = 56 1b. wt.

. 5280

190. Equilibrium on an Inclined Plane, the Supporting Force being
jed in any direction whatever.
en the supporting force P is applied in
any direction other than those considered
above, its magnitude can, in general, only
be calculated by Trigonometry, but it may
be determined graphically thus :—

On the vertical through O measure 0D
downwards containing as many units of
length as there are units of force in the
weight W. Draw DF perpendicular to the
inclined plane, and let it meet the line in
which P is applied in the point E. Then,

by the Trianglc of Forces, EQ represents the \
force P, and DE represents the reaction R. hY
Hence, if the figure is carefully drawn, P N\
and R can be found by measuring the lengths . 0
EO, DE. Fig. 72.

For different directions of P, the point E e
always lies on the straight hne DF. Evidently EO is least when Eisat
F, because the perpendicular OF is less thin any other straight line
drawn from O to the line’D E.

* If the velocity were not uniform, the forcesh¥’, P, R wouid not bain
&quilibrium, and, momeover, we shoulddave to take account of the work
done in produei?g kinetic energy.
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")
Hent:: the force required to support a given weight is lenst when {4 acts

ne.
To ﬁndp.ll"' and R, having given the inclination FOE.
We find from the triangle ODF (as in § 188) that
OF = Wxh/l, FO = Wxb[l;
; #nd, knowing OF, the other sides EO, FE of the right-angled triangle
OFE can generally be found, and hence DE is also known.

191. The Triangle of Forces can often be applied to the
equilibrium of weights supported by strings, rods, or inclined
planes, when it is required to calculate the supporting forces.
In drawing a diagram to represent these, it frequently happens
that certain lines naturally form a triangle of forces, and the
problem is then very simple.

The following may be taken as types of such problems :~—
Ezamples.—(1) In the crane ACB, the jib or rod CA is 12 ft. long,
and is connected to the wall BC by a chain
' A AB, 8 ft. long attached at a point B 6 ft.
' v above C.
P To find T the pull of the chain and P the
8 thrust of the rod, when a weight W, equal to
18 cwt., is hung from A.
The forces at A are
(i) 7 along AB,
(ii) P along CA, .
(iii) W or 18 cwt. acting vertically, that is,
parallel to BC.
Fig. 73. Hence these forces are parallel to the sides
of the triangle ABC.
Therefore, by the Triangle of Forces, T, P, W can be represented
tin magnitude by AB, CA, BC.
But ‘' AB=51{t., CA=12ft_ BC=6ft;
s, AB=$BC and CA = 28C;
T=4¢W and P =_2W.

But W = 18 cwt, ;
».  tension of chain 7' = §:<18 = 24 cwt,,
and . thrust of jib P = 2X 13 = 36 cwt.

4 For experimental treatment see § 334.

(2) A ball 1 ft. in radius, and weighing 5 lb., rests against a smooth
wall, and is attached to a string which passe\ through a hole in the wall
at A, and is pulled wi‘h a force of 10 1b. To find the length of string
frojecting from the hole. .

. " Let R be the reaction of thetwall. »
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The forces on the ball are—

(i) Its weight 5 1b. acting vertically through its centre C;

(ii) The reaction R acting perpendicular to
the wall, and therefore in direction BC;

(iii) The pull of the string, or 10 Ib., in
direction CA.

The three forces are represented in direotion
by AB, BC, CA.

Therefore, if the length AB represents the
weight 5 1b., BC will represent the reaction R
and CA the pull of 10 Ib.

Now CBA = 90° and AC = 2AB;

. LBCA=30° /BAC= 60°;

S, BC= ABy/3; Fig. 74.
whenoe R = 54/31b. = 8:66...1b.
But BC = 12 inches;
. 2 _ 4. = . .
. & AC= 73 BC = Vsmchea 84/3 inches;

and, if D is the point of attachment of the string,
AD= AC—DC = 84/3 —12 = 1-856 in.

Thercfore the required reaction is 8:66 . . . Ib., and 1-856 in. of the
string projects from the wall.

(3) A weight of 1 ton is attached at B to a rod AB, which is drawn
aside from the vertical position through 30° by
a chain BD attached to B. Find the pull in
the rod, supposing BD to make an angle of 60°
with the downward drawn vertical.

Let R be the reql\:ired pull in the rod 8A, -
P the pull in the chain BD, Q§(=1 ton) the
givgn weight.

Take any point A on the rod, and let the
vertical through A meet DB produced in €.

Then the forces P, @, R are rcpresented in
direction by CB, AC, BA. Thercfore they can
0 also be represented in magnitude by these lines.

. L — In the figure, R
Fig. 5. £ BAC = 30°, (L ECB=60;

and .. £.CBA = 30°

Therefore ACB is an isosceles triangle baving.its base angles each
30°, and if G be joiped fo the middle point of AB, the trisagle ACB will
be divided into two triangles whose anglce ard30°, 60°, 90°.

= aB=2xY2he= v3ac.
& Irequired pull Z= /3¢ = '3 tous weight.
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EXAMPLES XVII. .
1. Find the horizontal forces required to support the following
weights on the given inclined planes—
(i) 12 1b. on an incline of length 10 ft. and height 6 ft.;
(it) 60 Ib, on an incline of height 7 ft. and base £4 ft. ;
(iii) 180 kilog. on an incline of 11 in 61 of length 122 metres.

2. Find also the works done in drawing cach of the weights of Ex. 1
up the plane on which it is placed.

2. Find the forces up the plane required to support the following
weights on the given inclined planes—

(i) 117 1b. on an incline of length 13 ft. and height 5 {t.;
(ii) 40 tons on an incline of 7 in 25 of length 50 yd. ;
(iii) 170 grammes on an incline of length 85 cm. and base 84 cm.

4. Find the works done in drawing eacl: of the weights of Ex. 3
up the plane on which it is supported.

5. Find the Lorizontal force, and also the force up the plane, required
to support a weight of '

(i) 36 oz. on an incline of 20°;
(ii) 124/2 1b. on an incline of 45°;
{iii) 120 grammes on an incline of 60°.

6. Find in cach case of Ex. § the reaction of the plane.

7. The lengths of the three inclined planes of Ex. 5 are 24 fect,
6 yards, and 75 centimetres respectively. Find the works done in
drawing the weights up the planes.

8. A weight resting on a smooth inclined plane is held in position
by a horizontal force. Draw a diagram cxhibiting the directions and
magnitudes of the forces acting, and calculate the force necessary to
hold 1 cwt. on a'plane tilted 30° from the lcvel () if acting horizontally,
(b) if acting at the beet angle. ‘

9. A weight W is placed on an inclined plane, and it is found that it
ean be supported by either a horizontal force 2P or a force P along the
plane. Find the inclination of the plane.

10. An inclined plane is 20 ft. long, and a horizontal force of 30 1b.
supr.crts on it a weight of 40 1b, Show that, if the plane be still further
tilted until its top is 3 ft. higher than before, and the force act along
the plane, it will still support the weight.

*11. A weight of 576 1b. is supported on an i cline of 18 in 65 by two
equal forces, one acting'hori.zontally and the other along the plane.
Find the forces. .

12. H a force P acting along af inclined Flane can support a weight
W, acd when acting horizontu%ly can support & weight oz, show that

Pt W3 —wl !

.
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13. Find into what two parts a weight of 50 1h. must be divided so
that one part hanging over the top of a plane whose length is 13 ft. and
heaght 5 ft. may balance the other part resting on the plane.

*14. A body, whose mass is 5 kilog., rests on a smooth plane inclined
at s angle of 30° to the horizon, and is supported by two forees. One
of )..s0 forces is equal to the weight of 2 kilog. and acts upwards along
tke plane, and the other is a force P acting upwards at an angle of 30°
tc the plane. Determine the valae of P when there is equilibrium.

1% A weight of 10 1b. is suspended by two strings, which are inclined
to ube vertical at angles of 45°. Find the pull in each string.

:0. A weight of 16 1b. is supported by two strings, which are inclined
at angles of 30° and 60° to the verticul respectively. Find the tension
of th= strings.

*17. An iron ball weighing 1 1b. is held up by a string, the upper end
of which is fixed. If the ball be drawn aside until the string makes
an angle of 30° with the vertical and then let go, state clearly what
foroes aot on the ball at the moment of release.

+ 1E. A stone, weighing 1 ton, is suspended in the air by a chain;
& rope fastened to the stone is pulled so that the chain makes an angle
of 0, and the rope an angle of 60°, with the vertical. Draw a very
e~wful figure, showing the three forces acting on the stone, and a
triangle representing them. Find the pull on the rope.

19. A weight of 20 lb., suspended by a string from a peg P, is pulled
as.de by another string knotted to the first at a point K and pulled
homczontally. Find the force necessary to pull it until PK is 60° from
*}.e vertical ; and find, at the same time, the force on the peg.

20. A picture, weighing 56 lb., is slung over a nail in the ordinary
wov by a cord attached to two ¢yes in the top horizontal bar of ita
freme., If tho height of the nail chove this bar is half the distance
ictween the eycs, what is tho t'nsion in the §ord? TUnder what
circumstances would ghe tension be ejual to or greater than the whole
weight of the pieture ?

£I. A picture is hung by & strinx fastened at two corners of its frame
and passing over a wmooth nail. What are the forces producing
e tilibrium, and how will the pull on the siring vary as it is made
lougar or shorter ?

"2, A weight of 12 1Y, is suspended b¥ two strings of cqual length
attuched to two pegs in the same horizentul line. n% the strings will
just break under a tension of 12 Ib., find the greatest angle that they
cau make with eagh other.

23. A piobur®, weighing 40 1b., is hung pith its upper and lower edges
horizontfl by & gord fastened at jts two upper corners and pasling over
a nail so that the parts of the cord at the two sides of the nail make an
angie of 6)° with each other. Find the pull in the cord in pounds
. weght,
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*24. A weight of 6 1b. is supported on an inclined plane by s certain
force ; the inclinations of the force to the inclined plane and of the
ir;clined plane to the horizon are each 30°. Find the reaction of the
plane.

25. A weight of b 1b. rests on a smooth plane inclined at an angle of
46° to the horizon. Find the least value of the force required to'support
it, and the thrust on the plane.

%268, A body, weighing 16 1b., is placed on a smooth plane inclined at
an angle of 30° to the horizon. Find the two directions in which a
force e%lul to the weight of the body may act to produce equilibrium ;
also find the reaction of the plane in each case.

27. A mass of 30 1b. is supported by two strings, one of which is

horizontal and the other is inclined at an angle of 30° to the vertinal.
Find the tensions of the strings.

28. AB and AC are two chains 9 ft. and 12 ft. long attached to pegs
B, C at a horizontal distance of 15 ft. apart. Find the pulls in the
chains when a weight of 1 ton is suspended from A.



CHAPTER XVIII,

TRANSMISSION OF FORCE: THE WEDGE.

192, Rigid Bodies.—In treating the conditions of equi-
librium of several forces acting “‘ at @ point,” we have supposed
the forces to be all applied to a single particle placed at that
point. When two or more forces act in parallel straight i'nes,
it is impossible to suppose them to be applied to the snme

.particle, for parallel lines never meet. They must, therefore,
be supposed to be applied to a body of extended size.
Accordingly, it will be necessary to state what is meant by
a rigid body before proceeding further.

DEeFINITION.— A4 rigid body 8 a body whose size and shape
clwaycfremain the same whatever forces be applied to different
parts of L.

By this it is implied that the distance between any two
particles of a rigid body always remains the same.

In realit body is perfectly rigid, but lid bodies be
regarded as rigid for all practioal purposes. Y i

193. Statical Property of a Rigid Body.—In the first place,

it will be observed that

_ T'wo forces acting at two points of a rigid body are in equi-
librium if, and only f, they are equal and opposste, and act in
4he same straight line.

This may readily be verified by attaching scringa to two points A, B
of a body (say a &nd) resting on a table (Fig. 76), and pulling their
ends apart hogizontally. The body will turn round until the strings
MA, BN are both in one straight line, anddwill then come to resy And,
since the forces produce no meation of the body as a whole (i.e. no

- znotion of translation), they must be equal and opposite.
* 185
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[If the body is again displaced so as to bring the strings out of one
straight line, it will not remain at rest, but will rotate back to its former
‘ position. Hence two equal and opposite forces which do no¢ act in
. the same straight line are not in equilibrium, but tend to produce
* yotation.]
From the above property we deduce the {following
principle :—

194, Principle of Transmission (or Transmissibility) of
Force—

A force acting on a rigid body may have its poin} of applica-
tion transferred to any point whatever in the straight line in
which it acts without affecting the conditions of equilibrium.

Fig. 76.

Let P be any force applied to a body at B in the direction
BN. Let A be any point of the body in tha straight line
BN or BN produced. At A apply two equai and cpposite
forces of magnitude P in the straight line AB. These two
forces balance each other, and therefore do nct affecc the
conditions of equilibrium of the original forces. Now consider
the two forces {- P at B and — P at A. By the property
just proved, these two forces balance each other, and therefore
they can be removed without affecting the conditions .of
equilibrium. We are, therefore, left with the force 4+ P at
A as the statical equivalent of the original force P at B applied

. in the same straight line ; as was to be proved.

The principle may alsd be stated thus—

When a force acts on @ rigid body, it is immaterial what point
n its line of action is considered to be the goint of application
of the force. r .

The'pnint of application may evencbe taken outsidesthe body, provided

that the force is applied to a particle rigidly connected with the body.
But a force cannot be replaced by an equal and parallel tofce acting at

auy w nos in its original line of action.
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Tension of & String.—~Tn thesame way it is evident that the tension of
a sirelched string is the eame at all points of its length. This property is
very important.

» 1132 Conditions of Equilibrium of Three Forces in One

_ If a rigid body is in equilibrium under three forces in one
plane, their lines of action must all be parallel or all pass
tiirough one common point.

For let the three forces be not all
parallel. Then the lines of action of
two of them must meet in some point,
say 0. By the principle of Trans-
mission of Force, we may suppose these
two forces to be applied to a particle

- of the body (or rigidly connected with
the body) at 0. Hence, as in Chap. .
XYV, they are equivalent to a single Fig. 77
resuitant force acting at 0. This
resultant and the third force balance ; therefore they must
be equal and opposite and in the same straight line (§ 193).
Iience the line of action of the third force must pass through
0, and therefore the three lines of action must all pass through
on: common point.

in addition to passing through one c on point, the
forces must be capable of being represenVed in magnitude
and girection by the sides of a triangle taken in order.

The conditions of equilibrium of three parallel forces will
be investigated in Chap. XX,

; 196, The point of intersection of the forces need not be within
the body.

Thus, let three cords be attached to a ring or hoop at the equidistant
points A, B, € (Figy 77), and let these cords be pulled with equal forces
in the directipn of radii OA, 0B, 0C. ,Then these forces will be in
equihbrium, for their directions pass th‘ough one common peint (viz.
the centre 0), #nd are inclined 8t angles of 120°. Hence the ring will
remain at rest notwithstanding the fact that the point O is not in the
substance of the ring itself. (See also § 199, Ex. 1.)
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197. The wedge is a triangular block which is used either
for splitting a body (e.g. a piece of wood) into two parts, for
separating two bodies, or for slightly raising heavy weights
off the ground. The section of the block is a triangle, and
the wedge generally studied on account of its greater utility
and simplicity is isosceles, and could be formed by two right-
angled inclined planes put back to back. A knife and a
chisel afford good illustrations of the principle of the wedge.

198. Conditions of Equilibrium of a Smooth Wedge.—Let a
smooth wedge, whose section is the triangle ABC, be driven
in between two bodies M,
N by a force P applied
on its face BG. Les @,
R be the reactions with

which M, N resist the
insertion of the wedge.
Then the wedge is kept

E in equilibnum by the
three forces P,Q, R, and,
since the wedge is smooth,
these forces act perpen-
dicularly to BC, CA, AB,
their directions meeting
i in some point 0,
' ‘;& Tgfre{:re, by thgelo I’er-f
endicular Trian o
Fle. B‘omes‘(or as shown by

the triangle DEF), P, Q, R can be represented in magnitude
by BC, CA, AB, respectively, that is,

P_Q_R,

BC., CA AB’
or, if a, b, ¢ denote the lengths of BC, CA, AB,

b c

a .
In the case generally &onsxdergd the section of a wedge
is isosceles, or b==c. Therefore".

Q=3=Px_.



THE WEDGE. 189

By sufficiently increasing the length b and making the
breadth a very small, a very small force P can be made to
overcome a very large resistance Q.

199. Equilibrium of a Hedvy Body: Applications to Prob-
lems.—The theorem of § 195 is very useful in enabling us to
find the conditions of equilibrium of a heavy body supported
at two given points by forces that are not vertical. The
;mses where the supporting forces are vertical will be considered

ater.

It will be proved in Chap. XXIV. that the weight of a rigid
body may always be supposed to act vertically at a single
point of the body, called its centre of gravity or centre of mass.
For ths present, the following particular results will be
assumed :—

(1) The weight of a heavy uniform rod or beam acts at its
middle point.

{2) The weight of a uniform sphere or cube, or of a circular
disc, acts at its centre.

1t will also be necessary to remember that—

The reaction of a perfectly smooth surface ts always perpen-
dicular to that surface.

Ezxamples.—(1) Equilibrium of a ladder.—A
uriform ladder of weight W leans against a
perfectly smooth wall. To find the thrusts
which it exerts againet the wall and ground
when the ladder is 20 ft. long and reaches a
be.ght of 16 ft.

Let AB be the ladder, G its middle point.

Let P denote the rcaction of the wall, R
that of the ground.

Then the three forces acting on the ladder
are—

- (i) Tts weight W acting vertically thrqugh G
{since the ladder is uniform);

(ii) The reaction P at B acting horizontally
(since the wall is smooth and vertical) ;

(iii) There‘etioﬂ R acting at A,

Since these forces are in equilibrium.‘they must pass thromgh one
point. Let the®vertical thx:oug': G meet the horizontal through B in
M. Then the reaction R must bet in the line AM.
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Lot MG meet the ground in N. Then the forces W, P, R aot in
the directions of MN, NA, AM, the sides of tho% AMN taken 1n
order. Therefore, by the Triangle of Forces, these sides may be made
to represent the forces in magnitude, so that if BO or MN represents
W, NA and AM will represent P and R respectively. Thercfore

NA AM
P= Wx-"—ﬁ. Re= Wxii-

Now AB = 20 ft., BO=186 ft.;
S AD® == 208 —16% = 4%(5% —42%) = 42.3% = ]2%;

S AO=12ft.;
and it is easily seen® that

AN = }A0 = 6 ft.
Therefore also
AMS == AN® 4- NM® = 6% 4 16% = 2%(3% 4 8%) = 2:x73;
oAM= 2¢/73 ft.
- Reaotion of wall P = le%=§8‘—v.
Beaction of ground B = W x 212 A4S
Indioate the forces which maintain (i) a uniform door, (i) & kite,

in equilibrium.

R (i) For the door, let CD be the median
o line ; then @, its middle point, will be the
5A centre of mass of the doar, i.e. the point

of action of its weight. In brief, the
weight acts along CD. The reactions R
and S at the hi A and B must aot so
that their lines v%“ﬁm meet at lotﬁ:
point E in €D. (What precise point thi
‘ will be is indeterminate without further
data.) The forces 8, R, W will then be
re nted by BE, EX, AB.

B VoTE.—In "& gate which merely rests
against a peg at B, the reaction BE is
horizontal, and the forces 8, R are com-

Fig. 80. pletely determined.

(ii) For the kite, we must premise that, owing to the absence of
friction, whatever be the direction of the wind, the only effect of it
will be to produce a pressure perpendicular to the face of the kite,
and the force due to this pressure may be taken to act at the
centre of gravity of the face, say at €, on the stery AB. The actual

* For.A@= GB; .. triv.nglel AGN, BGM are cqual in all respects
& AN -inr: = NO (the opposite sid> of the parallelogram MBON);
.. AN= }AO. ¢

-

e e

..
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>
centre of gravity of the kite, with its tail, will be at G, somewhat
lower down on AB; thus W (the kite’s weight) will act vertically
through 6. Let the directions of F and W meet at a point D behind
the kite. Then, at any moment when the kite is stationary, the direction
of the tension T of the string that holds the‘kite must pass through D.
Moreover, it will be scen from the figure that the line of action of T
mmust be above that of F. Hence the point of attachment of the etring

Fig. 81.

should be slightly above the centre of the face of the kite. Take any
convenient point H on the string, and draw HK vertically to meet the
direction of F' at K. Then the triangle HDK is a triangle of forces,
and shows us that the weight of the kite and the tension in the string
must bhe smaller than the force of pressure of the wind. (For, since
KHD is obtusc, KD is the greatest side of the triangle.)

(3) A uniform rod AB weighing 1 cwt., hinged at A, is supported in
a horizontal position by a rope attached to B, and making an angle of
45° with the rod. To find the tension in the rope and the force at
the hinge.

Let G be the middle point of AB. i

Let P be the tension in the rope, @ the
force at the hinge, apd let IV denote the
weight of the beam (1 ¢wt.). e P

Then the forces acting on the rod are— ! R {
(i) Its weight 1 cwt. acting vertically 4 oLl 8
through G. ..
(ii) Tho tension P acting along the string RN
at B. ’ .
(iii) The reaction Q of the hinge at A. D
These three forces must all pass through one Fi
point. Let tho vertipal through G meet the
rope at C. Than @ must act dlong AC. &Draw AD parallel to CB,
meeting GC produced in D. U
Then P, @, W &re reprcsentsbl’u?in direction, and therefore also in
magnitude, by DA, AC, CD.

a

X, 82,
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Since £/ ABC = 45° and 6A = BB, every triangle in the figure is
easily seen to be a right-angled isosceles triangle, and every angle in
the figure is either 80° or 45°. In the triangle DAC,

DA= AC= {v2.CD;
S P= Q= 3}v2W = {4/ 2 cwt.
Therefore the tension in the string is §4/2 of a cwt., and the force at

the hinge is also §4/2 of a cwt., and its direction makes an angle 45°
with the horizon.

EXAMPLES XVIII.

1. A heavy uniform ladder rests with its upper end against a smiooth
vertical wall ; show by & figure how to determine the direction of the
resultant force acting upon the foot of the ladder.

2. A uniform straight rod is supported by means of two strings
attached to a fixed point and to the ends of the rod. Show that the
tensions of the strings are proportiona) to their lengths.

*3. A uniform heuvy rod, whose length is 8 ft., is placed across a
smooth horizontal rail, and rests with one end against a smooth vertical
wall, the distance of which from the rail is § ft. Show that it will be
in equilibrium if the angle which the rod makes with the vertical is 30°.

4. A uniform heavy rod, whose weight is 16 1b., is movable about its
lower extremity and rests against a smooth vertical wall. The rod
E:ke:um angle of 45° with the wall ; find the thrust of the rod against

wall.

B. A weightless rod, 3 ft. long, is supported horizontally, one end
being hinged to a vertical wall, and the other attached by a stfing to
a point 4 ft. above the hinge ; a weight of 180 1b. is hung from the end
supported by the string. Calculate the tension of the string and the
pressure along th: rod.

6. A rod AB is hinged at A and is supported in a horizontal position
by a string BC, making an angle of 45° with she rod. The rod has a
weight of 10 1b. suspended from B. Find the tension in the string and
the force at the hinge. The weight of the rod may be neglected.

*7. A uniform rod, whose length is 12 ft. and weight 20 Ib., is rlnced
over a smooth peg 8o that one end rests against a sgooth vertical wall.
The distance of the peg from the wall is 9 inches. Find the position of
equilibrium and the force of pressure on the peg.

*8. A uniform rod, whose length is 12 ft. and weight 12 oz., is
over a smooth peg, so that one end against a smooth vertical wall.
The thrust on the peg is 24 oz. Find the distan'e of the peg from the
wall and the position of eqyilibrium.

*9. A pole, 24 ft, long, weighinx 60 Ib., rests with one end
the foot omal!, and from & point . ft. from the other end & cow
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horizontally to’a point in the wall 18 ft. from the ground. Find the
tenn'og of the cord, and the pressure of the lower end of the pole on the
ground.

10. A rectangular box, containing a ball of weizht 12 1b., is placed
on an incline of 30° to the horizon. The box is prevented from movin,
on the plane by a small projection. Find the tgrusts between the ba!
and the box.

. 11. A uniform rod, 10 ft. long and weighing 25 lb., is hinged at one
end, and to the other end is fastened a rope 16 ft. long, which is also
fastened to a point 10 ft. vertically above the hinge. Find the tension of
the rope and the reaction of the hinge. ’

12. A rod AB, weighing 12 Ib., is hinged at A and supported in a
horizontal position by a string BC making an angle of 45° with the
rod. Find the tension of the string.

*13. A uniform rod AB, inclined at an angle of 30° to the horizon,
and weighing 8 1b., rests with the end A against & rough horizontal
table, the end B being supported by a string attached to a point C
vertically above A. If BC be at right angles to AB, find the reaction
of the table and the tension of the string.

14. A uniform rod, whose length is 8 in. and weight 2 1b., is supported
with its upper cnd resting against a rough vertical wall by means of a
string attached to the lower end of the rod and to a point in the wall
8 inches vertically above the end of the rod against the wall. Find the
tension of the string and the pressure against the wall, if the string
makes an angle of 30° with the rod.

15. ACand BC are two smooth inclined planes at right angles to one
another, armd intersecting at their lowest point €. A uniform heavy rod
AB rests in equilibrium against them. Show that its middle point is
vertically above C. .

16. Construct a triangle whose sides represent the forces acting on
the rod in Ex. 15, and calculate the forces of pressuve of the rod against
the planes, the inclinatiors of the planes to the horizon being 30° and
60°, and the weight of the rod I lb.

*17. A pole 12 ft. long, weighing 25 1b., rests with one end against
the foot of a wall, and from a point in the wall 6 ft. vertically above the
bottom of the pole, a cord runs horizontally to a point in the pole 2 ft.
from its top extremity. Find the tension of the cord, and the pressure
of the Jower end of the pole .

18. A uniform rod, 15 in. long and weighing 12 Ib., is suspended by
two strings, 9 and 12 in. long, respectively, which are attached to the
ends of the rod and also to a nail above the rod. Find the position of
equilibrium ang the’tension of each string.

19. A wedge, whose triangular section us isosceles, and has ibs sides
10, 13, and 13 in-long, is used in plitting a stone. If the force applied
to the back of the wedge be 20J lb., find the force of pressure of the
stone on ezh surface of the wedge in contact with it.

MAT JMECH, K}
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EXAMINATION PAPER X.

1. Find the ratio of the effort to the weight on an inclined plane
: ‘when the effort acts parallel to the plane.

2. Find the force up the plane uired to su 8 weight of
! 125 1b. on an incline wb.lo,se height is m andbuei’.‘;pf‘:“

8. Two forces, one of which acts up the plane and the other is

. horizontal, support a weight of 32 1b. on an incline of 3 in 5. If the

. horizontal force be 9 lb., find the force acting up the plane. Find
also the total thrust on the plane.

4. State and prove the principle of Transmission of Force.

8. Show that, if three foroes in one plane keep a body in equilibrium,
, their lines of action must either meet in a point or be all parallel.

. 6. A string 14 ft. long has its extremities fastened to two points in a
horizontal line which are 10 ft. apart, and a weight of 75 1b. is attached
to a point of the string 6 ft. from one end. Find the tensions in the
two portions of the string.

7. A picture weighing 12 1b. is supported by a cord which
over a nail, and the two portions of the string are at right angles to
each other, the top of the picture being horizontal. n"nﬁ the tension
of the string and the reaction of the nail.

8. A smooth wedge, whose triangular section is isosceles and has its
sides 14, 25, and 25 in. long, is used for separating two stones lyin
close together. If the force applied to the back of the wedge be 70 Ib.,
find the force of pressure of each stone against the wedge.

9. A plummet, whose weight is W, is immersed in a current of water,
the string being beld in the hand, and the string ultimately settles in a

ition in which}it makes an angle of 30° with the vertical. Draw a
sio:énm showing|.he nature of the forces acting on the plummet, and
detgrmine the tension of the string.

10. A ladder weighing 60 1b. rests against & smooth wall of s house
at an inclination of 60° to the horizon. Find, to two places of decimals,
the foroe exerted by the ground on the ladder.



PART II.
MOMENTS AND PARALLEL FORCES.

CHAPTER XIX.

MOMENTS OF FORCES IN ONE PLANE.

200. Forces Tending to Produce Rotation.—If a body is
attached to a fixed axis or hinge about which it can turn
freely, we can set the body in motion by applying to it a force
in any direction not passing through the axis. And it is
easy to verify by a few simple experiments that, the further
off from the axis the force is applied, the more effect it has in
turning the body.

Consider, for example, a door which can turn about its hinges. To
open or shut the door, we apply a force to its handle in a direction
perpendicular to the plane of the door, and at a considerable distance
trom the hinge. 1f we press against the woodwork of the door at a
point very near the hinge, we shall have to exert a 1guch greater effort
to set the deor turning, while if we lean against the e‘gn of the door and
push it direetly towards the hinge, it will not turn afall.

In this chapter we ghall consuder the cquilibrium of bodies under
forces which tend to turn them about a fixed pont or axis; but shall
nov consider the actual motion of such bodies when the forces cause
them to rotate.

201. DeFiniTION.—T/c moment of a force about a fixed
point is the product of the measure of e force into the perpen-
dicular distance of the point from its line of activit.

Thus, if P be the force, and if OM is drawn ‘rom any point
0 perpendiculgr td the line of action of P, the product P X OM
is called the moment of the force P about 0. (See § 32(r)

The length GM may be cflled the arm of the momens.

Therefore moment = force X arm.
T 198
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The product PX OM becomes zero if either of its factors.
diminish to zero, that is,

et if P=0Q, orif OM=0.
s *. P In the latter case 0 is on the line of
i action of P.

p Hence the moment of a force about a
point vanishes when either—

(i) the force itself is zero ;

iz 83. (ii) the line of action of the force passes.
Fig. 83 through the point.

If the body be fixed so that it can only turn about 0, the
, force P cannot set the body in motion if its line of action
passes through 0. (For, by the Principle of Transmission
[ of Force, P may be supposed to act at 0, and O is prevented
. from moving by the hinge or support.)
Hence, when the moment of a force about a fized point
vanishes, the force has no tendency to turn the body about that point.
On the other hand, if the moment is not zero, the force
; P cannot pass through 0. But the reaction of the hinge or
i support passes through 0. Hence these two forces cannot
! act in the same straight line, and the body cannot remain in
equilibrium. It must therefore turn about 0, since no other
motion is possible.

L-..'.%Q ..... ]

"

Fig. 84. Fig. 85.
Moments positive about 0. Moments negative about 0.
202, Positive and Negative Moments.

" In forming the algebraic sum of the moments of any number
of forces, each moment is taken with its proger algebraic sign,
defined as follows :— . C

Motents which tend %o proguce rotation in the opposite

" direction to that in which the of a watch go are con-~
. sidered positive (Figs. 83, 84). \
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. Moments which tend to produce rotation in the same direc-
tion as the hands of a watch go are therefore to be regarded as
negative, and a minus sign is prefixed to their amount (Fig. 83).

Thus, if two forces have equal moments about a point, but tend to

produce rotation in opposite directions, the algebraic sum is zero, for
one moment is a plus and the other a minus quantity.

203, Geometrical Representation of the Moment of a Force,

If a force be completely vepresented by a straight line, its
moment about any point shall be measured
by twice the area of the triangle which the M
straight line subtends at that point.

Let AB represent any force P, then shall
the moment of P about 0 be represented by
twice the area OAB. -

Draw OM perpendicular to AB. Then Fig. 80.

area of A OAB = } base X altitude = }ABX OM.

Now AB represents the force P, therefore AB must contain
P units of length. Hence

moment of P about 0 = Px OM = ABX OM = 2A 0A3.

204, If a force P is applied at any point A, its moment about
Any point 0 is equal to the product
O0A X resolved part of P perpendicular to OA.

For let AC represent the force P. Complete ghe rectangle
ABCD, whose side' AD passes
through 0. Then, by the Paralldo-
gram of Forces, AD, AB represent
the components of P along and
perpendicular to OA.
 — Y N} Now AOAB= AOAC

Fig. 81. (since they are on the same base
and betwcen the same parallels).
Therefore moment of P about 0
=2£0AC=2A0A8 .
. = QAXAB
= 0AX resolved fart of P perp. to OA.
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205. The moments of two intersecting forces about any
point in the line of action of their resultant are equal and
opposite.

Let two forces P, Q act in the lines AB, AD, and let C be
any point in the line of action of their resultant R.

Complete the parallelogram ABCD.

Choose the scale of representation such that AD represents

the force @ in magnitude.
2] €  Then, by the Parallelo-
gram of Forces, AB and
AC represcnt the forces P, R.
Since ABCD is a parallelo-

gram,

Fig. 88.

A ACAB = ACDA.

But the triangles CAB,
CAD represent half the raoments of P and Q about C, and
' these moments tend to turn about € in upposite directions.
Therefore the moments of P, @ about C are equal and
opposite.

208. The algebraic sum of the moments of two inf
forces about any point in their plane is equal to the moment
of their resultant about that point (Varignon’s Theorem).

Let two 4arces P, Q act along the lines AB, AD.

Let 0 belany point in'the plane of the forces about whick
moments are to be taken. .

Draw 0D parallel to AB to meet AD in D.

Choose the scale of representation so that AD represents Q¢
in magnitude (§ 166 ; also compare § 205), and on the same
scale let AB be the length which represents P.*

Let the parallelogram ABCD be completed, and join AC,
80 that AC represents the resultant R of P, Q.

Case i.—If 0 lies without the angle BAD, as in Fig. 89, then
the moments of P,Q, R about O are positive and measu:yd

m-numpofmprodm&.ubomun;noud,um-mm

- - .
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by twice the triangles 0AB, OAD, OAC respectively ; hence
we have to show that
2A0AB 4+ 2A0AD = 2/ 0AC.
Now AOAB.= ADAC
(" bases AB, DC are equal and DG is parallel to AB);
<. 2A0AB -+ 2A0AD = 2ADAC + 22.0AD = 2A0AC,
or moment of P 4 moment of Q = moment of force R,

-0 o [

P
Fig. 89.

Cask ii.—If O lies within the angle BAD, say between AC
and AD, as in Fig. 90, the moment of Q is negative and is
represented by minus twice the area ODA, and we have to
show that

2A0AB — 2A0DA = 2A 0AC.
Now, as before, AOAB = ADAG,
. 2A0AB — 2A0DA =2ADAC — 2A0DA = 2A0AC.

Therefore, making allowance for the positive and negative
signs of the moments themselves, we have algebraically
' moment of P -} moment of Q = mome‘t of force R,

as before.

Alternative Proo?'.—By § 204 (using Fig. 62, p. 171),
Algebraic sum of moments of P, ) about 0
= Q0AXalgebraic sum of resolved parts of P, Q perpen-
dicular to OA
= QA X resolved part of R pergendicular to OA (§ 182)
= moment of R about 0.

In the next chapter, we shall show that Varignon's Theorem holds
good for two pargglel forces as well as for two intersecting ones, and,
generally, thet the algebraic sum of the moments about z;:oint of

. any number of forces in one plane throdgh that point is equil to the
| moment of their resultant.  J
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207. Equilibrium about a Fixed Point.—If a rigid body,
moveable about a fixed point, is kept in equilibrium by two
forces in any plane containing that point, the moments of
these forces about the point will be equal and opposite.

For, if the forces balance, their resultant must pass through
the fixed point. Hence the moments of the forces about
that point must be equal and opposite (§ 205).

Either of the forces, if it were to act alone, would set the body turning
round about the fixed point. Hence, since the body does not turn when
both act, we are led to infer that the tendencies of the forces to produce
rotation are equal and opposite.

Hence equal moments about a point represent equal tendencies to
produce rotation about that point. Moreover, if & force be doubled,
its moment about any point is also doubled ; and it is natural to suppose
that its tendency to produce rotation about any point is doubled.
Henoce we infer that the moment of a force about any point is a measure
of its tendency to produze rotation about that point.

Ezample.—A uniform rod AB, of weight W, is hinged at its end A,
and held at an inclination of 45° to the horizon by means of a string
attached at B, and making an angle of 30° with the rod. To find T,
the tension of the string.

The student should draw the figure. Lct @ be the middle lg:int
of AB; then W acts vertically through 8. Drop AM perpendiculdr on
its line of action, and AL perpendicular on the string. Equating the
moments of 7', W, we have

TxAL= WxAM.

Now BGAM is a right-angled isosceles triangle, and BAL is a semi-

equilateral triangle ;{
s AM= L6x}v/2= ABx}yv/2 and AL = }AB,
whence we readily find 7 = }v/2.W.

[}

208. Conditions of Equilitrium of Coplanar Forces.—Although it is
impossible here to fully investigate the conditions of equ.i]ibgium of
forces acting on a rigid body (that is to say, not all at one point) in one
plane, it is well to note the main results.

To the two conditions of eqailibrium given in § 185, must be added a

third.

Hence the conditions of equilibrium, when any number of forces in
one plane act upon a rigid body, are as follows :—

(a) The sums of the resolved parts of the forces atrng two directions
in the plane must be severallygzero. N

(b) The bnionmofthonomquofthefmoeluboutapdmh
ﬁnhzﬂm.g:ltbom
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[The former conditions prevent any motion of iranslation, the latter
prevents any motion of rotation.

The conditions for parallel forces (see Chap. XX.) will be found to be
included in these.]

EXAMPLES XIX.

1. Find the moments about a point 0 of the following forces acting
at the extremities of the given arms :— :
(i) 41b.; arm, 5 ft.; (iii) 4 cwt.; arm, 2 yd.;
(ii) 16 1b.; arm, 9 in.; (iv) 10 grm. ; arm, 5 cm.
2. Find the moment about a point 0 of a force of 18 1b, acting at a
point A along a line AB, where the length of QA is 20 in., and the angle
OAB is (i) 30°, (ii) 60°, (iii) 90°, (iv) 1356°, (v) 150°.

3. A horizontal rod, 10 ft. long, has a weight of 2 Ib. at one end, an
upward force of 12 1b. at a distance of 2 ft. from that end, a downward
force of 4 1b. at a distance of 6 ft. from the same end, and a weight of
6 Ib. at the other end. Taking the first end of the rod as the left-hand
end of the figure, write down the moments of the forces about each end
of the rod and about its middle point, prefixing the proper sign to each.
Also find the algebraio sum of the moments about these points.

4. ABC is an equilateral triangle whose side is § in. long. Forces
of 2, 4, and 8 b, act along AB, BC, CA respectively. Find the moment
- of each force about the opposite angular point.

5. ABC is an isosceles triangle, right-angled at C, and forces of
3v2, 2, and 4 units act along AB, BC, CA respectively. Find the
moment of each force about the opposite angular point.

6. OA, 0B are chords, 5§ and 12 in. in length, of a circular diso
OACB, whose diameter 0C is 13 in. If forces of 2 5 1b. act along
these chords respectively, find how the disc will begik to move if the
chords lie on opposite sides of the diameter 0C.

7. Two forces, of 5 a8id 12 Ib. respectively, act along the sides AB,
AD of the square ABCD. Find the perpendicular distance of the line
of action of their resultant from C if the side of the square be 13 in. long.

8. Show that, if two forces be represented in magnitude and direction
two sides of a triangle, taken in order, the sum of their moments
about every point in the base is the same. o
9. Two forces of 5 1b. and 10 Ib. act along the sides AB, AC of an
-equilateral triangle ABC, whose side is 14 in. Find the perpendicwlar
distances of their resultant from B and C.
10. A system oﬁor‘u in a plane is such that the sum of their moments
«about & point 0 in fhat plane vanishes. If the forces are not in yui.
Iil;hom. what do we know about thefir resultant ? (See Note at end of
§208.)
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11. Equal forces of 10 lb. each act along the sides AB, BC, etc,, ofs
regular hexacon ABCDEF, taken in order. The side of the hexagon is
4 in. long. Find the moment of each force about the point A.

12. Forces of P and Q units act along the sides AB, AD of a square
ABCD. Find the perpendicular distances of their resultant from the
threc corners B, C, D.

13. Forces of 6 and 12 1b. act from A to B and from A to C respec-
tively, along the sides of an equilateral triangle ABC, whose side is
3':‘f ft. long. Find the moment of each force about the middle point

BC.

14. Forces of 2and 7 1b, act from A to B, and from C to A, respectively,
along the sides of an equilateral triangle ABC, whose side is 10 in. long.
Find a point in BC-about which the algebraic sum of the moments of
the two forces will be zero.

15. ABCD is a square. Equal forces P actfrom D to A, A to B, and
B to C respectively, and a fourth force 2P acts from Cto D. Find the
algebraic sum of the moments of these forces about each of the corners
in turn.

16. Parallel forces of 2, 4, 6, and 8 1b. respectively, act at intervals of
a foot along a straight line, and their lines of action are at right angles
to the line. Find a point in the line about which the algebraic sum of
their moments is zero.

17. Forces of P and 2P units act from A to B and from D to A
respectively, along the sides of a aquare ABCD. Find tha perpendicular
distance of the line of action of their resultant from C.

18. Forces act along the sides of a triangle, taken in order, and are
proportional to the sides along which they act. Show that their
moments about the opposite angular points are all equal, and that each
moment is reprTented by twice the area of the triangle.



CHAPTER XX.

PARALLEL FORCES.

209. “ Like” and “ Unlike’ Parallel Forces.—In the pre-
ceding chapters we have considered the equilibrium of forces
whose directions intersect one another, In the practical
applications of mechanics, however, parallel forces are of even
more frequent occurrence than intersecting forces.

The following definitions will be required :—

DeriNiTiON.—Parallel forces which tend in the same
direction are said to be like. Those which tend in opposite
directions are said to be unlike.

If a force acting in one direction be. regarded as positive,
it is convenient to regard any unlike force as negative.

Thus, if there be forces of 28 1b. acting upwards and 56 Ib. acting
downwards, the two forces will be unlike, and if we consider the upward
direction as positive, the downward one will be negative, and the
complete expressions for them will be + 28 1b. and — 56 1b. respectively.

In compounding two parallel forces, their resultant, if it
exists, may be deduced from the resultantyof two intersecting
forces by making use of the property that two equal and.
opposite forces in the same straight line may be applied at
any two points ©f a rigid body without affecting the equili~

. briam of the body (see §§ 193, 194.)

210. To find the resultant of two like parallel forces.

" Let P, Q be the two parallel fgrces, A, B any two poinss
. on their lines of action which we may suppose to be their
points of application.

At A introduce a force of any magnitude F along AB;
at B introducd/an equal and opposite force F along BA (that
is, — F along AB); these two forbes will balance ealh other,
and will not affect the resdltant.

’ 203



204 " PARALLEL FORCES.

Now compound P with F, and Q with — F.

The two former are equivalent to a single force S at A, :
whose direction is within the angle BAP, and the two latter
to a single force T' at B within the angle ABQ.

Thus the forces S and T will intersect at a point M between
the forces P, Q, and will have a
resultant R acting at M, which
will also be the resultant of P
and Q.

Draw CM parallel to P or @,
cutting AB in C.

Replace the force S at M by
its components along CM, and
parallel to AC. These com-
ponents are, of course, the same
as when S acted at A, and are therefore P, F. Similarly,
replace the force T’ at M by its components along CM and
parallel to BC; these components are @, F.

Thus the two forces P, @ or S, T are together equivalent
to forces P - @ acting along CM, and F — F or zero parallel
to AC.

Hence the resultant of P, Q is P + Q acting along CM ; or,
in wo

The magnitude of the resultant is the sum of the com-

pomh.

The directiors of the resultant is parallel to the com-
ponents and in the same sense.

The position of the resultant lies between the two forces,
and may be found as follows :—

Since the forces at A are parallel to the sides of AACM,
therefore, by the Triangle of Forces,

F=S% o PxAC=FxCM.

Similarly, since the forces at B are parallel to the sides of

ABCH,

\v .
¢ f=-é-§. oL Qch =FX°M.
& PXAC= QxCB.
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If AB is taken at right angles to the forces, this relation
expresses the fact that the moments of P, Q about C are

equal and opposite.
We may also write the above relation,
AC_Q.
c8 P’

which shows that AC is greater or less than CB, according as
Q is greater or less than P. Hence

The resultant is nearer to the greater force.
It divides the line AB into parts which are in the inverse
ratio of the forces.

211. When two unlike forces P, Q act at A, B respectively,
and we apply to the body equal and opposite forces F and
— F, both acting in the straight line AB, these, compounded
with P, Q, give us two new forces S, T, and we must examine
whether these intersect or not.

If P, Q be unlike and unequal forces, let us suppose P to be
the greater, and construct the Parallelograms of Forces
ADGH, BEKL, so that AG, BK represent S, T respectively
(Fig. 92).

Since P>Q, DG>EK. Hence, by
placing the triangle DAG with its
vertices A, D on B, E (as in proof
of Buc. 1. 4), we see that / DAG>
/L EBK, and it readily follows from
Euclid’s twelfth axiom that BK
produced will meet GA produced
through A in a point M on the side
of the line of action of P remote
from Q (Fig. 93). Therefore S and
T or P and Q have a single resultant through M.

212. To find the/resultant of two m%equal unlike parallel
forces. .

Let P, Q be the forces, P bei‘g the greater, A, B any two
points on their lines of action. Introduce two equal and
opposite forcfe F, — F at A, B acting along AB. 8 be

e
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the force compounded of P and F, T the force compounded
of Q and — F. Then the forces S, T lie in the alternate
angles at A and B, and their lines of action will intersect at a
point M on the side of P remote
p 5 from Q (§211). Draw MC parallel

o to P, cutting AB in C.

Replace the force S at M by
its components P, F along MC
and parallel to AB, and replace
the force T at M by its compon-
ents @, F along CM and parallel
to BA. Thus the two forces P, @
or S, T are together cquivalent
) to P — @ along MC, and F — F

Fig. 93. or zero parallel to AB.

Hence the resultant of P, Q is P — Q acting along MC;
or in words—

The magnitude of the resultant is the difference of the
components.

The direction of the resultant is parallel to, and in the
sense of, the greater component.

The position of the resultant lies on the side of the greater
force which is -emote from the lesser force, and is found thus—

Since the folces at A are parallel to the sides of A\ MCA,

P MC o PxCA=PxMC.

Similarly, since the forces at B are parallel to the sides of
ABCM,

%=%‘—g, or QxXCB = Fx MC.

J. PXCA=0XCB;

or the moments of P, Q about C are equal and opposite.
We may also write this relation

LA, Q.
8 " P’

and. since we have taken @ less than P, CA is less than CB,
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which affords another proof that C lies on BA produced
beyond A. Hence

The resultant divides the line AB externally into parts which
are in the inverse ratio of the forces.

Ezample.~A man carries a bundle, weight 20 lb., at the end of a
stick a yard long over his shoulder, his hand holding the forward end.
Find. the forces of pressure supported by his hand and his shoulder
respectively (i) when 1 foot of the stick’s length projects behind his
shoulder, (if) when 2 feet so projcct.

If P and R denote the forces supported by the hand and shoulder,
in the first case, Px2 = 20x1, or P =10 lb.; hence R = 20+ 10
= 30 1b. In the second case, Px1 = 20x2, or P = 40 lb.; hence
R = 20 4 40 = 601b. Thus, by the second arrangement, R is doubled,
and P is increased fourfold.

213. Couples.—If P, Q are unlike and cqual, the method
fails, for the forces S, T' are themselves parallel, as is evident
from the construction of § 211. Two equal unlike parallel
forces are said to constitute a couple.*

In the present chapter we shall deal with parallel forces
that do not form couples. We shall, therefore, always assume
that they have a resultant or else that three or more of them
are in equilibrium.

214, The resultant of any number of parallel forces is
parallel to the forces and equal to their algebraic sum.
Let P, Q, R, S be the parallel forces taken witf their proper
] Then the two forces P, Q have a resultant P 4 Q
parallel to them ; thg forces P + @ and R have a resultant
P + @ 4 R parallel to them, which is therefore the resultant
of the three forces P, Q, R; the forces P+ Q@ + R and S
have a resultant P 4 Q@ 4+ R 4 S parallel to them, which
is therefore the resultant of the four forces P, @, R, S, and
80 on. .
is is true whether the forces are like or unlike, provided they are
en with positive or negative signs, as in § 208.]
It has been pr:;r}d in § 206 that the sum of the moments
of two intersecting/ forces about any yoint is equal to the

[
* Hence a couple in Statios does m’ simply mean * two of anything "
a8 in ordinary language.

’ .
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moment of their resultant. Hence it now remains to extend
the theorem to the case when the forces are parallel.

215. The algebraic sum of the moments of two parallel
forces (not forming a couple) about any point in their plane is
equal to the moment of their resultant about that point.

(Varignon’s Theorem for Parallel Forces.)

Let P, Q be the two parallel forces, R their resultant, O
any point in their plane. Through O draw a straight line
perpendicular to the forces P, @, R and cutting themin A, B, C

respectively. In this straight

R line apply two equal and opposite

forces F,— F. Let S, T be the

T & forces compounded of P, F and

\I‘ @, — F respectively; then R,

B the resultant of parallel forces

Fig. 94. P, Q, is also the resultant of the

forces S, T. Now the forces S,

T intersect one another (since P, Q do not form a couple);
therefore, by § 206,

moment of R about 0 = algebraic sum of moments of S, 7.

Also, P, Q are the resolved parts of S, T perpendicular to

OB ; therefore, by § 204,
moment of S about 0 = PX 0A = moment of P,
momen of T about 0 = @X 0B = moment of Q.
Hence moment of R about 0 = algebraic sunr of moments
of I, Q about 0,
or Rx 0C = Px0A + QX 0B, algebraically.

This relation is sometimes called the Equation of Moments.

Alternative Proof.—With the notation of Fig. 94, let P, @
be like forces. Then

Algebraic sum of moments of P, @ about 0
= Px0A+@x0B
= P (0C — AC) + Q(0C - CB)

° = (P +4) 0C + (Q.CB — }.AC)

= (P4 Q)0C--0(§210)= Rx0C
= moment of R about 0,

-
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A similar proof applies to unlike forces or to the case where 0 is
between the forces, provided that the moments are subject to the
usual conventions ing signs. The student is strongly recom-
mended to work out cases as exercises.

Cor. When three parallel forces are in equilibrium, the
algebraic sum of their moments about any point in their
plane is zero.

For each force is equal and opposite to the resultant of the
otLer two ; therefore its moment is equal and opposite to the
moement of that resultant, ¢.e. to the sum of the moments of
the other two forces.

216. Generalisation.—If any number of forces act on a body in one
plae, the algebraic sum of their moments about any point in that plane is
equcl to the moment of their resullant.

Consider two of the forces. Whether these intersect or are parallel,
algebraic sum of their moments about 0 = moment of their resultant.

Combine this resultant with a third force ; then,
algebraic sum of moments of the three

= moment of third force 4+ moment of resultant of first two
= moment of resultant of all three forces,
and so on, till all the forces have been compounded together.

Cor. 1. If any number of forces acting on a body in one plane are ia
equilibrium, the algebraic sum of their moments about any pcint ia
the plane is zero.

For their resultant is zero; therefore its moment about any point is
zero, and therefore, by above, the sum of all the mopents is zero.

Cok. 2. If the algebraic sum of the moments of any number of forces
about a point 0 in their plane vanishes, then eifher R must be zero, or
the arm of R must be acro. That is either the forces are in equilibrium
or they have a resultant passing through 0.

Ezamples.—(1) To find the resultant of two like forces of 5 1b. and
4 1b. applied at the ends of a rod 3 ft. long perpendicular to its length.

Let, AB be the rod, C the point at which the resultant cuts it. (Fig. 94
may be used, taking P =5 1b. and @ = 41}.)

Since the forces ara like, their resultant = 4 4 5 1b. = 9 1b.

Take moments about A. Then the moment of 9 lb. at C equals the
sum of the moments of 5 1b. at A and 4 1b. at 8, whence, taking a foot
a8 the unit of length,

9xeAGH 50 + 4x AB = 0 + 4x3 = 12;
5 AB = 33 ft. = 1} ft. = 16%n,
p Therefore the resultant acts at‘s distance of 16 in. from the & Ib.
orce.

MAT. MECH, ' * 14,

1 ]
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(2) To find the resultant of two unlike forces of 5 Ib. and ¢ Ib, epplied
at points distant 3 ft. apart.
n rTm Hication f the foroes bud thet
application of the forces a eir
}}_ Juaft o3 resultant.
Since the foroes are unlike, their
Qv#lbs  resultant = 5 —4 1b. = 1 1b.
Fig. 98. Taking moments about C, the
equation of moments gives
PxCA—-QxCB=0, or 5CA=4CB;
whenee, if CA ==z, bz = 4z + 3), giving z=12;
. CA=12ft., CB= 124 3 =15ft.

Therefore the resultant acts at distances of 12 and 15 ft. from the
8-1b. and 4-Ib. foroes respectively.

(3) To find the parallel forces which must be applied to a bar 9 ft. long
in order that their resultant may be a force of 12 lb. acting at 2 ft.
distance from one end.

Let P, Q be the required forces, BC the bar, A the point at which
the resultant acts.

Taking moments about C, we have c A B
PXCB=12xCA;
S Px9=12x2=2¢; l 1 1
5 Pm3tlb.=§lb. = 23lb. - S
Also P+ Q=121b.; Fig.%.

s Q=12-22=01lb.

217. Conditions of Equilibrium of Three Parallel Forces.
[ Let 2, @, R be the three forces

r ! 0 of which P, Q are like forces. Let

T 1| a straight line be drawn, cutting them
A B inABC “

In the figure of § 210, reverse the

R force Rsoz<to make it the equilibrant

¥ig. 97, instead of vhe resultant of P and Q.

., R has thus been changed in

direction only, not in magnitude nor line of action. Hence

we see that, when three parallel forces are in equilibrium, the
middle one is equal to the sum of the two outer ones, and
acts in the opposite sense. Also N
[ [} i a Q ) "
BC - CA’
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-..d, by & well-known theorem®*, each member
__P+Q _P+Q
T BC+CA BA
Now R is equal and opposite to P + Q.
Also AB is equal and opposite to BA.
- Hence the conditions of equilibrium tay be written in the
symmetrical form,

P O R
BG = CA— AB SRR ¢ § M
This result is analogous to the Triangle of Forces, and may
be deduced from it. The conditions may also be stated thus:
The two extreme forces act in the same direction, and the
middle force acts in the reverse direction and is equal and opposite
to their sum. Also each force is proportional to the distance
between the othcr two.

[Notice that P stands over the length which does not contain the letter
A, @, R over the lengths which do not contain B, € respectively.]

218, Experimental Verification : (a¢) DETAILS OF EXPERI-
MENT.—To verify, experimentally, the conditions of equi-
librium of three parallel
forces, take any rod, and
first find € the centre of
gravity (i.c. the point at
which its weight acts) by
making it balance on a
support placed ot that
point. Now suspend the
rod from two spring
balances attached at any
two points A, B, and
hanging vertically ; at C
attach any known weight,
and read off the spring balances.

(b) OBsERVEY Facrs—It will be found that the two
readings, whedl added together, age exactly equal {o the
Jate sum of numerators

a_c 4 -
I g=g each fraction = ;= = o denominators
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weight of the rod together with its attached weight, both of
which act at C.

Now let the distances AC, CB be measured. Then, if the
experiment be carefully performed, it will be found that the
readings of the two balances attached at A, B, and the total
weight at C, are proportional respectively, to the lengths
BC, CA, AB.

(c) DeEpucTiONs.—Hénce, if R denote the total weight at
C, and P, Q denote the upward thrusts exerted on the rod
by the two spring balances, we shall have

R=—(P+Q), PxAC=(QxCB,
“nd —_— = e = —— ]

agreeing with the conditions of equilibrium already found.

OBsERVATION.—The experiment can be varied by attaching a third
spring balance instead of the weight at C. If the thrce spring balances
are held horizontally, the rod resting on a table, the weight of the rod
will not affect the equilibrium, and it will be found that iie readings of
the three spring balances attached to A, B, C are respectively propor-
tional ;o 8C, CA, AB, thus verifying the conditions of § 217. See
§§ 327.9.

EXAMPLES XX.

1. Find the resnl¢ants of each of the following pairs of like parallel
foroes at the given distances apart, stating in each case the magnitude
of this resultant and its distances from each of the two components,
and illustrating by figures— .

(i) 2 1b, and 3 1b., 30 in. apart.

(ii) 12 oz. and 4 oz., 8 ft. apart.

(iii) 74 tons and 1§ tons, 48 yd. apart.

(iv) 3 1b. and 11 Ib., 56 ft. apart ;

(v) 4 and 16 grammes, 180 cm. apart ;
~ (vi) 100 and 80 kilog., 45 metres dpart.
¢ 2, Find, in like manner, the resultants of pairs of unlike parallel
onroels whose magnitudes and distances apart are given by the data of

x. 1.

3. Prrallel forces of 4 1b. apd 8 1b. act on a bar 12 f‘l long, the former
st one end of the bar and the latter gt the middle goint. Find the
magnitude and point of application of the force which will balsnce
them (i) if they are like, (ii) if they are unlike. ‘
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4. Like parallel forces of 10 Ib. and 15 1b. act at the ends of a bar

& ft. long. Find the force required to balance them and the distance

?f its point of application from the end of the bar at which the smaller
orce acts. :

5. A uniform bar, 10 ft. long, balances over a rail, with a boy,
weighing three times as much as the bar, hanging on to the extreme
end of it. Draw a figure showing the balancing position.

6. Two parallel forces, acting in opposite direclions, are to one
another as 5 : 6, and the distance between their lines of action is 1} ft.
Determine the line of action of their resultant.

7. Two unlike parallel forces, the less of which is 12 dynes, have
a resultant equal to 8 dynes, which acts at a distance of 18 cm. from
the smaller force. Find the line of action of the greater force.

8. A man carries a bundle at the end of a stick over his shoulder.
If the distance between his hand and the bundle be kept constant,
and the distance between his hand and shoulder be varied, how does
the force on his shoulder change ?

9. Forces P, 2P, 3P, 4P act along the sides of a square ABCD,
taken in order. Find the magnitude, direction, and line of action of
the resultant.

10. A man supports two weights slung on the ends of a weightless
stick, 42 in. long, placed over his shoulder. Find the point of support,
if one of the weights is three-fourths of the other.

11. A uniform rod, 5 ft. long and weighing 24 1b., is laid on a table
with 6 in. projecting over the edge. What weight can be bung at the
end of the rod before the rod will be pulled over ?

12. A weight of 4 cwt. is carried by two men on a weightless rod
8 ft. long. l§ﬂm wcight is hung at the middle of the rod ; one man is
1} ft. from one end and the other 2} ft. from the bther end of the rod.
Find the weight borne by each.

13. Two like parallel forces P and Q act at two points in a straight
lino, 21 in. apart. &heir resultant is a force of 7 lb. acting at & point
in the line 9 in. from P, the larger of the two forces. Find the magnitude
of the forces P and Q.

14. Two unlike parallel forces P and Q act at two points of a weightless
rod, 4 in. apart. Their resultant is a force of 1 1b, acting at a point of
the rod 3 ft. from P, the larger of the two forces. Determine the valies
of P and Q. *

15. Show that the resultant of two unlike parallel forces acts towards
the side of the greater of the two forces, and ca. never act between
them. What happens if the forces become equal ?

16. By how gfuch must P, the greater of two like parallel forces
P and Q, be diglini in order that tHe distance of the line ¥f action

of the resultant from P may bé the same as that of the line of action

of the former resultant was from Q?
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]

17. Two like parallel forces of 4 1b. and 6 1b. respectively, act at two
gints in a straight line, the distance between the two points being & ft.

ow far is the point of application of their resnitant moved when each
farce is increased by 1 1b., and in which direction ?

18. Two unlike parallel forces of 4 1b. and 6 1b. respectively, act at
two points in a straight line, and the distance between the points of
application of the forces is 2 ft. When equal additions are made to
the two forces the point of application of their resultant is moved
through 2 ft. Find what force is added to each of the given forces.

19. A uniform heavy beam, 8 ft. long, rests horizontally on two
supports, one at one end and the other 3 ft. from the other end. If
the greatest mass that can be hung at the latter end without upeetting
the beam be 20 Ib., find the weight of the beam.

20. Two men carry a uniform beam 15 ft. long and weighing 120 Ib.
One man supports it at a distance of 14 ft. from one end, and tﬁ:e other
man at a distance of 3} ft. from the other end. What weight does
each man support ?

21. A weightless rod, 15 in. long, rests horizontally with one end on
the eclge of a table and the other supported by a vertical string. If a
weighr of 6 1b. bz suspended from the rod at a certa:n distance from the
table, the tension of the string will be 4 1b. Find the force of pressure
ou the table and the point where the weight is attached.



CHAPTER XXI.

., SYSTEMS OF PARALLEL FORCES: COUPLES.

219. Method of finding the resultant of coplanar parallel

es.

When a number of parallel forces act on a rigid body, it
would of course be possible to find their resultant by com-
pounding two of them into a single resultant, then compound-
ing this result with a third, and so on. But if the forces all
act in the same plane, the same thing can be done more easily
by writing down the equations which express the facts that—

(i) the magnitude of the resultant equals the algebraic sum of
sts components (§ 214) ;

(ii) the moment of the resultant about ary point equals the
algebraic sum of the moments of its components (§ 216).

The point about which moments are taken may be chosen
anywhere in the plane of the forces, but some points (very
often one point) are generally more convenient than others.
But it is important to notice that the final result is the same
whatever point is chosen. ’

An outside point is generally the best to choose, as there is
then no difficulty in distinguishing the signs of the various
moments. .

Ezxample.—~Weights of 4 1b. l
long, weighing 121b. To find # 1z
thegpoinzgl:;ngvhich their result- . Fig. 99.
ant acts.

The three forces on the rod are 4 1b. and 12 lb. acting at its ends,

The magnitude off their resultant = 12 4 12 4 41b, = 28 Ib.

The required t 0, at which this redultant cuts the rod, may be
found by taking moments about ¢he end at which the 4 lb. acts. Let

216

0
a

and 12 lb, are attached to the l l
ends of a uniform rod, 14 ft.

and its weight 12 1b., which, since the rod is uniform, may be supposed
to act at its middle point, 7 ft. from either end.
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the distance of 0 from this end be z ft. Then the equation of moments
gives 28.z= 4.0 12.7 4 12.14 = 252.
S oz = 9ft.,

or :he point 0 is 9 ft. frox the weight of 4 1b., and 5 {t. from the other
end.

220. To find the resultant of any number of given parallel
forces acting in one plane.

Let P,, P,, P,, ... denote the given forces both in magnitude
and algebraic sign. Draw any line 0A;A,A, ... at right angles
to the forces. On it take any point O, the distances O0A,,
OA,, ... being known.

(i) To find the magnitude of the resultant.
The resultant of P,, P, is a parallel

g R P force of magnitude P, + P,; the
resultant of this force and Pj is there-
- % A fore P,+ Py+ Py; and so on.

Fig. 100. Hence the final resultant is a parallel
force R, such that
R=P,+ Py+ Pytuccereerrennnnn(1)
= algebraic sum of the forces.

(ii) To find the porition of the resultant R.

Let it cut OA,...in a point G, the position of which is
required. Sine> the moment of the resultant is equal to the
algebraic sum of the moments of the components,

5. R.06= P,.0A, + P,.0A,+ P;.0A; +....
P,.0A, - P,.0A, + P;.0A; +...
]

Hence 0G= B
__P,.0A,+ P,.0A, - P,.0A,+ ...
or 06 = PF P+ Pt .. IR

Equations (1), (2) determine, respectively, the magnitude
and position of the resultant.

I z,, z,, 3, ... denote the known distances of the component forces
fronx 0, and £ the require/l distance of their restltaut; equation (2) .
- P&, + Pty + P2y +...

& poll bt PN pid BOLY —-—’-———n-..-n.uu-uu & 0
bocomes =P TPt Pyt o (2a)
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221, Equilibrium of a Loaded Beam Resting on Two Supports.—When
@ beam is loaded with given weights placed at given points, and rests
in a horizontal position on two props, it is often necessary to determine
the forces of pressure on the props, or, what amounts to the same thing,
t:e reactions of the props on the rod (which are equal and opposita to
them).
These reactions, together with the weights on the beam, form &
system in equilibrium, and therefore
(i) The sum of the forces is zero,
(ii) The sum of their moments about any point is zero.

If we want to find the reactions one at a time, we therefore proceed
as follows :—

(i) Equate to zcro the algebraic sum of the forces (including the two
reactions), Thke cquation gives the sum of the reactions.

(ii) T'ake moments about one of the props. The reaction of that prop
has no moment, and thercfure the equation of moments at once gives tie
reaction of the other yrop.

If, in any example, the thrust on one of the props should come out
negative, it is to be inferred that the rod presses upwards on its support,
and that the latter has to hold it down.

Ezamples—~(1) A uniform R

rod, 10 ft. long, of weight W, ‘l‘
is supported on trestles at both A p_¢
ends, and a weight 51" is placed A l l
w

on it 4 ft. from one end. To
find the forces of pressure on
the trestles, .
Let AB be the rod, C the Fig. 101,
middle point at which its weight
W may be supposed to act, D the point of applicatiog of the weight 51,
Let R, S be the required forces of pressure at A, B,
Then, by equating forces, we have

SR+ S=5W4+W=0W .ccreeoerrrrnvinrnan. {i)e
Taking moments about A, we have
SX10= TFXb6 4 5 Xdeerieeiiirrecrininrnans fi)e
* From (if), § = £IW. Hence, by (i), R = 3.

(2) A uniform rod, 12 ft. long, weighin} 20 Ibh., has weights of 12 1b.
and 4 Ib. attached to its ends, and 8 Ib. attached at a distance of 4 ft.
from the 4-1b, weight. It is placed on two props, 8 £, apart, so that the
end with the 4.1b, weight projects 1 ft. To find the reuctions of the
pmlll:sl"ig. 102', 16 M, N be the props, agd let their reactions §e R lb.
and 8 Ib. respeclively. )

Let @ be the middle point of the rod at which its weight (20 Ib.) acts.
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(i) Here, since the sum of the upward force is equal and opposite to
the ;'um of the downward ones (or the slgehrﬁcegum of the forces is
2ero

R+8=12+20+8+4=44.

(ii) Taking moments about M, we have

8.MN = 12.MB 4 20.MG 4 8.MC —4.AM,

or 88 =12.11 + 20.5 + 8.3 —4.1
= 132 + 100 + 24 —4 = 252;
whence S =31} 1b.

Therefore B = 44 —31} 1b. = 12 Ib.
Henoe the thrusts on the props are 124 1b. and 31} Ib.
B 83 N 3 62C 3 N!A

BEER:

21bs s 20lds
Fig. 102.
[If wo had taken moments about N, we should have had N
R.NM = 4.NA 4 8.NC 4 20.NG —12.8N,
8R=4.9+4 8.5+ 3.20 —-12.3
= 36 40 4+ 60 —36 = 100;
whence R=12}1b,

ing with the value just found and affording a test of the acourso
3 the caleulation.] 7

222, DerFmNTTIQN.—A couple consists of two equal forces
acting in opposite directions along two parallel straight lines.
A couple cannot keep a body in eguilibrium, for it tends to
rotate the body : the points of application of the two forces
of the couple tending to move in opposite directions (§ 193).
Moreover, the proof that two parallel forces have a single
resultant fails for the case of a couple (§ 213).

.—In winding & clock I to the
ey forTwe G oty to make It Saove £o ong shls ot the Sther, but
simply turn it round. To spin a small top between the finger and
thum{, we apply & couple to it by moving the finger and thumb m:y
in opposite jons. To open & door we apply & couple to the v

223, DermvrrioNs.—The arm of a couplcla}uigfthe perpen-
dicular distance (AB, Fig. 103) between the lines of action of
<its two components (i.e. the two forces forming the couple).
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The moment of a couple is the algebraic sum of the moments
of its two components about any point in their plane.
The following is the fundamental property of couples :—

224. The moment of a couple is the same about all points
in its plane.

Let the couple consist of two equal and opposite forces
P,— P at B and A. Let 0 be any point in their plane.
Draw 0AB perpendicular to the forces.

'3

r'w——JJ A

Fig. 103. Fig. 104.
Then, if 0 does not lie between A and B, as in Fig. 1083,
algebraic sum of moments of forces = P.0B — P.0A
= P(0B — 0A) = P.AB.
If O lies between A and B, as in Fig. 104, we have
algebraic sum of mements = P.0B + P.A0Q
= P(AO + 0B) = P.AB.
Hence the moment of a couple about O 1s tndependent of the
position of 0 and is equal to the product P.AB.o
For an instructive experiment see § 331.

°|
|| S, ]

225. Alternative txpressions for the moment of a couple,

The moment of a couple may therefore be defined as—

(i) The product of the measure of either force into the arm of
the couple.

(i) The moment of either of the two forces about any point
in the line of action of the other force. °For
moment = Px AB = moment about A of P acting at B.

226. A couple be replaced by a single force.

For the monb?of a single force about any point on its line of action
s zero (§ 201). But the moment of a coliple about every poinfin ita
plane is a constant quantity, différing from zero.

Hence a oouple cannot have a resultant,
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*227. Two couples in the same plane whose moments are
equal and opposite will balance one another.

Let one of the couples consist of two forces P, — P acting
on the arm AB, and let the other couple consist of forces
Q, — Q acting on the arm CD.

Suppose that the forces Pand Q are not parallel. Then the
lines of action of the four forces must
form a parallelogram abed.

Since the moments of the couples
are equal and opposite about any point
in the plane, therefore the moments
about b of P and @ acting along ad
and cd are equal and opposite, and
therefore the moment of the resultant

Fig. 105, of these forces about b is zero (§ 206).
Therefore the resultant of P and Q
at d must pass through b, and therefore it acts along bd.

Similarly the resultant of — P, — Q at b acts along db.

But the latter resultant is equal and opposite to the
former, for the two components of the latter are respectively
equal and opposite to those of the former.

Hence the two resultants balance each other, .T P

and therefore the four forces forming the two
couples are in equilibrium.

CoRr. Prinkiple of transmission of couples.—A
couple may be replaced by any other couple of
equal moment. .

From this result we also see that a couple has no Fig. 108.
particular position of application, but that it may be shifted
anywhere in its plane without altering its statical eflect. The effect
of the couple depends, therefore, only on its moment and the plane in
which it acts. .

%228, A force, acting at any point of a body, is equivalent
to an equal and parallel force acting at any other point
together with a couple.

Let P (Tig. 106) bq a force acting at a\no"mt 0; to show*
that it is equivalent to an equal and parallel force P, acting
at any other point A, together with a couple.

.
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Introduce two equal and opposite forces P, — P, acting
at A, numerically equal and parallel to the force P at 0.

The effect of these forces will be to neutralise one another.

But the forces P at 0 and — P at A form a couple whose
moment (about A) is equal to the moment of the original
force P about A.

Thus the original force P at 0 is equivalent to this couple
and a parallel and equal force P at A.

Notz. Any number of coplanar couples are equivalent o a single couple
whose moment 13 the algebraic sum of their moments.

EXAMPLES XXI.

1. A uniform straight rod, 16 in. long, is acted on by five like
parallel forces of 2, 3, 4, 5, and 6 1b. respectively, acting at-intervals
of 4 in. Find the point of application of their resultant.

2. Weights of 16 Ib. and 9 1b. are attached to the ends of a uniform
straight rod 20 in. long and weighing 15 1b. Where must the rod be
supported in order that it may balance, and what is the pressure on the
point of support ?

3. A uniform beam, 4} ft. long, rests horizontally on two props
placed under its extremities, and the pressure of the beam on each prop
i8 5 Ib. Where must a weight of 54 1b. be placed so that the whole
pressure on one of the props may be 12 1b. ?

4. A uniform beam, 14 ft. long and weighing 120 1b., is at'ached
to two props, one of which is 3 ft. and the other 5 ft. fgom ita centre
Calculate the forces on the props when a weight of 100 Ib. is plawed
first on one end and then on the other end of the beam.

5. To a uniform rod weighing 28 1b., weights of 6, 8, 10, and 12 Ib.
are attached at equal distances, the weight of 6 1b. being at the middle
point of the rod. Find the point about which the rod will balance.

6. Forces of 3, 5, 7, and 9 Ib. respectively, act vertically downwards
at equal distances of 4 in. along a horizontal line. Find the point of
application of their resultant.

7. Weights of 1, 2, 3, 4, and 5 Ib. are hung st equal intervals of
8 in. nlong & weightless rod 24 in. long. Where must the rod be sup-
ported in order that it may remain horizontal ?

8. A uniform beam, 24 ft. long and weighing 200 1b., is supported
qn two props, one @ ftfirom one end and the o&l:e; 9 ft. from the othgr
end of the beam. Cslculate the pressure on'each prop when a man
weighing 180 lb. stands as near this latter end a8 he can without
upeetting the beam, and find his position,

L]
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9. A uniform horizontal bar, 16 ft. long and weighing 20 Ib., is
supported at both ends, while 4 ft. from one end a weight of 64 1b. is
bung. Find the reactions of the supports.

10. A uniform beam, 12 ft. long and weighing 56 1b., rests on and is
fastened to two m 5 £t. apart, ‘one of which is 3 ft. from one end
of the beam. A of 35 1b. is placed (a) on the middle of the beam
(b) at the end nearest a prop, (c) at the end furthest from a prop. Fi
‘the weight each prop has to bear in each case.

11. A see-saw oonsists of a plank 14 ft. long, weighing 80 Ib., and
two boys, whose weights are 60 1b. and 100 1b., sit on the plank at &
distance of 1 ft. from each end. Find where the plank must be sup-
ported in order that it may balance.

12. Two men carry & load of I cwt. suspended from a horizontal
uniform pole 12 ft. long, whose weight is 20 1b., and whose ends rest
on their shoulders. ere must the load be suspended in order that
one of the men may bear 94 1b. of the whole weight ?

13. A uniform rod, 3 ft. long and weighing 14 1b., rests on a horizontal
table with one end projecting 6 in. over the edge. Find the greatest
‘weight which can be hung on the end without making the topple
over.

*]4. Find the resultant of a force of 5 1b. and a couple whose arm is
2} ft. long and whose forces are each 4 Ib. State its position clearly
with reference to the 5 1b. force.

*15. Find the resultant of a force and a.couple acting in the same
plane on a rigid body.

16. Show that a couple has no particular point of application, but
may be shifted®about anywhere in the same plane without disturbing
the equilibrium of a body to which it is applied. s this true of a force ?
Explain the difference, if any.

*17. P and Q are like parallel forces whose lines of action are at &

distance p apart ; another unlike parallel force P +4- @ acts in the same

with P and Q at a distance ¢ from the force P. Find the moment

of the couple formed by the three forces (i) when P + Q and Q are on
the same side of P, (ii)-when they are on opposite sides.

18. Two forces of 10 ib. each act from A to B and from C to D,
respectively, along the sides AB, CD of a square ABCD; a third force
<f 12 1b. acts along the diagonal CA. Find their resultant, and show
in a diagram exactly how it acts.

19. Three forces act along the sides of & tgiangle ABC, taken in
oréer, and are proporti to the sides along h they act, their,
magnitudes being P.AB, P.BC, P.CA. Find moment of the
couple formed by the forces.
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*20. P and Q are like llel forces, and an unlike parallel force
P + Q acts in the same plane at distances p and g respectively, from
the two former, and between them. Find the moment of the couple
formed by fhe three forces. :

21. Forces of 4, 6, and 4 1b. act along the sides AB, CB, €D of a
rectangle ABCD ; and the sides AB, BC are 8 and 12 in. long respectively.
Find how another force of 6 1b. must act in order that the four foroes
may produce equilibrium.

EXAMINATION PAPER XI.

1. What is meant by the moment of a force about a point ? Explsin
<clearly how it can be represented geometrically.

2. Equal forces, each of 10 lb., act along the sides BC, CA, AB of
a triangle ABC. If the lengths of theee sides be 3, 4, and 5 ft., respec-
tively, find ,the moment of each forco about the opposite angular point.

3. Show how to find the resultant of two unlike parallel forces.

4. A uniform bar, 20 ft. long and weighing 300 1b., rests in a hori-
<zontal position on two supports, one of which is 4 ft. from one end of
the bar, while the other is 1 ft. from the other end. Find the force of
pressure on each support.

5. Show that the algebraic sum of the moments of two parallel
forces (not forming a couple) about any point in their plane is equal
to the moment of their resultant about that point.

6. How would you verify, experimentally, the conditions of equi-
librium of three parallel forces acting upon a rigid body.

7. What is meant by a wuglo- in Mecharics§ Show that the
moment of a couple is the same about all points in its plane.

8. Show that a force aoting at any point of a body is equivalent to
an equal and parallel force acting at any other point and a couple
about that point.

9. State (without proof) the conditions which must be satisfied in
order that two couples may balance.

10. If six forces are represented, fully, by the sides of a regular
hexagon, taken in order, show that they constitute a couple, and obtain
& measure of its moment, *



CHAPTER XXII.

MACHINES: THE LEVER: THE WHEEL AND
AXLE.

229, A machine in Mechanics means any contrivance in
which a forte applied at one point is made to raise a weight
or overcome a resisting force acting at another point. The
former is called the effort or power, the latter the resistance
or weight.*

In what follows, the effort will be denoted by P, and the
resistance by either @ or W, the letter W being generally
used when the resistance is a heavy weight which the machine
has to lift.

Machines are used for the following purposes :—

(1) To enable a person to raise weights or overceme
resistances so great that the effort he is capable of exerting
would be insufficient without the use of a machine.

zample.—A truck drawn up an inclined plane to any required heigat
wlgn it is too heavy to be liftepd bodily off the ground.y 1 h

(2) To enable the motion imparted to one point of a
machine to produce a much more rapid motion at some
other point.

Example.—A bicycle, or a winnowing machine.

(3) To enable the effort to be applied at a more convenient
point, or in a more convenient direction, than that in which
the resistance acts.

Example.—~A poker used to stir the fire, & rope and pulley for raising
a bucket from a well.

* The terms * power " and * weight ** are psed in the older books on
Mechanics, and still sometimes oocur in examination papers; but
“ power " also signifies * rate of working,” such, asthorse-power, and

are often used ix overcoming resistances other than those due’
to gravity or ** weight.”
224
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In every case a machine must be capable of moving the
point of application of the resistance, i.e. of doing work against
the resistance, and the Principle of Work teaches us that, in
all cases, an equal amount of work must be done by the
effort in moving the machine ; in other words, we must
as much work into the machine as we want to get out of it.

230. The Mechanical Powers.—The simplest forms of
machines are called the mechanical powers, and it is usual
to distinguish the following six forms of them :—

The inclined plane. {Chap. XVIL.]
The wedge. [Chap. XVIIL.]
The lever.

The wkeel and axle, and windlass.
The pulley and systems of pulleys {Chap. XXIIL}
The screw. [Chap. XXIIL.}
In every case we suppose these machines to be devoid of
friction, and in Statics we are chiefly concerned with finding
the relations between the effort and the resistance, when
there is equilibrium.

231, Mechanical Advantage: DervrrioN.—The mechanical
advantage is the number which expresses what multiple the
resistance is of the effort, t.e. »

mechanical advantage =—"_—_—_ = =< or —.

Consider, for cxample, a smooth inclined plane at a slope of, say,
1in 20. By applring a force of 1 cwt. along the plane, it is possible
to draw a weight of 20 cwt. or 1 ton up the plane, and if the plane be
long enough, this weight may be raised to any desired height. The
resistance to be ovorcome is that due to gravity, viz. the weight of
20 ewt. It is therefore twenty times the effqrt, and we say that the
mechanical advantage i 20. Generally, if the effort acts up a smooth
incline of 1 in », the mechanical advantage is a.

232. The lever is a rigid bar capable of turning freely about
a fixed point of éurport. This point is called the fulcrum,
The effort is a forcelpplied at any pointlof the lever, so as to
turn it about the fulcrum, and thus to raise a weight or
overcome a regjstance applied at any other point.

MAT. MECH. 15
.
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The lever is most often a straight rod, the two arms therefore being
in one m&ht line, and the effort and resistance generally act perpen-
dicular to the arms. But these are mere matters of convenience.

In thaoretical calculations we neglect the thiclness of the lever and
most frequently assume it to be without weight.

For experiments on levers see § 332.

233. To find the mechanical advantage of the lever when
the forces act perpendicular to the arms.—Let C be the fulcrum,
CA, CB the arms, and let a force P applied at A perpendicular
to CA support a resistance @ applied at B perpendicular to

a
Fig. 107. Fig. 108.

€B. Then the condition of equilibrium requires the moments
of P and Q about C to be equal and opposite, and therefore

(Fig. 107)
PxCA=¢@QxCB.
This condition may be written
' Q_CA

P B

. . ____arm of effort .

S mochmncaladv»:nta.geP 2t of re 1);
or the 'egort and resistance are inversely proportional to the arms
on which they act. «

Hence, by applyipg the effort at the end of a long arm
and the resistance very near the fulerum, the mechanical
advantage may be made very great, and a man may raise a
weight may times greater than he could lift bodily off the

ground.
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23¢4. Mechanical Advantage of Levers in General.—-Where P,
Q do not act perpendicular to CA, €B, we must drop Ca, Cb
perpendicular on their lines of action (Fig. 108).

Taking moments about €, the condition of equilibrium now

Sqoomes PxCa=QXxCh.
. 3 Q — E
o mechanical advantage P
— _ perp. dist. of effort from fulerum
perp. dist. of resistance from fulerum’
Example.~A straight lever, whose arms are 2 ft. and 3 . long, rests
at an inclination of 60° to the horizon, and a weight of 18 Ib.

vertically from its shorter arm. To find the horizontal force whi
must be applied to its longer arm in order
to balanoe.

) 4

Let ACB be the lever (Fig. 109). Theh,
if P, Q denote the effort and weight, the
directions of these forces make acute
angles of 60° and 30° respectively with
AB; therefore CAa, BC) are semi-equi-
lateral triangles.

Henoe Cs = §4/3x3
and Ch=§x2=1

Therefore the Lever Equation gives

Px§v/3x3=QxX1=18
‘whenoe required force P
18xX2 _ 18x24/3

-18&
=339

= 44/3 Ib.

Fig. 109.

235, Conditions of Equilibrium of a Heavy Lever.—When the
weight of a lever itself has to be taken into account, the
condition of equilibrium mav be found

B as in other cases by taking moments
P about the fulcrum.

w Ezample.~In & uniform heavy lever, whode

* 4 fulerum is at one end) s force of 3 Ib. at the

Fig. 110. other end will lift a load of 8 lb., and a foroe

of 4 1b. will lift & load of 12 1b. To find the
weight of the lever and the point of applicatidn of the load.
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Let w be the weight of the lever acting at its middle point @.
Let the load be ﬂaced at B, and let CA =2, CB =2z. Then, by
taking moments about €, we have

3xa=wxia 4 8xz,
4Xa=wx}la+ 12xr.

Subtracting, we have 6= 4zx;
. S Z=4}a, or CB = }CA;
" whence, by substitution, w=21b,

! That is, the weight of the lever is 2 Ib. and the distance of the load
from the fulcrum is } the distance of the effort.

236. The Three Classes of Lever.—Straight levers are some-
times divided into three classes, according to the relative
positions of A, B, C, the peints of application of the effort-
and resistance and the fulcrum. We shall suppose the effort
and resistance to be parallel. In considering the different
cases, it is convenient to use the symmetrical conditions of
equilibrium of three paralle]l forces. If R be the reaction of
the fulcrum on the lever, we have, therefore, by § 217,

P_ Q@ _R

the middle force acting in the opposite direction to the outer
ones and being equal to their sum.
The thrust®of the lever against its support at € is a force
ual and opposite to R.
°ql’ox' convenience we shall often suppose that the resistance
¢ is a weight which acts

? downwards.
A ¢ 8 237. Aleverof thefirst

class (Fig. 111) is one in

which the folerum is

placed between the effort
Fig. 111. ard resistance.

Here B is the middle
fdice ; therefore P, Qeact in the same diregtion, and B in the
opposite direction, alsy

,B=P+Q.

G-

L™ P
X
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Thus, in order to lift a weight, the efiort must be applied
downwards, and the reaction acts upwards (so that the lever
Ppresses downwards on the fulcram).

A
2S£t R
; %
8
ﬁ [+

[
Fig. 1125
In this lever, BC may be either greater or less than or equal
to CA. Therefore the effort may either be greater or less
than or equal to the weight which it has to lift ; so that-the.
mechanical advantage may be less or greater than, or equal to unity.
Ezxamples of this Class. .
—Thehandleofapump; 7",

a crowbar when it rests '\ 4} K e
on a block in front of  “IITIIIIITew,
the weight to be lifted Pv N

and not with its end on X

the ground (Fig. 112);
a poker, used to raise
the coals in a grate, a
bar of which is the ful- Fig. 11k
crum ; a spade, in digging ; a see-saw. i
Double Lever.—A pair of scissors. Fig. 113 shows the forces

- acting on the arms of

' 1}; the scissors, those on

f -] ¢l the dotted arm being
4 accented.

Q 238, A lever of the

Fig. 114. second class (Fig. 114)

is one 1n which the re-
« gistance is ph&etz:letween the fulcrum and the effort. o
Here Q is the ‘middle force ; therefbre P and R act in the
same direction, and @ in the opposite direction, also
. Q=P+ R, R=Q-—P.
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Thus, in order to lift a weight, the effort must be applied
upwards, and the reaction of the fulcrum also acts wpwards
(so that the lever presses downwards on the fulcrum).

Fig. 115,

Since CA > CB, the effort is less than the weight ; so that
the mechanical advantage is always greater than unity.

Ezamples of this Class.—A wheelbarrow (Fig. 115), the
. $ulcrum being where the wheel touches the ground ; a crowbar,
" .when the lower end rests on the ground.

Note. In the wheelbarrow half the effort is applied at each handle.

Double Lever.—A pair of nut-crackers, the forces on the two
arms being shown in Fig. 116.

#239. An oar is often called a lever of the second class. It cannot
be strictly said to belong to either
class. If the boat were kept at rest
and the oar used to scoop the water
backwards, it would be a lever of
the first class, with the rowlock as
fulerum. When the boat moves

B -o ) --"é‘l:‘ forwards instead of the water moving
<! ,_r___._.---“ 3’ backwards, the relative motion and
A‘u.: v H the reclation between the effort

: & } applied to the handle and the resist-
Fig. 116. ance of the water are the same as

before, and can be correctly found by

treating the oar as a lever of the first class.
¢ The next class of levers is rarely used, for, since the mechanical
i &dvantage is less than unity, a greater effort is necessary to overcome

tb: resistance than if no lever were used at all. N

\ .
240. A lever of thatﬂurd class (Fig. 117) is one in which
 the effort is applied between the fulcrum and the resistance.

»
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Here P is the middle forve ; thereforeQ, R act in the same
direction, and the effort P acts in the opposite direction; also

P=Q+R,
or R=P—Q.

Thus, in order to lift a weight, the effort must be fed
upwards, and the reaction of the fulcrum acts ; 80
that the lever presses
upwards on the ful- v j
crum. c

Since CB > CA, the
effort is greater than
‘the weig”l;ti;a;o that the
mechans vaniage is
always less than unity. Fig. 117. )
dghé:;::mtimuexmdbyuyingthbmt-m

Ezamples of this Class.—The treadle of a turning-lathe a2
soissors-grinding machine ; the human arm.

Double Lever.—A. pair of tongs (Fig. 118).

& e—f

241, The wheel and axle are two cylindrical rollers joined
together with a common axis terminating in two pivots about

. which they can turn ‘freely. The lgrger roller is called the
wheel, and the smaller the axle. Both the wheel and the
axle have ropes coiled round them in opposite directions. The
rope on the axle supports the weight, and the effort is applied
by pulling the rope attached to the wheel. As the rope round
the wheel unwinds, that round the paxle winds up and*raises
the weight. Fig. 120 shows an end'view of the arrangement.
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242, Mechanical Advantage of the Wheel and Axle.—The
condition of equilibrium is the same as if the strings were
really in a vertical plane perpendicular to the common axis
as they appear in Fig. 120, and therefore the moments of the
effort P and weight ¥ about the axis are equal and opposite.
Here, if a denotes the radius of the wheel, and & that of the
axle, then a, b are the arms on which P and W act, and
therefore

Pa= Wb;
t.e.  effortxrad. of wheel = weight X rad. of axle.
- mechani __ W _a __ rad. of wheel
- cal advantage = =g rad. of axle

By making the wheel larger and the axle smaller, the
mechanical advantage will be increased.

b 4 ' vyw
Fig. 119. Fig. 120.

The wheel and axle is thus really equivalent to a lever whose arms
are the radii of the whee! and the axle. But the lever can only be used
for raising weights through short distances; the wheel and axle will
lift them to any desired height.

[Instead of the rope being coiled round the wheel, an endless rope
may be used, passing rournd a groove cut in the rim of the wheel, as in
& common roller-hlind, provided proper precautions are taken to prevent

. the rope from slipping round in the groove.]

243, The windlass (Fig. 121) is a modification of the wheel
and axle, the only difference being that the effors is applied
by tuiaing a handle AH, at the end of an am CA, It is
commonly used for raising buckets of water from a well, or
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earth from a shaft. [An improved form has two buckets so
arranged that the empty one goes down as the full one comes

up.] A H

P

:
.
1
H
v
w

b
w
Fig. 121, Fig. 122,

244, Mechanical Advantage.—If a is the length of the arm
CA, the equation of moments gives, as before,

Pa=Wbh;

a _ length of arm
g .advantage = - = - —°—————,
and .. mech. advantage 5 = radius of axle
the length of the arm taking the place of the radius of the
wheel.
[If there are two buckets, and the total ascending and descending
weights are W and », we shall have, by taking moments,
Pa= Wb—ub= (W —w)b.]
Ezample.—The axle of a windlass is 8 in. in diameter, and carries
two buckets of equal weight on opposite sides. To find the force
.which must be applied to a handle, whose anm is 2 ft., to raise 3 gallons

of water, a gallon weighing 10 1b.

Let P be the force, w the weight of each bucket. Then, since the
radius of the axle is 4 in., the arm of the handle 24 in., and the total
weights on the two sides w and w + 30 Ib., we hav¢, by moments,

PX24 + 0wX4 = (w4 30)xX4;
whenoe P =3]lb.
[Notice that the weighta of the two buckets balance each other.]

.
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245. The capstan (Fig. 123) used on board ship is exactly
similar in principle, but the barrel turns on a vertical axis
and is worked by one or more men walking round and pushi

& number of horizonﬁ'

2 projecting arms {called

£ ikes). Here the
moment of the pull of the

rope is equal to the sum
of the moments of the

d — 2 . forces exerted by the men.
Ezomple.—The barrel of

Fig. 123. upnmhaft..in‘dinm.m;

is worked by four men exerting

forces of 45, 62, 63, and 64 Ib. on arms each 7} ft. long. Therope pass-
ing round the barrel is fastened to a pier. To find force drawing
the ship towards the pier.
Let Q Ib. be the required force exerted by the rope. Then, since the
radius of the barrel is 1§ ft., we have, by taking moments,
Q@x 1§ = (45 + 52 + 63 + 64)x 7} ;

. @=224x61b, = 1120 Ib. = § ton.

246. Principle of Work for any Machine.—Although &
small effort may be made to overcome a very large resistance
with a machine, the Principle of Work, or Principle of Con-
servation of Epergy, holds good in every case, and asserts
that the work done by the effort is always equal to the work
done by the machine against the weight or resistance.

Hence no work is gained or lost by the use of a frictionless
machine.

For instance, if, in any machine, a force of 1 Ib. supports
a weight of 10 Ib., the former force will have to move its point
of application through 10 #t. to raise the weight through 1 ft.

This is sometimes exptessed by saying that * what is gained
in power is lost in speed.” In more accurate language,
mechanical advantage is always obtained at the expense of a
Pproportionate disadvantage in diminished speed.

Coaversely, where increased speed is obtained by means of
& machine, this is only dtained at the expense of mechanical
disadvantage.
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Ezample~The arms of a lever are 3 ft. and 1 ft. To find the force
on the longer arm and the work done in raising a weight of 12 1b. through
1 in., and to verify the Principle of Work.

Let P be the required force. Then, by taking moments about the
fulcrum, .

Px3=12x1, whence P =41Ib.

Let the laver be turned about the fulerum. Then the points furthest
from the fulerum will move over the greater distances ; and, by drawing
a figure with the lever in two positions, it is easy to see, or to prove,
by similar triangles, that distances moyed by different points are
proportional to their distances from the fulerum. Thus, if the end of

* the shorter arm moves 1 in., that of the longer arm will move 3 in.

Now work required to lift 12 Ib. through 1 in.

= 12x 4 =1 ft.-lb.
Work done by P, or 4 1b., in moving its point of application through
3in. = 4X & = 1 ft.-Ib.
work done by P = work required to raise weight.
Therefore the Principle of Work is true in this case.

*247. Principle of Work for the Wheel and Axle.—Let a, &
be the radii of the wheel and axle, and let them be rotated
through one complete turn. Then a length of rope equal to
the circumference of the wheel, or 2ma, uncoils from off the
wheel, and a length equal to the circumference of the axle,
or 2zb, coils round the axle.

Hence, work done by P = Px 2na,
and work done against W = W X 2nb.

(i) If we assume the equation of moments

Pxa= Wxb,
then Px2na = WX 2nb,
or work done by P = work done against W,

werifying the truth of the Principle of Work for the wheel and
azle.

(ii) Conversely, ¢f we assume the Principle of Work to be
true, then , Pxa= Wxb,

verifying the relation between the effgrt and resistance, which is
oth{ﬂ’:ge obtainable from the equalir:n of moments.
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.

*248. To find the mechanical advantage of any machine
‘from the Principle of Work.

We can also see that the mechanical advantage or the
condition of equilibrium of a machine working without friction
can very easily be found by means of the Principle of Work
when they cannot be easily found by other methods.

—1If, by moving a handle through 1 ft., a weight of 1 cwt.
l?.ﬁphﬁhmughlin..toﬁndtheforvsotlutnxuﬂ:beappliedtotlm
Let P be the foroe. Since the works of P and the resistance are

ual and opposite,
™ S Px1=112x43.
Hence force required to raise 112 1b. = 11212 = 8} Ib. weight.

EXAMPLES XXII.

Note.—The student is at liberty to apply the Principle of Work or
Principle of Conservation of Energy to any nroblem whatever in
Mechanics, provided its use is not precluded {y the conditions of the
question (as, for example, where it is required to verify the principle
-80 that its truth must not be assumed).

1. A weight of 35 lb. balances a weight of 15 lb. at the extremities
of & uniform lever 15 ft. long. Find the lengths of the arms.

2. The arms of a lever are 8 in. and 12 in. in length, and the weight
‘8 1b. is attached t& the shorter arm. Find the power.

3. If one end of a bar rests on a beam, and a weight of 60 1b. be
. ded from it one-fifth of its length from the beam, what power
at the other end will support the weight, and what will be the pressure
on the beam ?

4. When two weights of 12 Ib. and 4 1b. are suspended at the ends
of a weightless lever, the fulcrum is 9 ft. from the smaller weight.
W;llx)ere must the fulerum be when the weights are each increased by
41]b.?

5. The pressure on the fulerum of a lever of the second class is 7 1b.,
and the sum of the effort and weight is 13 1b. Find their distances
from the fulerum when they are 14 in. apart.

6. A lever of the second class, b ft. long, supports & weight of 63 Ib.,
and the gressuro on the fulcrum is 3} times the power. Find the
powerfand the position of the weight. \

7. A lever of the third clals has the power 6} times the weight, and
the pressure on the fulcrum js 27 Ib. Find the weight. -
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8. A man who weighs 160 1b., wishing to raise a roock, leans with
his whole weight, on one end of a horizontal crowbar 5 ft. long, which
is propped at a distance of 4 in. from the end in contact with the rock.
What force does he exert on the rock, and what pressure has the prop-
te sustain ? .

9. A straight lever, 6 ft. long and heavier towards one end, is found.
to balance on a fulerum 2 ft. from the heavier end; but, when placed on
4 fulerum at the middle, it requires & weight of 3 1b. hung at the lighter
end to keep it horizontal. Find the weight of the lever.

10. A weight of 56 lb. is attached to a straight lever without weight
uf. a distance of 3 in. from the fulerum, and is balanced in one case by
& power of 6 lb., and in another case by a power of 16 1b. Find, in
each case, the pressure on the fulerum, and also the distance between
the points of sgaplication of the power and the weight when they are
applied (i) on the same side of the falcrum, (ii) on opposite sides of the
fuleram.

11. Two weights P and Q balance on a weightless lever, the fulerum
being 1% in. from the middle point of the lever. If each weight be
increased by 1 Ib., the fulerum must be moved # in. in order to have
equilibrium. Find the pressure oa the fulerum in the first case.

12. A lever is in equilibrium under the action of the forces P and @,
and is also in equilibrium with the same fulcrnm where P is doubled,
and Q is increased by 5 1b. Find the magnitude of Q.

13. Two forces of 4 1b. and 8 1b. act at the same point of a straight
lever, on opposite sides of it, and maintain equilibrium, the less force
being perpendioular to the lever. F.nd the direction of the greater
force.

14. The pressure on the fulcrum of a straight lever is 12 1b., and the
difference of the forces is 4 Ib. Find the forces and the ratio of the
arms at which they act.

16. Two weights hang from the ends of & weightless lever bent at’
right angles, with the angle for fulecrum, and having one arm 3 times
as long as the other. If, in the position of equilibrium, the longer arm
makes an angle of 30° with the vertical, find the ratio of the two weights.

16. A weightless lever is 5 ft. long, and from its ends a weight is
sopported by two strings 3 ft. and 4 ft. long respectively. Find the
ratio of the lengths of the arms when the lover is horizontal.

17. If the pressure on the fulcrum be 18 1b., and one of the weighta
be distant from the fulcrum one-fifth of the whole length of the lever,
find the weights, supposing them on opposite sides of the fulcrum.

18. With a wheel and axle, a power of 3 Ib sustains a weight of
48 1b,, and thg radius of the wheel1s 2 {t. Find the radius of the axle,

19. Find the gower which will support a weight of 11 tons, ¥f the
ciroumference of the wheel and the axld are respectively 56 in. and
6 in,
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20, The drum of & windlass is 4 in. in diameter, and the power is
applied to the handle 20 in. from the axis. Find the force n:
to sustain the weight of 100 lb., and the work done in turning the
handle 10 times.

21. Find what weight suspended from the axle can be supported by
& weight of 10 Ib. suspended from the wheel, the radii of the wheel and
axle being 2 ft. and 4 in. respectively.

22. The difference of the radii of a wheel and axle is 85 in., and the
‘weight is 8 times the power. Find the radii of the wheel and axle.

23. A wheel and axle is used to raise a bucket weighing 36 1b. from a
well. The radius of the wheel is 24 in., and while it makes 7 revolutions
the bucket rises 11 ft. Find, by the Principle of Work, the force which
‘will just raise the bucket.

24. Acsmn.hn-nedbymmen.huudtohaulupmmchor; the
levers, at ends of which the men push, are 12 ft. long, and the
radius of the axle is 18 in. When each man is pushing with a force of
1% cwt., they can just raise the anchor. Find the weight of the anchor.

25. Draw to scale a wheel and axle, by which a man, sitting in a loop
at the end of & rope wound round the axle, can haul himself up by
pulling at a rope round the wheel with a force only one-fifth of his
weight. Find the weight sustained by the pivots.

26. A uniform straight rod without weight is bent at its middle point
80 as to form an angle of 105°. It is supported at.the angle, and it is
found that, when weights P and Q are suspended from the ends, the arm
to which the weight P is attached makes an angle of 60° with the vertical.
8how that 3P? = 2Q*.

) #27. In a weightless straight lever of the first class, show that in the
case of equilibriura the power, the weight, and the reaction of the
fulorum form two unlike couples of equal moment.



CHAPTER XXIIL

MACHINES: THE PULLEYS AND SCREW.

249. The pulley, or pully,* is a wheel with a groove cubd,
round its rim so that it can carry a string or rope or chain
Ppassing round it. It turns on an axis or axle, which is fixed
in a framework called a block or sheave, and this block is either
fixed, or is attached to a string and is then moveable,

Fig. 124. Fig. 185.

250. In the fixed pulley the weight is attached to one end of
the string passing round the groove, and the effort is applied
by pulling the other end. Since the wheel is only supported
by the axle, the moments of the effort P and weight W about
the centre O are equal and opposite ; that is (Fig. 125),

Px0A = Wx08,

or P x radius of pulley = W x radius of pulley.
. P=W, "
.~ mechanical advantage L':_.' =1 e cenen(l)s

?
® The word m:y be spelt either pulley plural pulleys, or pully, plaral
pullis. 239 ° ‘
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Thus exactly the ssme force must be applied to lift & given
weight as without the pulley.

Cor. Since P = W, the tension is the same in both parts
of the string.

251, In discussing the equilibrium of forces acting on
pulleys, we may therefore assume that the tension 3 the same
throughout every part of the same string, no matter how many
pulleys it may pass round. We likewise suppose the strings
to be weightless, and perfectly flexible (and also inextensible).

(4
A s
3 wal

Tig. 126. Fig. 127.

252. In the single moveable pulley, the weight is attached
to the block, and the effort is applied to one end of the string
which passes round the pulley, the other end being fixed up.

In this arrangement, if the strings are parallel, the
mechanical advartage is 2.

Fc:‘dlettlh"bet:}evﬁ?frt‘.h?thetot:lmw' teczhberalsed
(sncluds weig 0 pulley stself). en the tension
in eaclrgput of the string is equal to P (§ 251); also the
tensions at A, B (Fig. 127) both help to sapport the weight Q.

o Q= 2Pl
and mechanica. advantage Q < P == 3............(2).
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953. If w is the weight of the pulley itself, W the weight of
the attached load, @ = W 4 w; and, therefore,

W4 w=2P...... (2a).

The single moveable pulley is
much used on cranes (Fig. 126).

. 254, The Single-String System
of Pulleys,*—A greater mechani-
cal advantage may be obtained
with a number of pulleys.
Several such * systems of pul-
leys” are generally deseribed,
but the most practically useful
system is that in which the
pulleys are arranged in two
blocks, one fixed and the other
attached to the weight (Fig.
128). The same string passes
round all the pulleys; it passes
alternately over a fixed and
under a moveable pulley, and is
finally attached to one of the
blocks.

In practioce the pulleys are arranged
as in Fig. 128, but it is gencrally
easier to draw the diagram as in Fig.
129, with all the pulleys in the same
plane.

255. Mechanical Advantage.—
If the applied effort be a force
P, the tension throughout is
P. Hence, if » be the number
of parts of the string supporting the lower block, @ the weight
to be raised (including that of the lower blo.k and pulleys),

°

[ ]
® The single-stringfsystem is often called the second system of pulleys,
and the separate-string system of § 258 is thdn called the first system.

MAT. MEGH, . 16
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O
the » upward foroes P support Q acting downwards; henoe,
supposing the parts of the string vertical,

. mechanical advantage %= n.

256. If w is the weight of the lower
block, W that of the attached load,
Q= W + w; and, therefore,

\N_J

. In order that the effort may be applied
downwards, the free end of the string
9 must hang from a fixed pulley, and this
, - is almost invariably done for convenience
¥ in working the system. In such cases
the number # is also the total number of
( pulleys in the two blocks.

Thus Fig. 128 re nts & system with
f nmgethﬂ pulleys, much the mechanical

advantage is therefore 8. In Fig. 129, there
\ are altogether 5 pulleys, and the mechanical
advantage is 5.

@=nP 257. We would here call the student’s
Fig. 120. attention to the twofold aspect of a tension,
or stress of any kind.

Referring to Fig. 129, the tension in the string is P. The
upward arrows indicate the upward forces on the lower block,
but there are equal downward pulls on the upper block, the
total pull on which is easily seen to be (n 4- 1)P. 8o, too, in
Fig. 127, the string exerts upward pulls P at A, B, and a
downward pull P at' C.

Ezample.—To find the least number of pulleys in & moveable block
weighing 10 1b,, in order that & weight of 120 1b. may be lifted by a
downward force not exceeding 28 1b., and to find this force.

¢ Let n be the total number of portions of the string supporting tho
hwerblook,?thonq‘drodeﬂort. Thnthopnlhi’.inthonrhp
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[ ]
have to support both the attached t of 120 Ib. and the
weighing 10 1b. ; therefore e “ Block

aP = 120 4 10 = 130 Ib.

But P is not more than 28 lb. ; therefore n must be ter th :
that is, n = 5. ' groater than 4y

Hence five parts of the string must support the lower block. There-
fore that block must contain two pulleys, and must have the end of
the string attached to it as well (Fig. 129). Also, putting n = 5, we

-have 6P = 1301b.; .. required force P = 26 Ib.

258. The separate-string system of pulleys* conmsists of a
number of single moveable pulleys like that described in
§ 252, so arranged that the string hanging from one pulley
pasees round the pulley next below, the other ends of the
strings being attached to a fixed beam or other support (such
as the mast of a ship), considerably above the highest points
to which weights have to be raised (Fig. 130).

259. The mechanical advantage may be found thus:—

In the single moveable pulley a force P applied to the
strinf supports a force 2P applied to the

lock.

Now suppose the moveable pulley, in-
stead of being attached to the weight,
supports a string passing under a second
moveable pulley. Then the mechanical
advantage gained by the first pulley 1s
evidently doubled by the second, the pull
2P in the second string supporting a
weight 4P attached to the second pulley.

Next suppose the second pulley sup-
ports a string passing under a third
pulley. This again'doubles the mechanical Fig. 130.
advantage, and the system will now sup-
port a weight 8P.

In this way each additional pulley doubles the meclanical
advantage of the system. By using 1, 2, 3 pulleys, we get
mechanical advahtages 2, 4, 8 .

0

* The so-called first ayn‘n.
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Generally, let there be n pulleys, and let @ denote the weight
attached to the last pulley. Then, if we leave out of account
the weights of the pulleys themselves, we have

Q= 2P,
=2
Therefore also P=5 } SO | ) 8
and mechanical advantage = 2°

260. If the weights of the pulleys A, B, C are u,, w,, w,
respectively, we must consider the equilibrium of each pulley
separately. If %, T, be the tensions of the strings hanging
from A, B, and W the load attached to C, we have, by § 253,

2P = T1+ Wy 2Tx= T’+ W, 2T3= W+ W..-

From equations such as these, it may be deduced that, for n pulleys,

2P = W + 0,4+ 2wy_; + 4w0y_g + oo + 210, coueeeeeo(43).

Ezamples.—(1) If there are (n =) 4 moveable pulleys, a force of
(P =) 10 Ib. will support & weight

(Q =) 2¢P = 26x10 Ib, =.160 Ib.

(2) If there are (n =) 3 moveable pulleys, the force required to

support & weight (Q =) 64 lb. is
(P=)Q+2"=64+-22=64+8=81Ib,

(3) Whet J0ad can be supported by a force of 10 1b. in & m of
3 moveable pulleys whose weights, beginning with the st, are
1, 2, 3 1b. respectively ?

Consider, first, the equilibrium of the highest pulley (A, Fig. 130).
The forces on it are the two equal pulls of 10 1b. in the two parts of
the string round it, aoting upwards, and the weight of the pulley (1 1b.)
and the tension 7'y of the string next below, acting downwards.

Hence 2P =1+ Ty wocovvcsnnnnsoncscsnsssenness(1)e

Consider, now, the pulley B, acted upon by 27, vpwards, and
T, and its own weight.(2 lb.’) dc;wnwuds.po v i

Hence 2T = 24 Ty cevvvnnecnnncnnnane aeuseseen . e(2)s

Similarly, for the pulley C, we get the equation of forces

2Ty =84+ W werreriniccnsinnannncsennnnd(d)s
¢« Since P = 10, we find, from equation (1), that 7 = 20 —1 = 19;
, then, from equation (2), Tgq= 27y -2= 36%-2 = 36; and lastly,
. from equation (3), W 4+ 27y —3 = 72 —3 = 63 I, .
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(4) What force is required 10 support a load of 13 lb. in a system of
4 moveable pulleys whose weights, commencing with the highest, are
3, 5, 7, 9 Ib..respectively ?

Here we are given the weight, and have to find the effort. Hence
the process is the reverse of that of Ex. (3). We must begin with the
lowest pulley. Adding its weight (9 1b.) to the attached weight (13 Ib.),
we have the total weight supported by the two pulls (7)) in the parta
of the string round the lowest pulley.

Hence 2Ty =221b, Ty=111b.
S;x}]'iln]y. in the lowest puliey but one, we have 11 + 7 Ib. supported
-
Hence 2Ty =181b., Ty=91b.
In like manner, 2T7,=9+4+65, T,=1Mh,
2P=7+3, P=51Ib.
That is, the required force = 5 Ib.

*261. The inverted separate-string system of pulleys,* in
which the strings are all attached to the weight, is merely
the system last described (f.e. the * first”)
turned upside down (the fixed pulley being
cmitted). The strings are all attached to the
weight, or rather to a rod carrying the weight,
and the uppermost pulley is fixed to some sup-
port. If Fig. 131 be turned upside down, it
will present a similar appearance to Fig. 130. o

*262. The mechanical advantage (when the A
weights of the individual pulleys are neglected)
i8 easily deduced from this property. Let R be
the pull which the system exerts on its support, £
Q the weight, P the effort, and let there be n

8Py=P<«Q

A - . e-7P
ulleys. By inverting the system or otherwise, 2. 131,
ge see that the total forces supported By the Fe
several pulleys, commencing with the lowest, are
2P, 4P, 8P, etc. ; thus R in this present systew corresponds
‘to the weight in the last system, and therefore
* R=2"P. .

.
3;&1;?0»“&&% MMHM“(-‘.
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Now consider the equilibrium of the whole system, con-
sisting of the weight and the pulleys. The forces acting on it
are Q and P pulling downwards and a reaction equal and
opgosite to R holding the system up.

Hence, R=P+40Q.
O=R—-P=2"P—-P=(2"-1)P,
and mechanical advantage Q —~ P=2"—1..........(8)

Ezample.—To find the number of weightless pulleys, havi ven
that a force of 5 Ib. supports a weight of 75 1b., and all t.'l::‘ lt;‘riinp
being attached to the weight.

Here the pull on the beam supporting the dpper pulley
= 75 1b. 4 51b. = 80 lb.

Now 80 = 5x(2X2X2Xx2), and, since the total pull is doubled by
each pulley, the number of pulleys must be 4.

%263. If the weights of the pulleys are taken into account, we proceed
as follows :—

Ezample.—To find the force required to support a weight of 112 Ib.
in a system of three pulleys, the weights of the lowest and next pulleys-
being 3 and 5 1b.,* and the strings nlf being attached to the weight.

Let P be the force. Then, by considering the equilibrium of each

pulley, we have
“ Pull of lowest string =P
Pull in second lowest string 7', = 2P 4 3

Pull in last string T, = 27T, + 5 = 4P + 11

o weight supported = P4 T, + Ty = TP + 14
s TP+ 14=112.
», required force P = 14 1b.

The inverted separate-string system, or * third system,”
is of no practical use whatever, for it is found that the strings
are almost certain to get hopelessly entangled, even in the
few working models that are constructed for the lecture-
. room. : .

* Sinece the upper palley is fized, itse weight does not enter into the
nmionbtm?sfdy e -
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264. Man Raising Himself with a System of Pulleys.—When
a man, sitting in a loop or seat suspended by any arrangement
of pulleys, pulls Asmself up, the rope which he pulls will support
part of his weight, and only the remaining part of his weight
will have to be supported by the system.

Ezamples.—{1) Consider & man of weight W raising himself by
puliing a rope passing over & fized pull? with a foroe P. The man’s

weight is really supported by the in two parts of the rope—the
part, where he lBoud ;ﬁmpporhng‘ the loop. Hence the
oondition of oqu?ﬂ?bﬁm gives W = 2P; P

S P=gW;

or the man pulls with a force of Aalf his weight.

(2) If the man pulls & rope which passes over a fixed and
under a moveable pulley supporting the loop, there are thrfﬂ;’mom
of the string supporting his weight, inolusive of the one that he is pulling.
Hence the relation between the pulling forca P end the weight is
W = 3P, or P = }W ; so that the man pulls with a foree of ene-third
of his weight.

*265. Applications of the Principle of Work.—We may alse
apply the Principle of Work to find the relations between the
effort and weigh? in the various systems of pulleys.

The Single Movable Pulley.—Let the pulley (weight w) and
its attached weight W be raised through a hgjght . Then
the portions of string on the two sides of the pulley will each
be shortened by % ; hence the end at which P is applied will
rise through a distance 2k. Since

sum of works done against W, w = work done by. P;

o Wh+ wh= Px2h,
., or W4 w=2P sosesnsesesntsssneisnnes (2a)
gh;ﬁ;equired relation between W and P. This agrees with

%966 The Single-String System.—Let there be n strings from
which the lower block of pulleys hangs. 1If the effort P ifts
Q through a height h, each of the » pogtions of string will have
_shortened by an amount #, and so P, will have to pull the end
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of the string down through a distance nk. By the Principle
of Work, therefore :
Q.h = P.nh.

Q = NP .ciiierctitrennnniiiine cene (3“))

the required relation between @ and P, which agrees with
§ 255.

*267. The Separate-String System.—Neglecting the weights
of the pulleys, and referring to Fig. 130, if Q is drawn up
through a height &, the pulley € is also raised through &, and,
as in § 265, the pulley B will be raised 2k, and A will be raised
4h, and, finally, P must move through a distance 8A.

Therefore, by the Principle of Work,

Px8h= Wh, or W =8P,
which agreea with (4) on putting n = 3.

268. The Screw.—Every one is familiar with a screw, It
consists essentially of a cylindrical bolt OM, whose surface
carries a thread or has a groove cut in it along a spiral curve.
The form of this spiral can easily be constructed by taking
a strip of paper with a straight edge, and wrapping it round

a pencil in a slanting direction; the

edge forms the curve like that along

which the thread or groove runs.
The screw works in a collar or nut

C, through which a hole is bored,

having a groove to fit the thread or

a thread to fit the groove of the

screw.

Wkhen the screw turns in a fixed

. collar, it moves forward in the
direction of its length. In each
turn of the screw, the distance
moved forward is equal to the
Fig. 132, distance  between , consecutive
threads : s.e. the distance DE be-

tween two consecutivev;urns of the thread, measured along
thelength of the bolt. Thisdistanceis called thestep. Hence,
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by turning the screw round, it may be used to raise weights or
-overcome resistances applied to its end.

The effort must tend to turn
the screw, and must therefore
have a moment about OM in a
plane perpendicular to OM.
Hence the effort may be a single
force P applied at the end of a
long arm OA, projecting at right
angles to OM. More often the
arm projects in both directions,
as in the common screw-press of
Fig. 133, and two equal and
opposite forces constituting a
couple are then applied perpen-
dicularly to its two extremities A, B.

269. To find the mechanical advantage of a screw working
without friction.

Fig. 133.

Let the effort P be applied perpen-

A dicularly at the end of an arm 0A of
length a, and let it overcome a resist-
ance Q acting along the axis OM. Let
c b be the “step” or distance between
%{qmﬁ\(,ur d:a m two consecutive threads. Then, if the
) i Pl L screw makes one complete turn, A the
point of application of P will describe
a circle of radius @ about 0, and will
therefore move through a distance 2z7a
in the direction of P. Also the screw
will move through a distance b against

@ the resistance Q.
Fig. 134. Therefore, by the Principle of Work,
we have Px2ma = @xb.

-, mechanical advantage ff-—-g—? )
circumference of circle described by the arm
= step of scrow *
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Ezample.—A screw-press is turned by appl, two forces of 21 1b.
in oppodto'-d-irections at the ends of u.nyl.rgxp 2!*;:8 long. If the stepis
$ in., to find the resistance overcome.

Letgo:tbonnm Then in one revolution of the screw the
works by the efforts and against Q are
2X21x2x.1 ft.-1Ib. and QX }X gy ft.-Ib.
oo Q@ = 84n, or Q= 96x84rn.
Taking » = 33, this gives Q = 25344 Ib. = 11} toas, roughly.

269a. Disadvantage of the Wheel and Axle.—In the simple
wheel and axle the * mechanical advantage

radius of wheel
radius of axle
can be made larger only by

(1) increasing the radius of tke wheel ; or
(2) diminishing the radius of the axle.

The former leads to an unwieldy machine; the latter
arrangement is limited owing to the necessity for the axle
being sufficiently strong to bear the forces to which it is
subjected. This disadvantage is absent in the modified form

known as the differential wheel and
B A azle.

¥ 269b. The Differential Wheel and

Axle, or Chinese Windlass.—In this
machine a handle H takes the place of

the * wheel,’”’ while the * axle’’ consists.

c of two oylinders (A, B) on a common

axis but with different radii. The body

- to be raised is attached to a moveable

Fig. 134a. pulley C. This is supported by a cord

one end of which is wound round A

and the other end is wound #n the opposite direction round B.
When the handle H is turned, the cord winds on to A and

winds off B. ¢

Ltt a and b be the radii of the larger and smaller portions of
the axle, ¢ the radius o:‘%e arm at which the power acts. Let
P1b. be the force exerted, W Ib. the weight of the body raised.
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Then, supposing the strings on both sides of the pulley
v:;tical. when there is equilibrium the tension of the string is.
W,

Taking moments round the axis of the axle, we have, since
the vertical portions of the string tend to turn the axle in
opposite directions,

Pc=4iW.a— iW.b;
therefore the mechanical adventage
_W_ 2
“ P a-¥

The same result can be obtained by the Principle of Work:
a8 follows.

Imagine a complete revolution of the axle to take place.

A length 2na of string is wrapped on to the larger cylinder,.
and a length 2nb is unwrapped from the smaller cylinder.
Thus the string not on the cylinders is shortened by 2m{a — b),
and therefore the pulley is raised a distance m(a — b).

Therefore the work done against the weight is W =(a — b).

Also the weight done by the power P in a complete revolu-
tion is P.2mc;

. P.2rc= Wa(a — b)
or the mechanical advantage .
w 2¢

P a—-V¥

We see, then, that in this machire the * mechanical
advantage ”’ can be made very large merely by diminishing:
@ — b; that is, by making the radii of the two cylinders
nearly the same. Thus these cylicders can be of medium
gize, and the mechanical advantwaze izcreased a: much as
desired by making their radii nearly equal.

269c. The Differential Pulley.—The principle employed in
the differpntial wheel and axle is utilised in a more pracsical
mochine kngwn as the differential pulley. This diffets from
the pulley of the secon syutgx in the following points :
The upper pulley, which is the dilferential portion, consists of
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two concentric wheels of different radii, @ and b, cut i» one
block. The rope is replaced by a long endless chain of the same
type as a bicycle chain, and the pulléy grooves by cogs on to
which the links of the chain fit.

In one complete revolution of the upper pulley the length
of chain which passes over the larger circumference of the
differential pulley is 2ma, and the length wound over the
smaller circumference is 2nb. Hence the total length of chain
connecting the-upper and lower pulleys is diminished by
2m{a — b). But this decrease is divided between the two
vertical lengths of chain; thus, the weight W is raised a
vertical height equal to the half of this decrease, or n(a — b)

Therefore the work done on

W is WX n(a — b).
Also the work done by P is obviously

P X 2na.
Equating these two amounts of work we

¢ have Px2na = Wxn(a —b),
whence mechanical advantage
W_ %
P a—-0b

" The mechanical advantage may be made

Fig. 134b. very great by making b nearly equal to a.

In addition to its great mechanical advantage,

:another useful property of the differential pulley is that when

the weight is being raised it can safely be left, as the large

friction in the machine will prevent the weight running
-down,

268d. If a large mechanical advantage were required in
& screw, it could be secured by making the power-arm very
long or by diminishing the “ step ”’ considerably. The former
would result in a cumbrous machine, while the latter would
make the thread too weak for the forces to which it is sub-
jected. These disadvantages are absent in the differential
Sorew. ‘
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269¢. The Differential Screw.—The screw M, which is turned
by the lever, works as usual in a collar or nut in the framework
at C. To the top of the press A is fastened another screw N
of smaller diameter than M. The screw N works in a nut
which is cut in the lower extremity of the screw M, and both
M and N are “ right-handed * screws. Also b, the * step ”
of the screw M, is slightly larger thanc, the step of the screw N.

Now let P be the force applied at the end of the léver, whose
length is @, and let @ be the resistance of the press. Then the
work done by P in one revolution is Px2ma. Again, in one

—ae9] ,

A (o]
g D K
J C W
B 16
N A\
Ty s
A

0 a b ¢ d MX
Fig. 1340 Fig. 134d.
revolution the screw M travels downwards through a distance
b, while the screw N penetrates a distance ¢jinto the screw M.
Hence the press A is only forced down through a distance

(b — c), and the work done against Q is @ X (b — ¢).
Hence from the equation of work we have
Px2ma=@QX(b—c),
. : Q_ 27a
t.c. mechanical advantage P=%—c
Since o is very nearly equal to ), the denominator of this
fraction is very small, and the mechanical advantage is very
great.
269f. On the Work done by a Variable Force.—The problem
of determtning the work done by a variable force is sirpilar to
that of determining the distance travelled under a variable
: \
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velocity ; and the method of graphic representation, which
‘we applied to the latter problem in § 41, may with advantage
‘be applied to the former also.

In Fig. 134d let the line or curve PQ be so drawn that,
for any point B, the ordinate bB represents the magnitude
of the force when its point of application has travelled a distance
represented by the abscissa 0b. Then the area OPQM (between
the curve, the extreme ordinates, and the axis OX) will repre-
sent the work done by the force.

Work is the product of force and distance; as the point
of application moves over a distance represented by bc, the
magnitude of the force increases from 6B to ¢C. Thus the
work done must be greater than would be done by a force bB
acting through a distance bc, and less than would be done by
a force cC acting through a distance bc. Hence the work done
must be greater than bB X bc and less than ¢CXx be, 4.e. greater
than that represented by the area bBGc, and less than that
zepresented by the area bgCc. Applying the same argument
to each of the distances represented by 0a, ad, etc., it follows
that the total work done is less than that represented by the
circumscribed figure 0eAfBgChDEQM and greater than that
represented by the inscribed figure OPEAFBGCHDKM.

In a similar way we can show that, into however many
parts we divide the base line OM, the work done by the variable
force must be repsesented by an area which is intermediate in
magnitude between the corresponding circumscribed and
inscribed figures.

But if the divisions of OM become very numerous and very
small both the circumscribed and inscribed figures approximate
very closely to the area OPQM. Hence the area OPQM
represents the work done by the force.

Nore.—If the same curve were traced from Q to P (instead of from
P to Q) this would represent the case where the point of application.
is travelling in the opposite direction to the force. The area OPQM

would as before represent the work done, but it would have to be
reckoned as negative work.

269g. On the Efficiency of a Machine.—In § 246 we see that,
if a machine is frictionless and its moving parts are weightless,
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then the *work done by the machine against the resistance is
equal to the work done on the machine by the effort.

In ectual practice the work done by the machine is always
less than the work done oa the machine, and the ratio

work done by machine against resistance
work done on machine by effort

i8 called the efficiency of the machine.

Thus the efficiency of a locomotive is the ratio of the work
«<done by the lonomotive in pulling the train to the work done
on the pistons by the steam.

4

Fig. 134e. Fig. 134/.

269h. Velocity Ratio.—If we consider any #9pical weightless
and frictionless machine (say for example the wheel and axle,
Figs. 134¢, 134f) we have an effort (P) acting in the machine
at one point, and the machine overcoming a resistance (W) at
another point.

DEriNITION.— The velocily ratio of a machine s the ratio
of the velocity of the efffort to the velocity of the resistance.

Le. in this case the ratio of the velocity of P to that of W.

‘We can now show that the mechanical advariage of such a
machine s egual to sts velocity ratio.

Suppose that in Fig. 134¢ the velocity of P is u ft./sec, and
that of W is v £./sec. g ¢

r
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Then in one second P moves a distance ¥ downwards, and
W moves a distance v upwards. By the Principle of Work—

work done by P= work done by W,
hence PXu=Wxv.

, i.e. mechanical advantage =velocity ratio.

Ezample —Calculate the velocity ratio of the wheel and axle without
using the Principle of Work; deduce the mechanical advantage.

Using figuré 134f—In one revolution of the machine P describes a
downward distance equal to the ¢ircumference of a circle of radius a,
and W describes an upward distance equal to the circumference of a.
circle of radius b.

g

e

. . vel. of P 27¢ o
Thu. M'M‘OB "L. -ofWB"sz=3'

Also mechanical advaniage = velocity ratio = %.

The above assumes no loss of energy in the machine. In
practice there is always some loss and the mechanical advan-
tage depends on the energy wasted. 1Insuch cases the relation
is :—mechanical advantage=velocity ratio x efficiency : thus:—
useful output of work __ work done against resistance

input of work work done by effort
resistance X distance moved by resistance . .
= effort X distance moved by effort in the same time
- Mmeckunical advantage
velocity ratio  °*
.. mechanical advantage = velocity ratio x efficiency.

If the efficiency be unity (100 per cent.) the mechanical

advantage is equal to-the velocity ratio as previously indicated.

Efficiency =

EXAMPLES XXIII.

1. In a single moveable pulley with e] strings find the
te{;ui:edtosupportuweightp:ful owt., tE:;uaightoft.ho pulley
81b.

2. A man, whose weight is 180 1b., is seated in a loop at one en
rope which passes over a smooth fixed pulley, &nd he grasps the
end of the rope with both hands. Find the weight supported by

§e B

B
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of his arms, astaming that they support equal weighta aad that the tw-
portions of the rope are parallel,

3. Find the ratio of the power to the weight 1 that system of
pallevs in which each moveable pulley hangs by a separate string, the
number of moveable pulleys bemng 4. (First system.)

. 4. If the weizhts of the pulleys in the precediny Example be taken
into sccount, and be 1, 2, 3, and 4 1b. respectively, besianing with the
lowes:, what weight will be supported by a power of 5 ib. ?

6. If in the first system with weightless pulleys a power of 1 oz.
supperis a weight of 8 lb., find the number of moveadle pulleys.

*6. Find the ratio of the power to the weight n that system of
pulleys in which each string is attached to the weight, the number of
movesble pulleys being three.

*7. If the weights of the pulleys in the preceding Example be taken
into account, and be 1, 2, and 3 Ib. respectively, beginning with the
loweet, find the power requisite to support a weight of 1 ib.

8. U, in the system of pulleys in which each moveable pulley hangs
by a separate string, s man supports a weight (%) equal to his own,
and there are 5 moveable pulleys, find his pressure on the floor on which
be stands.

9..Is it more advantageous in raising a weight by (i) the first
uyngcm, (ii) the third system, of pulleys to have the pulleys heavy or
light ?

*]10. If, in a system of pulleys in which each string is attached to the
weight, there be thres moveable pulleys, each weighing 1 1b,, and the
power required to support a certain wexg‘l:: is half that which would be
required if the pulleys were weightless, that weight.

11. In the single-string system of pulleys find the nassb>r of strings
at the lower block if a power of 8 oz. supports a weight of 8 ib.

12. Find the weight which can be supported by a power P used in
connection with a block and tackle, the number of pulleys in the lower
block, which weighs 2P, being 8, and the string being fastened to the
upper block.

13. In the first system of , with three moveabie pulleys, find
the weight which can be nlgﬂ by a power of S0 Ib., the weights of
the pulleys, beginning with the lowest, being 7, 5, and 3 ib.

* °

¢]4. If, in the m of pulleys in which each siring is attached to
the weight, there be four moveable pulleys whose weights, begianing
with the lowest, are 2, 3, 4, and 5 1b. respectively, find the power which
will support » weight of 440 1b.

. 15. In the second system of pulleys, there are four pulleys in thg
lower block, which weighs 24 1b., and the string is fastened to the lower
block. Find the weight which can be raised by‘n power of 18 Lb.

MAT. MECH. . 17
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16. Kﬁmmlkpnhofthenﬁnﬁ’:ﬁthelmbldckdlblonk
and tackle, find the greatest weight which a man weighing 12 stone
can possibly support.

17. If » man weighing 10 stone su a weight of 5 stone b,
means of a blocmmm having tmt;mlley- in the lower bloc
and the rope attached to that block, find the preseure on the floor on
which he stands, and also the pressure on the beam to which the upper
blook is fastened.

18. If, in the first system, the weight of each moveable pulley be
+xP, find the weight that-will be supported by a power P when there
are four moveable pulleys.

19. In the last question find the preesure on the beam to whioh the

20. If there are five moveable pulleys in the third system, each
W 1 1b., show that a powerpof 4 1b. will support a weight of

21. There are four pulleys in the lower block of a block and tackle,
and the is attached to the upper block. It is required to raise &
box 4 ft. How much rope must be used ?

22, How would arrange a number of weightless pulleys so that
& foroe equn.ltothoy::ightof 11b. would just luplg:rtsweightofcalb.?

23. Describe and sketch a system of pulleys on which (negl the
waiﬁatofthepulleyu)spomofl%lb.wouldbdmoesweig t of
84 l;,;nf;llhowhow!uthapowermmmminorduwnium
‘weight 3 ft.

24. If there be four moveable pulleys in the first system, and each
weighs 2 1b., what weight can be raised by a foroe of 20 1b. ?

25. Find the ratio of the power and the weight in a screw which has
10 threads to he inch and is moved by a power acting perpendicular
to an arm a foot long.

26. A screw whose stegni,s $ inich is turned by means of a lever 4 {t.
long. Find the power which will raise 65 owt.

27, The arm of a screw-jack is 1 yard long, and the screw has two
threads to the inch. What force must be applied to the arm to raise a
weight of 1 ton ?

28. Find the work done when a force equal to the weight of 7 Ib.
Tevolves 5 times tangentially round a circle of 10 ft. radius.

29. The diameter of a screw is 7 in., and the distance between the
threads is } in, What power must be applied at the circumference of
the screw in order to support a weight of 440 Ib. ?

30. In an ordinary screw.press the power is applied at the ends of
tg::even each 2 ft. long, and the step of the screw is g in. Find the
:f 2 which must be applied to each lever to produce a total pressure
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*31. In a screw-press a power equal to 10 1b. weight, acting on an

arm 3§ ft. long produces a pressure of 4 tons. What is the * step ™' of
the screw ?

32. Find the force necessary to raise a weight of 2 tons by means of
a differential wheel and axle, if the diameter of the wheel is 6 ft. and
those of the portions of the axle are 5 in. and 7 in.

33. In a differential wheel and axle the radii of the two of the
axle are 5 in. and 4} in. respectively. The force is applied at the end
of an arm 16 in. long. Find the ratio of the velocity of the end of the
arm to that of the weight raised.

34. Prove, by the principle of moments, the relation between the
power and the weight in the differential pulley.

88. In a differential pulley the diameters of the pulleys in the upper

‘block are 6 in. and 5} in. respectively. Find the weight that can be
supported by a force of 10 Ib.

86. A block of stone is to be raised by a differentisl pulley to a height
of 10 ft. The radii of the two wheels are 8} in. and 7} in. Through
how many feet must the power be exerted ?

87. The *steps ™ in a differential screw are } and § in. Find the

pressure that can be exerted by means of it if a power of 3 Ib. be applied
at the end of an arm 8 in. long.

38. Determine the mechanical advantage of a differential screw
composed of a screw of 5 threads to the inch and a screw of 6 threads
to the inch, the power being applied at the circumference of a wheel
4 ft. in diameter.

39. In a single.string system of pulleys there are 4 pulleys on the
lower block, and the string is fastened to the lower block,, If it takes a
force of 20 1b. to raise a mass of 110 lb., find the efficiency of the pulley
system. i

40. A variable force drives a body 32 feet along the ground. 1If the
following table gives the magnitude of the force at different points of
the motion, find the total work done by the force.

Distance from the
start in feet 0 4 8 14 |19 | 22 | 23 | 32

Force in 1b. wt. 444 {352 | 28 |207 (156 [136] 11 |12

41. A crane is lifting a weight of 3 tons at the rat- of } ft./sec. and
the engine is working at the rate of 14 h.p. Find the efficiency of the
ine, . [ ]
42. A waterfall is to,be nsed to drive a turbine, ten tons of water
passing through per minute. 1If the height of the fall is 60 feet find
what h.p. os:ia supplied by the turbine if the efficiency is 45 per cent.
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43. (i) If the velocity ratio of a machine (working with friction) is
% and the mechanical sdvantage is 5, find the efficiency.

(ii) Conversely, given that the velocity ratio is% and the efficiency is p
per cent., find the mechanical advantage.

EXAMINATION PAPER XII,

1. Classify the different kinds of levers, giving examples, and poins-

out thoes in which there is & mechanioal advantage, ples, and poin
Explain clearly what is meant by the statement: “What is

gained in power is lost in speed.” Show that it is true in the

case of a lever of the first class.

2. A uniform weightless lever, 12 ft. long, is in equilibrium when
weights of 3 1b. and 9 1b. are suspended from its ends. How far will
the fulorum be ehifted when 1 Ib. is added to cach weight ?

3. If a man has to raise a weight, and has only one pulley at his:
disposal, show how he musi employ it in order to obtain the utmost
advantage.

4. A weight is to be raised by means of a rope-passing round a
horizontal cylinder 10 in. in diameter, turned by a winch with an arm
3 ft. 4 in. long. Find the greatest weight which a man could so raise
without exerting a force of more than 25 1b. on the handle of the winch.

5. Find the mechanical advantage of » moveable pulleys arranged
in the separate-string system ; and draw the figure with five pulleys.

6. In the first system of pulleys, what weight will a power of 12 b,
support if there are three moveable pulleys each weighing § 1b. ?

7. State the Principle of Work, and apply it to find the relation
between the effort and the “iiet in the single-string system of pulleys,
the strings being parallel and the number of pulleys .

8. Draw the figure of the third system of pulleys with four moveable
pulleys ; and prove that, if therc are n pulleys inciuding the fixed ons,
the mechanical advantage in this system is 2® —1.

9. In the second systom of pulleys, if a weight of 3 lb. su gurb [
weight of 18 1b., and a weight of 6 1b. supports a8 weight of 39% ., find

the weight of the lower block. What would be the advantege
if the lower block were weightless ?

10. In o screw-press a power of 20 lb., acting on an arm 4 ft. .
produces 8 force of pressure of 7 tons. thththmpdﬂnm?i‘i'.

L



PART 11L
CENTRES OF GRAVITY.

CHAPTER XXIV.

CENTRES OF PARALLEL FORCES:
DEFINITIONS.

270. We have frequently assumed the fact that the weight
of a heavy straight uniform rod or beam may be su
to act at its middle point, and, generally, that the weight of
a rigid body of any shape may be supposed to be concentrated
at a single point, called the centre of gravity of the body.
We shall now prove this property, and in Chap. XXV. we shall
show how to determine the position of this point for bodies
of certain shapes.

We commence by proving a few further theorems aboub

parallel forces.

271. To find the resultant of any number gf parallel forces
of given magnitudes applied at given points of a rigid body,
1ot necessarily in the same plane.

Let the given parallel forces be P acting at A, Q at B,
R at C, S at D, and so on.

Join AB, and in AB take a point E such that

Px AE = QX EB.

Then, by § 210, the forces P and Q are equivalent to a single
resultant force P -+ Q acting at E, parallel to both of them.

Now compound this resultant with the {..rce Rat €. Join
€0, and on it take a point F, such that

o (P+Q)XEF= RXFC;
201
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then the forces P 4+ Q at E and R at C are equivalent to a
single resultant force P+ Q-+ R acting at F parallel to them.
This result is therefore the resultant of the three forces
P, Q, R at A, B, C, respectively.
Now join FD, and in it take a point G, such that

(P4+Q+ R)XFG=SXGD;

then the forces P+ Q + R at F and S at D are equivalent
to a single resultant P 4 Q + R + S acting at G parallel to
them

This resultant is therefore the re-
sultant of the four forces P, Q, R,
8, at A, B, C, D, respectively.

Procgeding in this way, we may
find the resultant of any number of
parallel forces acting at different
points of a body.

We might have compounded the four

; forces P, Q, R, 8,in any other erder what-
Fig. 135. ever. Thus, if we had first found the

resultant of R and S, then compounded
this with Q, and compounded the resultant so obtained with P, we should
have & different construction for the resultant of the four forces. The
point G-finally arrived at will be the same in every case, as will be
shown in § 273 and § 277.

272, The Uentre of Parallel Forces: Dernrrion.—The
above construction shows that—

The resultant of any number of parallel forces passes through.
a certain point whose position depends only on the magnitudes
and the points of application of the forces and not on thesr
direction.

This point 18 called the centre of the parallel forces.

Thus, in Fig. 135, E is the eentre of P and Q, F is the centre of P, Q, R,
and @ is the centre of P, Q, R, 8.

If the forces P, Q, R, S, instead of acting as in Fig. 135, are
applied at the same points A, B, C, D, but in a different
djrection (though still parallel), as in Fig. 1369 their resultant.
will still pass through the same point @ as.before. And this
can be said of no other point.
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OBSERVATION.—The student should carefully- notice the difference
between the point of application of the resuliant and the centre of o

tem of parallel forces.

If P,Q, R, S act at A, B, C, D in a given direction, their resultant acts
in a straight line @L, parallel to this direction and passing through the
cenire @. The resultant may be supposed o act at G, but it need not
necessarily be applied at @; for, by the Principle of Transmission of
Force, it may be applied at any point (say L) in its line of action (Fig.
136). But let P, Q, R, &8, still acting at A, B, C, D, be turned round
into a different direction. Their resultant will still pass thro e,
the centre of the forces, but it will no longer pasa through L (Fig, 136).

273. A System of Parallel Forces cannot have more than one
Centre.—For the resultant of several parallel forces cannot
pass through two definite points

except when the forces are parallel [
to the line joining the points. ¢
274. Centre of Parallel Forces acting TIQ RS

atPoints in a Straight Line.—If a number
‘of parallel forces P, P,, P,...are ap-
plied at points A;, A;, A, ... along a P
straight rod or beam, the construction
for the centre of parallel forces shows Fig. 136.
that this point also lies in that straight
line. Ifz,,z,, 2,... are the distances of A;, A,, A, ... from a fixed point
0 on the line, the distance from 0 of the centre of the parallel forces is
therefore given by the formula of § 220, »
gm0t Pyt Pita ...,

P+ Py+ Py + ...

For, since the position of the centre does not depend on the direction
of the forces, we may suppose the forces applied perpendicular to the
rod, and the result then follows at once by taking moments about @,
as in the proof of § 220.

275. Every Body has a Centre of Gravity.—Defining graviy

' a8 the attraction which the Earth exerts on all bodies, and the

weight of a body as the force with which that body is attracted
to the Earth, it is known that at any given place the weights
of different bodies are proportional to their masses.

The weight,of & body always tends to pull it towards the
centre of the Farth. Hence, defining the vertical as the
direction of gravity, the vetticals at different places would, if
produced, meet in the Earth’s centre., * But the Earth’s radius
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is nearly 4000 miles ; consequently the verticals at two places
would have to be produced nearly 4000 miles below the
Earth’s surface before they would meet. Hence. unless the
places themselves are at a considerable distance apart, the
verticals are very approximately parallel, and we shall con-
gider them as parallel in treating of the centre of gravity.

Now sapjose a body to be built up of a number of heavy
particles rigidly connected together. Then the weights of
the particies wiil form a system of parallel forees, and, by
§ 272, these forces will have a centre through which their
resultant always passes. This centre is cailed the centre of
gravity of the particles.

The same thing is true for any body, whatever be its nature
or the distribution of its parts. For if we subdivide any
body into a very large number of parts, we may make these
parts so small that each may (for ail practical purposes) be
regarded a: a single heavy particle. Hence the resultant
weight due to the weights of the different portious of a body
always passes through a certain point in the body, and this
point is called the centre of gravity of the body.

The centre of a system of paralle] forces was defined by the
property that the resultant force continues to pass through
this point, even when the direction of the forces is changed,
provided thgt they remain parallel forces and bave the same
magnitudes as before. We cannot alter the direction of
gravity, but it will amount to the same thing if, instead, we
turn the body itself round, provided that in doing so we do
not alter its size and shape, and that we suppose the centre
of gravity to mave as if rigidly connected with it.

The centre of gravity of a body is therefore fized relative
10 the body, so that, when the body moves as a rigid body,
the centre of gravity. moves with it.

The centre of gravity need not be in the body itself. Thus
the centre of gravity of a circular ring of wire :s at the centre
of the circle, not in the wire.

It is not necessary that the body itself should be rigid in
drder to have a centre of gravity, but the centre of gravity
remains fixed relative to the body only as'long as its size and
shape remain unaltered.
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Thus a straight piece of wire has a centre of gravity at its middle pamnt,
and its weight will act at that point as long as it remains straight. If
the wire be bent, it will no longer have the same centre of gravity. A
bicycle has a centre of gravity through which its weight will alvays
act, so long as its different parts (the steering-wheel and handle, aud the
frame, etc.) preserve the same relative position.

276. Definition of the Centre of Gravity.—We may ther=fore
give the following important definition :—

DErINITION.— The centre of gravity of a body s that p.>int,
Jfixed relative to the body, through which the resultant force due
to the Earth’s attraction on it always passes, whatever b the
position of the body, so long as its size and shape remain constant.

In short, the oentre of gravity is the point at which the irhole
weight of the body may always be supposed to act.

The abbreviation for centre of gravity is C.G.

277. A Body cannot have more than one C.G.—For if the
body had two centres of gravity G, H, the line of action of
the body’s weight would always have to pass through both
G and H, and would therefore have to be the line GH. But
this is impossible, except when GH is vertical, for the weizht
of a body always acts vertically. Hence the body cannot
have two c.6.’s.

[Compare this proof with § 273.] »

278. Centre of Mass.—Supposing gravity were not to exist,
a body would not have weight, but it would still have what is
called mass, although its mass could not be measured in the
ordinary way by weighing, and the analogy naturally suggests
that the body would not strictly have a c.G., but would still
have a centre of mass.

DerFINITION.—The centre of mass, or mass-centre, of a
body is the centre of a system of parallel forces acting oz all
the particles into which the body may be supposed to be
divided, the force on each particle being proportional to its
mass. .

The abbreviation for centre of mass is C.M.

We observe that every body, or system of bodies, has
always a c.M. If subject to gravily, its c.a. will necessanly
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colncide with its c.M., because the weights of the particles
of the body, being proportional to their masses, form a
system of forces having the c.m. for their centre.

279. Construction for the C.@. of a Number of Particles.—If
particles, whose weights are P, Q, R, S, are situated at points
A, B, C, D, the point G, obtained by the construction of § 271,
will be the centre of parallel forces of magnitudes P, @, R, S
acting at A, B, C, D respectively, and will therefore be the
©.6. of the particles.

Similarly for particles in a straight line the ¢.6. is given by
the formula of § 274.

280. DErFINITIONS.—A lamina is a sheet of material whose
thickness is so small that it may be regarded as a distribution
of matter over an area. A uniform lamina is one which is of
the same thickness and formed of the same substance through-
out.

The C.G. of an area or surface means the 0.6. of & uniform
lamina covering that area or surface.

Thus a sheet of paper or thin card, a thin sheet of metal such as that
forming a tin canister, a plate of glass of small thicknees, a slate, and in
some cases even & wooden plank, may be regarded as & lamina. And
thec.u.of:panllelognmwillbethec.o.ofsuhoetofpcperorlny
other uniform h.m.i:g& orming that parallelogram.

A wire, stick, rod, or beam is said to be uniform when it is
of the same cross section and of the same substance throughout
its length.

The C.G. of a line (whether straight or-curved) means the
c.6. of & thin uniform wire placed along that line.

281. The C.G. of a straight line is at its middle point.

This is obvious, for there is no reason why it should be
nearer one end than the other.

A @ B To prove it, let AB be a straight uniform
B e A wire, G its 0.6. Then G evidently lies some-
Fig. 137 where in the line AB. And if the wire be
¢ turned round so that the end B is placed at A
and the end A is placed at B, the wire lies
along the same line as before, and the position of @ must
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therefore be unaltered. Hence GA = GB, or G is the middle
point of AB.

282. To find the C.G. of a parallelogram,

Let ABCD be either a uniform lamina or a uniform wire in
the shape of a parallelogram. Let its diagonals AC, BD
intersect in G. Then shall G be the required c.c.

S SV
BN PN

8
Fig. 138. Fig. 139.

Turn the parallelogram round as in Fig. 139, and place it so
that the vertices A, B, C, D coincide with the previous positions
of the vertices C, D, A, B respectively. Then the diagonal
AC will coincide with its previous position CA, and BD with
DB. Hence G, the intersection of the diagonals, will be
unaltered in position. Also no other point in the parallelo-

m will occupy the same position as before. For any other
point will be brought round to the opposite side of G.

Now, when the parallelogram is turned round, it occupies
the same space as before ; hence its c.G. imfits new position
coincides with its c.g. in its old position. Therefore the c.a.
of the parallelogram must be at G.

Cor. 1. Since the diagonals of a parallel bisect each other,
the ¢.G. 18 at the middle point of either di A
This is also obvious from the method of proof. When the parallelo-
is turned round, AG is brought into coincidence with the former
position of GC. Thercfore AG = GC, and G is the middle point of AC.

Cor. 2. The c.c. is the middle point of the line bisecting a pair of

ile sides.

Forlet E, F be the middle points of AB, CD. When the parallelogram.
is turned round, AB, CD otcupy the former places of CD, AB respec-
tively. Hence E, F occupy thd former places of F, E respectively;
and therefore,the middle point of EF occupies the same position as
before. ‘Therefore this point is G, the required c.o. of the parallelofram.

Cor. 3. Similafly, G is the middle point of the bisector of the pair
of opposite sides BC, DA. Hence the diagonals and the bisectors of the

L]
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opposiie sides of the parallelogram all bisect one another sn the c.G. of the
parallelogram, a8 may be otherwise proved by geometry.

283. Other Symmetrical Figures.—From similar considera-
tions of symmetry, we are able at once to write down the
iollowing additional results : —

The centre of gravity of

i1) a circular ring is the centre of the circle ;

{2) a circular area is the centre of the circle ;

{3) a regular polygon is the centre of the polygon

(4} a sphere is the centre of the sphere ;

(5) a right cylinder is the middle point of its axis;

{6) a cube or rectangular parallelepiped is at the iater-
section of its diagonals.

EXAMPLES XXIV.

1. Equal parallel forces act at the angular points A, B, C of a triangle
ABC. FKind their centre (i) when the forces are like, (ii) when the force
acting at C is unlike the other two.

2. A weightless plate in the form of an equilateral triangle is sus-
ﬁnded by three parallel strings attached to its angular points A, B, €.

e strings can sup weights of 1, 1, and 2 1b. respectively. Where
must & weight of 4 1b. be placed on the plate so as to be supported ¥

8. A beam, 10 ft. long and weighing 28 1b., balancer about a point
3 ft. from one end. When a weight is hung from the other end, the
beam balances about a point 1% ft. from that end. Find the weight.

4. A uniform bent lever, the weights of whose arms are 6 1b. and
12 Ib., rests with its shorter arm horizontel. Whkat weight must be
.attached to the end of the shorter arm in order that the lJever may rest
with the long arm horizontal ?

*5. Parallel forces of 2;4, 8, and 10 1b. act at the corners A, 8, C, D
of a square ABCD. Find the position of their centre.

6. Equal parallel forces act at the six corners of a repulsr hexagon.
Fm% the position of their centre when one of them is unhke the remain-
ing five. ,

. .

*7. If a system of parallel foroes can be reduced to a couple, what is
the position of their centre ? )

L]
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8. Two weights of 4 Ib. and 8 Ib. balance on a miform heaty lever
:hho;e arms are 5 in. and 3 in. long respectively. Find the weight of
e Jever.

9. Three spheres, whose weights are 2 1b., § 1b., and 7 1b., are placed
80 that their centres are in a straight line, the distanco between the
centres of the first and second being 14 in., and between the centres of
the cecond and third 10 in. Find their c.a.

10. Weights of 2, 4, 3, 5, and 6 lb. are hung at intervals of a i~ct
along a uniform heavy lever 4 ft. long and weighing 16 1b. Fird the
position of the fulcrum wken the lever is in equilibrium.

11. At three of the angles of a parallelogram taken in order, like
parallel forces of 35, 15, and 35 lb. act. Find the force which, acting
at the fourth angle parallel to these, will cause the centre of the four
forces to be at the point of intersection of the diagonals of the parallele-
geam.

12. Find the c.G. of two heavy particles, whose weighta are 19 lb.
‘and 26 1b., situated at the ends of a thin weightless wire, 4+ ft. § in.
ong.

13. Find the c.a. of two spheres, weighing 6 Ib. and 5 1b. respectiveiy,
the distance between their centres being 4 ft. 7 in.

i4. The distance of the c.a. of two heavy particles from the greater
is 10 in., tho weights of the particlcs being 4 1b. and 10 Ib. Find tae
distance between them.

16. Two heavy partioles, weighing 6 oz. and 10 oz., are attached to
the ends of a straight uniform rcd 8 in. long and weighing 4 0z. Find
the c.q. of the system. L

16. Masses of 11b., 1 1b., 2 1b., and 2 lb. are placed at the corners
A, B, C, D of a square ABCD. Determine, by the principle of “ sym-
metry about & line,” a straight line in which the c.a. of the four masees
hes, and find its position on that lire.

17. Equal masses are placed at the angular points of a reguiar
bhexagon. Show that their c.c. is at the centre of the circumscribing
oircle,



CHAPTER XXV.

DETERMINATION OF THE CENTRE OF
GRAVITY.

284. In the last chapter we showed how the position of
the c.c. of certain figures—such as the straight line, sphere,
and parallelogram—can be inferred from the symmetry of
the figures. In most cases, however, it is necessary to divide
the body into a number of parts, to deduce the position of its
<c.e.

DermvrrioNn.—The medians of a_triangle are the straight
]mes ]ommg its vertices to the middle points of its opposite

iollhﬂndmsmco of a triangle, it will be necessary to assumo the

Lnnu Any straight line, parallel io the base of a triangle and termi-
mledb bymudu,ubuwaymanMblhmoppoalhm
ase.

Thhunmllyprovedb_ythenddnmﬂn les ; 1tcsn.how-
ever, be taken for granted, or proved by Bookl
Let ABC be the le, be be an; Ime el to BC. Latnbetho
middle bct.of BC, an let AD cut Then shall d be the middle

t
PmIl;'or,:fnot fromdc cntoﬁdkabd Join Ak, and join D to b, ¢, k.
Then, since BD = DC; .. AABD= AACD and AbBD = AcCD,
.. remaining AAstAMD. And since bd = dk,
S AAbd = AAkd, and ADWd = ADE; .. AAD= AAKD;
S AAcD = AAKD;
<. ¢k is parallel to AD, which is impossible, since ck cuts AD in d.

285. To find the C.G. of a triangular area.

Let ABC be a triangular lamina, D, E, F the middle points
of the sides. Join AD. Then we shall show that the c.a.
of the triangle lies in AD. .

' 270
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Supposs the triangle to be divided into a very large number
of thin strips such as bo, by drawing straight lines parallel to
the base BC.

If the strips are made sufficiently thin, each may be treated
asa u:;iform thin rod, and the 0.6. of such a rod is at its middle
point &.*

Fig. 141.

But, by the above lemma, the median AD passes through
d. Hence the c.6. of every thin strip of the triangle lies in
AD. And since the weight of each strip acts as if it were
concentrated at its ©.q., we see that the c.a. of the whole
triangle is the same as that of a certain distribution of weights
along the line AD.

Therefore the c.a. of the triangle lies in AD.

Similarly, by dividing the triangle up into strips parallel
to AC, it may be shown that the c.G. of the triangle lies in
the median line BE, and also in CF. *

Therefore the c.G. of the triangle 1s at G, the common point
of intersection of the medians AD, BE, CF.

Cor. The three medians AD, BE, CF all pass through one common point,
This is a well-known geometrical theorem.

286. The C.@. of a triangular area coincides with the C.G.
of three equal particles placed at its Vertices.

* We may sug?ose the triangle to be built up of A number of thin
Iaths or strips of material, each slightly longer than the next above,
and fixed side by side. Strictly speaking, their ends would have to be
smoothed off along the sides AB, AC; but we suppose the strips so thin
that the amount stoothed off is inappreciable.
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. Also it is the point of trisection of any median line which
is the more remote from the corresponding vertex.
A (i) Let three equal weights w be
placed at A, B, C.
Then, if D be the middle point of
BC, the weights w at B and w at C have
a resultant 2w at D.
Hence the c.G. of the three weights

0 C  is also the c.a. of weights 2w at D and
Fig. 142. wat A. g

Therefore it lies in AD.

Similarly, it lies in the other two medians.

Therefore it is at G, their point of intersection.

That is, it coincides with the c.G. of the triangular area.
ABC.

(i) Again, since & is the point of application of the resultant
of weights 2w at D and w at A,

therefore -G divides AD, so that

w.AG = 2w.GD.
.. AG = 26D,
and AN = AG + GD = 36D.

GD = }AD, and AG = $AD.

Therefore @ is that point of trisection of AD which is the
more remote from the vertex A.

Coxr. 1. If each of the weights w is one-third the weight of the lamina,
their total weight and the position of their 0.g. will be the same as for
the lamina. Hence a uniform triangular lamina is siatically equivalent
tolh'elcaequalwngkuplaoedm'mm , each being one-third m‘m :

the lamina.
d’.l'hiathzoremiloﬂanunful.

CoR. 2. The point of intersection of the three medions of a iriangle is:
one of the pointa of trisection of each of them.

Thus may also be proved by pure geometry. The proof is left as an.
exercise for the reader.
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287. Having given the weights and centres of gravity of
diﬂermtparhofthebody.toﬁndthecﬁ.ofthewfol‘ebody.

Let 8,, S;, S, be different parts
of a body, and let w,, w,, w, be
the weights, K, L, M the c.qc.’s,
- of 8, 8;, S; respectively. It is
required to find the c.c. of the
;xhoée l:sody made up of the parts

y Mgy Mge

The weights w,, w, may be
taken toeﬂ a:’l K, L. There-
fore their resultant is a weight
w, -+ w, acting at & point 0 on A
KL, such that Fig. 143.

v,. KO = w,.0L,

whence O can be found.

Thus 0 is the c.a. of the body made up of S, and S,.

The weight of S, is w, acting at M. Therefore the weight
:{:he whole body is w, 4 w, 4 w, acting at a point 8, such

t

(wl + w’) 06 = wa-e."

whence G can be found.

Thus G is the c.g. of the body made up of &, S,, S,

In like manner, if the weights and ¢.6.’s of four or more
parts of a body are known, we can find the c.G. of the whole
body. The method is identical with that used for finding
the centre of parallel forces (§ 271).

Ezamples.—(1) To find the 0.a. of & cubical box without a lid.
Let a be the length of a side of the cube. Let 0 be the centre of the
cube, A tho centre of its base, @ the required c.a. (figure should be
drawn). Then it is easy to see that the c.0. of the four sides of the
box is at 0, and their total area is 4a®. Also the c.G. of the base is at
A, and its area is a®. Therefore @ is the c.a. of weights a® at A and

4a® at 0.
. .. a*x AG=4a%x @0.
s, A@=4@0, and AO=560.
~.> G0 = 3}A0, and AQ= $AO.

But AO = ja. Therefore A@ == N
Hmtho‘.:.h]thohpightdtt'onbd&bonthobm.

MAT. MECH. 18
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(2) To find the c.c. of a wire bent into an angle,

Let a uniform wire AB be bent into an angle ACB. We may con-
sider it a8 consisting of two straight wires
AG, CB joined together at C.
The c.c.’s of these two portions are at
their middle points K, L, and their wcights
B are proportional to their lengths AC, CB.
D Hence the c.a. of the whole wire is at &
point @ in KL, such that

G .
X ACX K@= CBXx @GL,
6K _CB
or —e—i-. = c—A.
288. To find the C.@. of the area of
A any polygon. ‘
Fig. 144, Divide the polygon into triangles

(S;, S, S, Fig. 143) by joining one
of its vertices A to the other vertices not already joined to it.
Find K, L, M, the c.c.’s of these triangles. Then the required
c.6. of the polygon is the c.c. of weights at K, L, M propor-
tional to the arcas S;, Sy, S;, and is therefore given by the
construction of § 287.

« .
CavTioN.—The c.c. of a polygon is not, in general, the 0.a. of equal
weights placed at all the corners of the polygon.

289, To find the C.G. of a portion of
a body.

Having given the weight and c.c. of a
whole body and of any purt removed from
#t, to find the positioh of the c.c. of the
remaining part.

Let O be the c.c. of a body, W its
weight.

« Let C be the c.c. of any part of the
body, w its weight.

Let G be the c.a. .of the remainder of the body. It is
required to find @,
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The weight of this remaining part is evidently W — u.

Now, since 0 is the c.G. of the whole body, 0 is the c.c. of
weights w at C and W — wat G.

... C, 0, G lic in a straight line, and
(W — %) GO = w.0C.
Therefore G lies on CO produced through 0, so that
w
06 = —, C0.

[For illustrative examples see below.]

290. To find the C.G. of 2 number of weights at points in a
straight line.

When the c.¢.’s of different parts of a body, or series
of weights, all lie in a straight line, the c.¢. of the wkole
may be found by the formula of § 274. If ,, w,, w,, ... be
the weights, z,, 2y, 7,,...the distances of their points of

0 A, A, 4 Ay X
o
& @ ®
0, uy Wy we+ws+... w;

application from & point O in the live, the disggance of their
¢.g. fromn G is ¥, where

Ty -+ weTs -+ wyTy + ...
wy + Wy ++ wy 4+ ...

Examples —{1) ABCD is a 3quare of paper, and E, F are the middle
pumis of AB, AD.

(i) To find the c.a. of the portion left when the triangle AEF is cut
*off,
(if) To find the c.a. of the whole when thc.tria.ng,lc AEF is doabled
over,

Let Obe the centre of the square, and let 2a be the length of a diagonal
so that OA =a. Let W be the weight of the sy uare: then that of
AAEF is §W.

* (i) Now the c.8. of AAEF lies at K where AK = jA0, OK = §¢-
Hence, if @ be the c.ge of the remaining portion,

iWx06=}Wx0Ks
5 08 = 30K = Za=gAC.

&=
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(ii) When A AEF is folded to the position OEF (Fig. 148) its 0.q. is at
L where OL = §a. Let H be the c.a. of the whole. Taking moments
about 0, we have to find the centre of W at G and {W at L; bence,
by § 290 or § 274,

WxO0H=§Wx06—~}WxOL;
». OH= }06 —}0L = fa — ;4a = ;La = LAC.

(2) To find the c.a. of a hollow spherical bullet 3 em. in diameter
containing an excentrio spherical cavity 1 cm. in diameter, whose centre
is 8 mm. distant from the centre of
the bullet.

Let O be the centre of the surface
of the bullet, C the centre of the
cavity (Fig. 145).

The volumes of the bullet and of
the cavity are respectively propor-
tional to the cubes of their diameters,
that is, as 27 to 1.

Hence, if W denote the weight
which the bullet would have if no
cavity existed, w the weight of mat-
ter which would fill the cavity, then
W = 27w, and the weight of the
actual bullet is

D W —w = 26w.
Tig. 146, Hence the required 0.6. of the
hollow bullet is & point @ in CO
produced, such that
©w

06 = €O x 7w
(3) In & three-draw telescope, the lengths of the respective cylinders

are 6, 7, and 8 inches, and their weights are proportional to the squares
of their lengths. Find the position of the c.c. when fully drawn out.

= 8§ mm.X 5 = iy mm.

Fig. 147.

Let AB, BC, CD be the three cylinders, E, F, 8 their separate centres:
of gravity [§ 283 (5)). By symmetry, the c.c. of the whole will lie-
somewhere on the central axis of the telescope. K Let £ denote its
QUistance from A. The weights being denoted by 36, 49, and 64, we have

22 38.3+49.(6+34) 4 64.(6+7+4) o 108 + 465§ 4+ 1088

36 + 49 + 64 149
= 11-151 inches,
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Thus the ¢.6.%s about 2 inches from C towards A.
[The following example (which the student should illustrate with a

{gttfrf) ]aﬁords an instructive introduction to the method of the next
icle.

(4) To find the c.c. of weights.of 2, 3, 4, 5 Ib.,, placed at the four
corners of a square slab ABCD.

Let = be the distance of the c.q. from AD, y its distance from AB,
a the length of the side of the square.

. The total weight = 2 4+ 3 4+ 44 51b. = 14 Ib.

Place the square with AD vertical and AB horizontal. Then the
lines of action of the weights at C, D will pass through B, A, respectively,
and the vertical through G (the c.a.) will cut AB at a distance z from A.
Therefore the equation of moments about A gives

142=2.04+5.04+3.a+4.a="Ta;

Sz = da.
Making AB vertical, we have, in like manner,
14y=2.04+3.0+ 4.6+ 65.a=9a;
Sy = 5.
Hence @ lies on the bisector of the sides AB, DC at a distance &a
from AB.
' 291, To find the C.G. of any number of weights st given poiats in
cne plane.

Let any number of particles of known
weights 0, w,, w,,... be situated at
given points A,, A,, A,, ... in one plane.
Draw two straight lines 0X, O0Y at
right angles to one another in the plane,
and let the distances of each weight
‘rom each of these two lines be
measured.*

Let z,, 25, 25, ... be the distances of
the weights from OY: y;, ¥s Ys» .-
their distances from OX.

[So that if, from any weight A,, per-
pendiculars A;M, on 0X and AN, on OY be drawn, we have

. z;= OM; = N;A; and y, = ON, = M,;A,.]

Let 8 be the required c.G. of the weights. Dra% GM, GN perpendicular
on 0X, 0Y, and let £= OM = NG, § = ON = MG.

The resultant of the weights w,, uy, w0y, ..., acting at Ay, Ay, Ay ...,
is w; + 1wy + wy + ... acting at @.

** We may su; the “ particles in one plane” to be a number of,
small migbyts ot’g:};d.to a flat square sheet of cardboard, and the two
straight lines at right angies to be two adjacent edges of the square.
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Suppose the plane turned so that 0Y is vertical and PX horizontal.
Then, since the sum of the moments of the several weights about 0 is
equal to the moment of their resultant, and the arm of w, is OM,,

OMX (w;+ 105+ 10,+...) = OM, X w;y+ OMy X w0y+ OMy X 10+,
- 10,2 + WeZy -+ WXy + ..o
or £=0M= vt vy t+wyt... °

Turn the figure round till OX is vertical and OY horizontal.

By taking moments in like manner about 0, we have

ON X (wy+wy+wy+...) = ONy X wy+ ONg X wy+ ONy X 034 ...

- Wy, -+ WYy + WaYy+t-...
whence = ON= o0 Byt

Hence the distances OM, ON are known, and by completing the
rectanglo OM@N, the position of §, the required c.¢., can be found.

Ezamples.—~(1) To find the distances of the c.a. of a right-angled
triangle from the two sides containing the right angle.

Replacing the triangle by three equal weights at its vertices (§ 286,
Cor. 1), the formula readily gives

2={a, j= b,
where a, b are the sides parallel to the perpendiculars 2, §.

(2) To & square ABCD, the half-square DCE is applied. Find,
braically, the position of the c.a. of the whole quadrilateral thus

Let a side of the square =a, s0
that CE also = a.

eore, b trinagle, and the. quad:

uare, iangle, quadri-
ateral

Draw FL, GM, HN perpendiculars
on BE. Then it is clear that

BL= Lr=gmd CN = NH =

form

C 3
ml“. Thus .“-%!.
‘The areas of the square, triangle, and quadrilateral are
at, '—;3. -3%'. respectively
Henoe, by § 201, ’
g, a®  4q\ . 3at* ¢, ,2\.3 17
Bl = (G'X-i-l- fx -3-)?-—2-- (§-+ 3)?2-1.9“'
and = M@= G'x%i-‘-;—.xl)-:-a;—-.-;—'. .

" The position of @ is thus accurately determined.
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202, Wqrk Done in Raising Weights.—The work done in
lifting a number of weights off the ground or raising them up
to the ground is the same as if their total weight were collected
at their c.G.

Let there be any number of weights w,, w,, 1,, ..., and let them be
raised from the ground to heights s, zy, o .-+ "Let. W be their total
ight, £ the height of their c.q. in the new position.
on the work done in raising the weights
= W2 + WeZy + W25 ....
But, by the last article,
2= 001 + WyTy + WeTs + ... 10,Zy + Wyky + WsTs 1 ...
wy + w, + wy + ... w ’
VT, + Wy + Wy + ... = W. 2;
.. whole work done = W# = work required to lift the total weight
|4 a:o tl}n:ﬂ height ofktbe c.G. 1o denths of ber of
imi , by taking z,, z, ... to represent the depths of a num
weights bc{mn the groundl. we see that the work done in lifting & number
of weights from below the surface to the ground is the same as if the
weights were all concentrated at their c.a.

Examples—(1) The lifting work done in building & cylindrical tower
is the same as would be required to lift the whole of the materials
through } the height of the tower.

(2) The work done in digging a ditch of triangular section h
M?dmi:o:wﬁdh%mn:‘ml;lhn&?ﬁdmm
total mass of e through e depth owest t i
{s0 faruliftingthomurinf is concerned).

293. To find the C.G. of four equal weights placed at the
corners of a triangular pyramid, *

Let ABCD be the pyramid, H the c.c. of its base ABC.

Then the c.¢. of four equal weights w at A, B, C, D is the
same as that of w at D, and 3w at H (since H is the 0.6. of the
weights at A, B, C). Therefore G, the 0.a. of the weights, is
& point in DH, such that

38H = DG, or DG:G!!=3:1,

whence GH = }DH, DG =1DH.

294, The C.G. of a Pyramid or Cone.--We may here state

that the c.g. of a tri r pyramid coincides with the c.a.
of four equal pa..rhols:;ﬁd at its four vertices. It therefore
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(§'293) divides the line joining the vertex to the c.a.,of the base

.into parts which are as 3 : 1.

} In like manner, if the base of a pyramid has any number
of stdes, its C.q. is in the line joining the vertex to the c.a. of
the base, and at a distance from the latter point equal to $
the distance of the vertex.

Again, what holds good for the c.a. of a pyramid will also
hold good for the c.G. of a cone.

In a right circular cone (the only kind of cone we have
to consider) the c.@. is, therefore, in the azis, at a distance
irom the base of  the altitude of the cone.

But the c.6. of the curved surface of a right circular cone is on its
axis, at 8 distance from the base equal to § of the altitude.

EXAMPLES XXV.

1. Find the 0.6. of & bent wire ABC, the arm BC being twice the
length of the arm AB.

2. A uniform isosceles triangle has its two equal sides each 5 ft. long
and its base 8 ft. long ; find its 0.a. If its weight be 5 Ib., and & weigh
of 10 1b. be hung at the vertex, find the 0.0. of the whole.

3. The mass of an equilateral triangle is 4 ]b. Masses of 1, 1, and
2 1b, respectively, are at its angular points. Find the o.M. of
the system.

4. Find the load which must be placed at the corner of an equilateral
tﬁ;i‘mgnhr plate to bring the c.c. to the middle of the median through

t corner. -

5. If at one angle A of a triangular lamina ABC be placed a weight
equal to the wai;:%ofthe triangle, where will be the c.a. ?

6. Weights of 2, 3, 5, and 6 1b. are placed at the corners A, B, C, D
of a weightless square lamina ABCD, whose side is 12 in. Find the
position of the 0.a. of the weightas.

7. Weights of 2, 4, 5, and 3 lb. are suspended from the corners
A, B, C, D of a horizontal square board ABCD without weight, whose
side is 2 ft. Find the position of the 0.c. of the weights. Would it
change if the board were inclined to the horizontal ?

8. Find the c.M. of five equal heavy particles placed at the angular
points A, B, C, D, Edungﬁnhen;z:: Alcbtlgh

9. Find the c.e. of seven equal particles placed at the corners of a .
regular octagon. '
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t the corners A, B, C, D
of 14 1b. be placed &t 0, the
of the system.

t:r les by its diagonals

°

*10. Weighta of 4, 9, 5, and 3 Ib. are placed &
the c.0.

0 »

area left when one of the

P

of a ABCD. Ifa t
monon of e dgois, o e
f

11. A square ABCD is &lvided into
which intersect in 0. Find 0.g. of
triangles AOB is removed.

12. If at B and O, two of the angles of a triangular lamina ABC,
'ﬁﬁi‘:. equal to half the weight of the lamina be placed, where will
be the common 0.6. of the weights and the lamina ?

13. If @, the c.c. of s triangle ABC, be joined to the extremities of
the side BC, and the triangle BGC be removed, find the 0.q. of the rest
of the triangle. 1

14. Tsosceles es ABC, DBC, the former of which is double of
the latter, are described on the same side of tho same base BC. Find
the 0.0. of the area included between their sides.

15. Two uniform oylinders of the same material are joined er,
<nd to end, so that their axes are in the same straight line. One of
the cylinders is 12 in. long and 3 in. in diameter, the other is 18 in. long
and 2 in. in diameter. Find the 0.6. of the combination.

16. One corner of a sqnare ABCD is cut off by a straight line i
through the middle points of two adjacent sides AB and BC. Fi
‘the 0.a. of the remaining portion of the square.

*17. Five pieces of & uniform chain are hung at equidistant points of
» rigid rod without weight, and their lower ends are in a straight line
{:uing through one end O of the rod. Prove that the c.q. is in the

ine joining O to C, the middle point of the longest chain, and at &
distance from 0 equal to $30C. *®

18. A telescope consists of three tubes, each 10 in. in length, sliding
one within another, and their weights are 8, 7, and 6 oz. Find the
Pposition of the 0.0. when the tubes are drawn out to their full extent.

19. A uniform square sheet of paper ABCD has its two adjacent
corners A and B folded over so as to coincide with its centre 0. Find
1its €.G.

20. If the two corners folded over in the last question be torn off,
‘where is now the ¢.G. of the remainder of the square ?

21. ABCD is & square, 0 theus)oint of intersection of its diagonals,
E, F the middle points of the adjacent sides AB, AD. Find the 0.6
‘when the square AEOF is removed.

22. The longgr side BC of a rectangle BCDE is 4/3 times the shorter,
and on the longer side an isosceles triangle ABC, havln&.tho angle BAC.
equal to & right amgle, is described. Find the 0.g. of the lamins made
up of the rectangle and the triangle.
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$23. A cylinder of metal is 1 ft. high, 6 in, external radius, and 5 in.
internal radius, and 11 in. deep inside ; it is open at the top. Find the
position of its c.a. .

24, A uniform rod AB is 4 ft. long and weighs 3 1b. Weights of
1, 2, 8, 4, and 5 1b., respectively, are attached at intervals of 1 ft., the
smallest weight being at the end A. Find the distance of the c.q. of the
system from A.

25. Five masses of 1, 2, 8, 4, 5.0z. respectively, are placed upon &
square table ABCD ; their distances from the edge AB are 2, 4, 6, 8,
10 in., and from the adjacent edge BC, 3, 5, 7, 9, 11 in. respectively.
Find the distances of their centre of mass (c.c.) from the two edges.

26. Weights of 1, 2, 3, and 4 1b. are placed at the angular points
A, B, C, D respectively, of & square ABCD. Find the distance of the
©.a. of the system from the centre of the square.

27. Find the number of foot-pounds of work required to wind up »
chain 50 ft. long and weighing 120 Ib., which hangs by one end.

28, A shaft, 280 ft. deep and 15 ft. in diameter, is full of water ; how
many foot-pounds of work are required to empty it? [Weight of 1
cub. ft. of water == 1000 o0z.]

29. A well is to be made 40 ft. deep and 3 ft. in diameter. Find
the work done in raising the material, supposing & cubic foot of it
weighs 140 Ib.

30. Find the c.c. of a circular board from which & circular piece has
been cut out, having as diameter a radius of the board.

81. Find the c.a. of half a hexagon, bounded by three sides and o
diagonal. by

32. A piece of uniform in the form of a regular hexagon has
one of the equilgteral tri p;f:obtdnodbyjdnmg' the centre to two
consecutive an, points cut out. Determine the position of the c.a.
of the remainder.

83. A uniform plate of metal 10 in. square has a hole 3 in. square
cut out of it, the centre of the hole being 2{ in. distant from the centre
of the plate, Find the position of the 0.a. of the plate.

84. A weight equal to that of a triangular pyramid is placed at one
omwofthepy;lmid. Find the 0.a. of the system.

EXAMINATION PAPER XIIL.

1. Define the centre of & of parallel forces, and state & method
of finding its position when are more than two foroes.

ni:l.:tkl'zonllg - mmﬁngt" ni::‘mmul m‘t'};‘&t‘: B, D
.» 803

Test on su mdthoondcmonthrodllatapdnet’u.
from A. the pressure on each support. e
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8. A number of coins lie u a square table. If the masses of the
coins are known, as well as their distances from two adjacent sides of
the table, show how to determine the position of their common c.M.

4. Two. men carry a weight of 200 1b. on a pole between them. If
they are 5 ft. apart and the weight is slung at a distance of 2 ft. from
one of the men, what part of the weight will the other man bear ?

5. Find the centre of vity: of a uniform tnnnﬁuhr pyramid,
having given that it is the g::meyu that of four equal heavy particles
plmetf at the four corners of the pyramid.

6. Find the centre of five like parallel forces of 1 1b., 2 1b., 3 1b.,
2 1b,, and 1 1b., acting at lpoi.ul'.l A, B, C, D, E in a straight line, such
that AB, BC, CD, DE equal 1, 2, 3, and 4 in. respectively.

7. Having given the 0.6. of & body and that of one part, find the
0.¢. of the remainder.

8. Show that the c.a. of a uniform triangular area coincides with.
that of three equal heavy particles placed at its angular points.

9. Two circles whose radii are 6 in. and 4 in. are drawn on a uniform
sheet of paper and touch one another internally. The ion bounded.
by the ciroumferences of the two circles is cut out ; find its c.c.

10. Find the 0.c. of four heavy particles we 2, 3,4, and 5 1b.
mpoc:ively. placed at the corners A, B, C, D of a square whose side is
14 in. long.



CHAPTER XXVL

PROPERTIES OF THE CENTRE OF GRAVITY.

295. Equilibrium of a Heavy Body about a Fixed Point.

If a heavy body be at rest when supported at one point, and
"be f{ot actegy uponyby Jorces other than gravity, the c.c. and the
point of support will be in the same vertical line.

For the only forces acting on the body are—

(i) The resultant force due to gravity. This is the weight
-of the body, and acts vertically through the c.c.

(i) The reaction at the point of
support.

These forces are in equilibrium ;
therefore they must be equal and
g opposite and in the same straight

o S f e.
Fig. 150 That is, the point of support must
*. bein the vertical through the c.g.
This refers to a body either resting on a surface at one point, as in

Fig. 150, or capable of rotation about a,point, or suspended by a string
-a8 in Figs. 161, 152,

296. The plumb-line,* used by builders and others for
finding the direction of the vertical, is a flexible string from
which & heavy weight of lead, or plummet, hangs, When
at rest, the string is vertical throughout its length, for the
tension at any point has only to support the weight of the
‘plummet, which acts vertically (§ 275). We may sometimes
define the vertical line a¢ any point as the direction of & plumb-
line at that point. .

¢ From the Latin plumbym = * lead,”
284
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297. To find by experiment the C.G. of a lamina,

The c.a. of a sheet of metal or any other material, or a
wooden plank, or a wire of any shape, may be found in the
following manner :—

Suspend the body by a string attached to any point A, and
on it draw the vertical line AD through A. This line may be
traced either by means of a plumb-line or by producing the
direction of the string. We know, by § 295, that the ¢.a. lies.
in AD,

"Fig. 151. Fig. 152.

Now suspend the body from any other point B, and on it
draw the vertical line BE through B, As before, the c.a. lies
in BE. Therefore the required c.G. is at the intersection of
AD, BE. .

1f we now hang the lamina from a third“point C, it will be
found that G is vertically below C, thus verifying that G is.
the c.o.

This method is theoretically applicable to any body whatever, but
except in the case of & lamina, or a wire bent in one plane, it would
usually not be very easy to mark the two positions of the vertical,
AD and BE.

If the lamina is in the shape of a rectangle or parallelogram,
and is hung up from one of its angles, the dia‘gonal through
that angle will be found to be vertical, thus verifying that the
c.G. lies in the diagonals. .See also § 330.

Af"‘f‘,.m',',‘:-.p'apply the method to a straight thin rod.(e.g.
a ruler, a stramght walking-stick, or, better still, a billiard cue),
we suspend it by means of two very fine strings from any
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point 0. Also make a plumb-line by hanging & small weight
W by a single thread from 0. If the thread OW cuts the
rod in G, the c.¢. of the rod will be

0 at G. Mark this point on the rod.

Then, if the rod be laid on the finger

or on any support touching it at @, it

A will balance.
If the rod is uniform, @ will be
¢ found to be at its middle point. If

one end of the rod is heavier than the
w 8 other, @ will be found to be nearer to
Fig. 153. the heavier end.

Ezample.—A heavy rod AB, whose centre of gravity @ is not at ite
middle point, is suspended by a single string AOB over a smooih peg 0.
Discuss the possible positions of equilibrium.

[The student should draw a figure very like Fig. 1563, but making
AG rather shorter, so that 0G biseots the angle A0B.]

Since the weight of the rod at @ acts vertically downwards, 08 must
be vertical.

Moreover, since the peg is smooth, the tension 7' is the same in each
part of the string.

Hence the resultant of the two tensions 7’ must bisect AOB, the angle
between them. For equilibrium, this resultant is equal and opposite
to the weight, and must act along 06. Thus 06 must bisect the angle
AOB, that is, the strings must be equally inclined to the vertical.

. “e AD AQ .
By Euclid VI. 3, 8= @8 [Appendix, § 10.)

Jhe%t is, the paris of the siring must be proportional to the segments of

By drawing GE parallel to BO, we get a convenient triangle of forces,
Q0EG, from which the relation between the tension and the weight can
be calculated, in particular cascs.

There are other less interesting positions of equilibrium, namely,
with the rod vertical, and either end uppermost. If wo assume the peg
to be of insignificant dimensiots, the three forces will then act in one
straight line, and the tension will be equal to half the weight.

It is noteworthy that, in the case of a lxictun-fmme as ordinarily

suspended, the two g.am of the string would be equally inclined to the
vertical, even if the frame itself were ing crookedly, if thv . .4 ¥
perfeotly smooth, ' . s

299. If a heavy body is supported at its C.G., it will balance
in every position, ‘< '
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Since the c.q. is at the point of support, the body’s weight
always acts through the point of support. This weight
cannot move the point of support, because that point is
fixed ; and it cannot turn the body round, hecause it has no
moment about that point. Hence the body must remain
balanced in every position.

In conscquence of this property, the ¢.G. 18 very commonly
spoken of as the balancing point of a body.

300. DeFiNiTION.—When a body rests upon any hard flat
surface, its base is defined to be the area enclosed by a fine
string drawn tightly round it so as to enclose all points of the
body in contact with the supporting surface.

When a glass tumbler rests on a table,
the base of the tumbler is evidently the
circular area enclosed by the parts of the
tumbler touching the table. Rut in the
case of a table resting on the floor on its
four legs, the basc is the quadrilateral
formed by jeining the feet, for this would
be the figure assumed by a string pnlled
tightly round the paoints of contact. The
definition ensures thet when the body is
overturned it must turn about some point or line bounding the base.

[ ]
301. When a body is placed on a plane it will stand or fall
according as the vertical line through its C.G. falls within or
without the base on which it rests.

(i) First let the vertical through the c.c. cut the suppurting
plane at a point M oufside the base AD ; let A be the pomt of
the base that is nearest to M. Then the weight ol the body
iz equivalent to a single resultant furge ucting at G, and the
moment of this weight (Fig. 155) tends to tarn the body about
A in such a way as to lift up all the other points of the body
touching the plane. Now the reaction of the plane always
acts away frqm it, and never tends to prevent any part of the
body from being lifted off. Hence there is nothing *to
counteract the fendency of the body to overturn about A.
Therefore it will full. .
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(ii) Second, let the vertical through the c.c. cut the sup-
gorting plane at a point M inside the base AD. Then, if A
e any point at the edge of the base, the moment of the
weight about A tends to press down the other points of the
body touching the plane (Fig. 156), asat D. Now the reaction
of the plane prevents the body from penetrating it. Hence,.
the body will stand. And if it be slightly tilted up, its weight
will bring it back to its original position as soon as it is let go..

Cow
Fig. 165. Fig. 156.

As a particular case, when a body rests touching the ground
at a single point, the vertical through the centre of gravity
must pass througn that point (Fig. 160).

OBsERVATION.—The plane supporting the body may be
either horizontal or inclined, provided that it is sufficiently
rough to prevent the body from sliding down.

Iustrations.—(1) A cart or tricycle will overturn if the wvertical
through its 0.c. falls outside the wheel base (Fig. 157).

2) A porter carrying & heavy trunk in one hand often extends the
op(po)lifnurmntmilengthinordertommmndﬂybﬁnghilc.o.om
& point between his two feet. A man carrying & heavy weight in front
of him leans back in order to bring his 0.a. over his base.

302. Experimental Verifications.—The reader is strongly
recommended to test the truth of the theorem by some simple:
experiments made with sny common objects around him.
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. Thus, for example, if any body of rectangular section ABCD
(say a brick) be stood upon a rough plank, and the plank be
gradually tilted about the —
edge A, the body will e
remain standing as long as
its c.6. does not overlap the
base, but directly this hap-
pens it will fall over about
its lowest edge Figs. 156,
156)

Now the c.c. of a rect-
angular body lies in the
diagonal plane AC. Hence
the body will overturn just
after the diagonal AC has
passed through the vertical
position.

Again, a book can be placed on the top of another book
resting on a table, provided that the middle (or c.c.) of the
upper book does mot project beyond the lower book (i.e.
beyond the base). Hence, in order to make the upper book
project beyond its middle, weights must be placed on the
supported end to bring the c.a. nearer that end. e

* 303. Stable, Unstable, and Neutral Eqfilibrium.—Theoreti-
cally, it is possible to balance a body by supporting it at a
point either vertically above or vertically delow, or at its c.c.
But, practically, it is often very difficult to keep a body
balanced on a Point even for a short time, and the leaste
disturbance suffices ¢o overturn it. Bodies have, as we know,
a tendency to fall mto certain natural posjtions. of equilibrium,
and to fall away from other positions. °

MAT, MECH. 19
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DerFniTION. —Bodies are said to be in unstable equilibrium
when, after a slight disturbance, they tend to move further
and further away from their equilibrium position, s.e. to
upset,

Thus an egg naturally rests on a table with its side touchir:g the
table But it is difticult to balance the egg on its end; and, if this
has been done by bringing the c.c. directly over the point of support,
the egg will overturn, as in Fig. 163, with the slightest shake or breath
of air, or other disturbance, which moves the egg and therefore ita c.a.
or its point of support a little to one side or the other. In ordinary
language, wo express this fact by saying that the egg is top heavy.

A pin would theoretically satisfy the condition of equilibrium of
§ 295 if stood upright with its point resting on a plate. Butnohandis
sufficiently steady and patient to place it exactly in the right position,
nor could the plate and pin remain sufficiently undisturbed for the pin
10 continue balanced for more than an instant, even if it wereso placed.
“The pin would in fact be top heavy.

A walking-stick standing upright on the finger, a ball or marble
placed at the top of an inverted bowl, are also examples of unstable
equilibrium.

Note.—~When we say that a body is “ top heavy,” we
1mply that it is in unstable equilibrium,

DEeFINITION.—Bodies are said to be in stable equilibrium
when they tend to retum to their equilibrium position after
being slightly’disturbed.

Thus, for example, a weight (such as & plummet) hanging from a
string will of its own accord fall into a position of equilibrium with
the string vertical. If pulled aside, it will at first swing to and fro,
but the string will at last again assume a vertical position.

A stick hanging by its crook, a ball or marble inside a basin, the beam
of a balance, are also examples of stable equilibrium.

DerFiNiTION.—Bodies are said to be in neutral equilibrium
when, after being slightly displaced, they remain in their new
position, .

A ball whose c.0. is at its centre is in neutral equilibrium when pl
on a Lorizental carface.  For, however the ball be rolled about, its c.a.
wwill always be vertically above its point of contact, and hence 1t will
always remain in equilibrium (Fig. 164, p. 291), )
An egg or cylinder resting on its side when alfowed to roll along the
table, a heavy body of any kind supported at its c.0. (§ 299), a door
turning on its hinge, are ‘also examples of neutral equilibrium,
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A cone affords a good illustration of all three kinds of equilibrium.
On its base it is mb%c, on its vertex unsiable, and on its side neutral for
lateral displacements (rolling).

304, Stability of a Body with One Point Fixed.

A heavy body, moveable freely about a fixed point 0, is
in stable, unstable, or neutral equilibrium, according as 0 is
vertically above, vertically below, or at @, the body’s c.c.

Q&

Fig. 160. Fig. 161.

For if the line 0OG is not quite vertical, Figs. 160, 161 show
that the moment of the weight acting at G tends to turn the
body about O towards a position in which G is vertically below

w
Fig. 162. Fig. 163.
90, and awey from a position in which G is vertically above Qs
Tence the former position is stable and the latter unstable.
And since the body balances in every position when supported
at 8, its equilibrium is then neutral. . .
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505. Stability of a Body resting on a Horizontal Plane.

1f the surface of a body is spherical and its c.c. is not at ils centre,
the body will be in stable equilibrium on a horizontal plane if its c.e.
be vertically {elow its centre, and in unstable equilibrium if its o.a.
be vertically ahove its centre ; for Figs. 162, 163 show that the moment
of the weight tends to turn the bolg; towards its equilibrium position
in the former case, and away from it in the latter. If the c.c. is a#
tl» centre, equilibrium is neutral (Fig. 164).

‘The whole body need not necessarily be spherical, provided that the
part of the surface touching the plane is spherical.

Thus, if a hemisphere of lead i8 joined to a cylinder of cork so that
the c.c. .of the whole is below the centre of the hemisphere, it will stand
upright although it looks very top-heavy. For lead is so much heavier
than cork, that a cork of considerable length may be attached to the
hemisphere without raising the c.a. above the centre (Fig. 162).

Several toys act on this principle.

EXAMPLES XXVI.

1. A uniform straight lever, 12 ft. long and weighing 12 1b., balance»
about a certain point when weights of 3 1b. and 12 1b. are suspended
from its ends. How far will the Foint of support be moved when each
of the weights at the ends is doubled ?

' 2. A uniform rqd, 12 ft. long and 30 lb. in weight, is mplforud by s
prop at one end. Find the force which must act vertically upwards.
at a distance of 8 ft. from the prop to keep the rod horizontal.

3. A uniform straight bar, 10 in. long and 8 oz. in weight, balances
about a certain point when weights of 4 and 8 oz. are suspended from
its ends. Equal .weights are then added to each of the weights sus-
pended from the ends, and it is found that the fulcrum must be moved
§in. Find the weight added.

4. Weights of 1, 2, 3, and 4 1b, are suspended from a uniform lever
b5 {t. long, at distances of 1, 2, 3, and 4 ft. respectively, from one end.
If the mass of the lever be 4 lb., find the position of the point about.
which it will balance.

5. Arodish from a smooth peg by means of a string passing
over the peg uttacuﬂgd to the c.sxt.nnnii:ieug of the rod. Find the position
of equilibrium when the cs3. of the rod is (i) at its middle point, (ii) not-
at its middle point.

6. How would you find experimentally the 0.6. of & straight, but.
not uniform, thin rod, ? “

7. A rod 12 ft. long has a wei?ht of 1 1b. suspended from one end,
asd when 15 1b. are suspended from the other end it balances at a.°
point 3 ft. from that end, while, if 8 Ib. are suspended there, it balances

av a point 4 ft. from that end. Find the weight of the rod and the
position of its 6. -~
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8. A bar®projects 6 in. beyond the edge of a table, and when 2 oz.
are hung on to the projecting end the bar just topples over; when it
is pushed out so as= to project 8 in. beyond the , 1 0z. makes it
iopple over. Find the weight of the bar, and the gitt.unco of its c.q.
from the end.

9. If three men support a ‘heavy uniform triangular boara at its
‘three corners, what pcrtion of the weight will cach bear ?

10. A trianguler board is hung b{el. string attached to one corner.
What point in the opposite side will be in a line with the string ?

11, A circular table, whose mass is 12 lb., is supported on thLree
vertical legs, placed at equal distances on the circumference. Find
the least mass which, when hung at the extremity of the diame‘er
through one of the legs, will cause the table to topple over.

12, Having given a four-sided lamina with unequal sides, describe
bow you would find its c.c. (i) geometrically, (ii) experimentally.

13. A uniform triangular Jamina, whose sides are 3, 4, and 3 in,
Tespectively, is msg;xded by a string attached to the middle point of
the longest side. aw a figure showing clearly the position of the
opposite angular point. If equal weights be attached to the three
angular points, how will the position of equilibrium be affected ?

14. Explain fully the circumstances under which a rectangular block,
standing on a plank which is being gradually tilted, shall topple over,
being prevented from sliding by a small obstacle. As an example,
take the case of & block 8 X5 § cub. in.

18. A cylinder whose base is & circle 1 ft. in diameter, and whose
height is 3 ft., rests on & horizontal plane with its axis vertical. Find
ho: high one edge of ihe base can be raised without causing the cylinder
to turn over.

16. A cylinder is attached by its base to the plar® base of a hemi-
sphere, the bases of the cylinder and hemisphere having equal radii.

e solid thus formed is then found to rest in any position with its
hemispherical surface in contact with a smooth horizontal plane. Find
the position of its c.c.

17. A regular hexagonal plate stands vertically on one side, and is
divided into two parts by npvertic-l line bisecting that side. Will the
parts stand or fall ?

18. Weights of 4, 5, and 8 Ib. are hung from the corners A, B, Cof &

" weightless lamina in the form of an equilattral triangle whose side is
12 in. Where must the triangle be supported that it may rest in a
horizontal position ?

18. Where is the c.g. of six heavy particles, weighing respectively,
4, 5, 6, 8, 7, and 10 oz., placed in s:{uight line' at intervals of a foot ?

20, Weights of 5, 6, 9, and 7 Ib. respectively, are hung from the
oorers A, B, C, D bf & horizontal square ABCD, whose side is 27 in.
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long. Find, by taking moments about two adjacent edges of the square
the point where a single force must be applied to the square to balance
‘the effect of the forces at the corners.

21. ABCD is a square, and O is the point of intersection of the
diagonals. Like parallel forces of 3, 2, 5, 4, and 12 1b. act at the points
A, B, C, D,and 0. Find their centre.

22, An isosceles triangular lamina, of weight 14 1b.,, and whose

, sides are 5, 5, and 8 in. long, respecti g, stands vertically with one
of its equal sides on a horizontal table. Show that a weight of 12 Ib.,
when suspended from the upper angle, will just overturn the lamina.

#23. A body of known mass is Medsoutobec:glbleofroution
about a fixed horizontal axis; describe some method of finding the
distanoce between the c.6. of the body and the axis.

24. On a circular table with three legs, placed at equal distances on
the circumference, a weight of 96 1b. is placed so that the distances
of the weight from two adjacent sides of the triangle formed by the
legs are, respectively, } and } the altitude of the triangle. Find the
force of pressure on each leg due to the weight.



CHAPTER XXVIL

BALANCES.

306. In this chapter we shall describe the various con- .
trivances by which bodies are usually weighed. Remembering
that weight is proportional to mass, we observe that the
operation of weighing by balancing a body with known
weights affords in every case a correct measure of the mass
or quantity of matter in the body in pounds or grammes or
other chosen units, and that the observed weight is independent
of any local variations in the intensity of gravity.

Fig. 165.

807. The common balance (see Fig. 165) consists essentially
- of a beam or lever AB fixed so that it can turn about a fulcrum
0 placed a little above its middle point. From iis ends are
suspended tgo scale pans ; the goods to be weighed are placed
in one of these, and are balanced by placing suitable weights
in the other, till'the beam assumes a horizontal position.

. 206 -
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In delicately constructed balances, the fulcrum and points
of suspension consist of wedge-shaped pieces of hard steel
(callled ¢ kmife blades '), whose edges rest on hard plates of
steel,

The requisites of a good balance are that it be—
(i) true, (ii) stable, (iii) sensitive, (iv) rigid.

308. Conditions that the Balance may be True.—A balance
is said to be true if the beam assumes a horizontal position
when equal weights are placed in the two scale pans. This
requires that—

(i) The two arms of the beam must be of equal length, that is,
AQ = BO, or the fulerum O must be in a line HO, bisecting
at right angles the line AB, which joins the points of suspen-
sion of the two scale pans.

(ii) The scale pans must be of equal weight.

(iii) The c.c. of the beam must be vertically under the fulcrum
when the beam 1s horizontal, and therefore also in HO.

When these conditions are satisfied, equal weights placed
anywhere whatever in the scale pans will balance each other
with the beam horizontal.

For, if one of the weights, @, is placed a little on on» side in the scale
pan instead of in the middle, the pan will swing iteelf a little to the

other side so as td bring its c.q. vertically below the point of support B.
The student should verify this by experiment. PRO

309. Conditions that the Balance may be Stable.—A balance
is said to be stable if the beam tends of its own accord to fall
into its equilibrium position. A balance would evidently be
useless for weighing if its equilibrium were unstable or even
neutral (§ 303).

A balance is said to be more or less stable according to the
comparative readiness or reluctance of the beam to assume its
equilibrium position.

Stability is secured by placing 0, the fulcrum of the beam,
a little above the points @, H, at which the resu'tant weights
of the beam and the two pans act respectively.
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310. Conditions that the Balance may be Sensitive.—It is
ot sufficient that the beam should be horizontal when the
weights in the scale pans are equal. It must also indicate
‘when they are unequal, by the beam assuming a non-horizontal
position. This is expressed by saying that the balance must
be sensitive (or, as some writers call it, *“ sensible”). In a
sensitive balance, even a small additional weight placed in -
-one scale pan should turn the beam through a perceptible
angle, and the smallness of the weight which suffices to do so
affords a measure of the sensitiveness of the balance and of
‘the degree of accuracy attainable in weighing with it.

Thus a good chemical balance will indicate differences of *
weight down to tenths of a milligramme.

In order to enable the smallest deflection to be observed
with great accuracy, the beam carries an index or pointer |
{Fig. 165), which moves in front of a fixed graduated scale 8,
-always remaining perpendicular to AB.

Sensitiveness may be secured at the expense of stability
by making OH the height of the fulcrum small, and also by
lengthening the arms.

311. Rigidity.—The balance must have a beam sufficiently
strong not to bend under the weights which it has to carry.
To secure the greatest strength consistent with lightness, the
beam is usually made in the form shown indFig. 165.

3812. Summary.—We may sum up the statements of the
last tour articles as follows :—

The requisites of a good balance are that it should be
(1) true, i.e. the beam should be horizontal when loaded with
equal weights,
Conditions.—Equal arms, seale pans of equal weight,
beam properly balanced. (§ 308.)
{2) stable, i.e. the beam should return to its equilibrium
positjon when displaced.

Condsfions.—c.c. and middle point of beam Jelow
knile blade, (§ 309.)
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(3) sensitive, t.e. the beam sensibly deflected whed weights

slightly unequal.
Conditions.—Height of kmife blade small, n.rm; lolng,
(§ 310.)
(4) rigid, ¢.e. beam not bent by weights. (§ 311.)

313. False Balances: Double Weighing.—A balance will
evidently be false if—

(i) The arms are of unequal length.
(ii) The scale pans are of unequal weight.

(iii) The beam is improperly balanced (i.c. G not on OH).
Of these defects, the second and third can easily be cured. They
both have the effect of inclining the beam a little out of the horizontal
when the scale pans are empty. This may b rectified by filing away-
the scale or beam on the heavier side, or atmhinﬁ: small weight
to the scale pan on the lighter side, or (in & chemical bslance) by means:
of & weight &rojocting from the index which can be turned a little on
one side or the other. When the beam has thus been brought level, it
only remains to correct for the inequality in the arms, which cannot be-
remedied.

In all such cases the true weight of a body may be found by
either of the two following methods of double weighing :—

314. The first method is to place the body in one scale pan
and balance it with suitable counterpoises (e.g. small shot or
fine sand) placed In the opposite pan. Now remove the body
and replace it by weights sufficient to balance the counter-
g%im, and to bring the beam to the same position as before.

ese weights are evidently equal to the required weight of
the body, however false the balance used, for they act under
exactly the same circumstances and produce exactly the same

effect.
This is called the Method of.Substitution, or Borda’s Method.

315. The second method is less simple, but it enables us to-
test the trueness of the balance. The body is weighed first
in one scale pan and then in the other. If the two observed
weights are equal, the balance is true, and each is equal to
the true weight of the body. If not, the balance is false.
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We shall suppose that the arms are of unequal length, but
the weights of the scale pans balance one another with the
beam horizontal.

Let a, b be the lengths of the arms. Let W be the true
weight of a body, P, Q-the weights required to balance it
when it is weighed first in one scale and then in the other.
Then, by taking moments about the fulcrum, we have

WXa=PXDbueererrrerurreurereronnvene (i),
and WXb=0QXa . ceoererecarerrsaecserree (id),.
By multiplication, W?ab = PQab, or
W2 = PQ.
Therefore W= 4/(PQ).cceecrccreenrrnn. (iii),.

that is, the true weight s the geometric mean® between the observed
weights.

Ezample.—The two arms of a balance are in the proportfon of 9 : 10.
Sugar iupseighod out against §-1b. weight, placed first in one scale pan
and then in the other. To find the total true weight of sugar.

Since the two portions of sugar balance the §-lb. weight in the two.
pans, their actual weights are §x & and Lx 32 1b.; therefore true
weight of sugar = (% + 4%) = {#} = Lybg Ib.

316. To compare the lengths of the two arms, we have, by (i), (ii),

a P a9 LA
t=w* 5= ¢
therefore -:—:=%s=5. or -E='\/(%).

giving the ratio a/b.

317. The common or Roman steelyard consists of a beam
(AB, Fig. 166) moveable about a fulcrum or knife blade G
fixed near one end B. From B isesuspended the scale pan
containing the body to be weighed, and a moveable weight
is slid along the arm CA until the beam balances horizontally.
The arm is graduated in such a way that the reading P, at
which the weight rests, indicates the required weight of the
body.
‘V(}:Q)uthma\'cmzmm Pand Q.
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318. To Graduate the Common Steelyard.—Let P denote the
moveable weight. First let the scale pan be empty, and let
0 be the position of the weight when the beam balances
Jhorizontally about C. Then the point 0 must be marked O
{zero).

Pig. 166.

Now let a weight W be placed in the scale pan. This
weight acts on the beam at B, hence its moment aliout €
is Wx BC. To balance this added moment, we must increase
‘the moment of P by an equal and opposite amount by moving
it further away from the fulcrum. Thus, if P be its new
position, its moment about C will be increased by Px CP —
Px (O, that is, by PX OP. Egquating the added mnoments of
P, W about C, we have therefore

Px0P= WxB¢e,
- OP—ZXBB
'0!' . —P o

Now let | denote the position of P when the urit of weight
{say 1 Ib.) is placed in the scale pan. Putting W = 1, we

1
hve °| b T Bca
Therefore OP = W.0L

Hence, if W = 2 pnits, OP = 201;
if W = 3 units, OP = 301 ;
if W=} unit, OP= 301;

and so on. We therefore have the following rule ;:—

Find, by actual trial, the points O, | at which P must be
placed when the scale pan is empty and when'st contasns the
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unit of weight respectively. From O measure off on OA succes-
sive multiples and submultiples of the length Ol Their
exlremilies wzll be the points of graduation for the corresponding
multiples and submultiples of the unit of weight.

[The principle of the Danish steelyard is explained in Examples.
XXVII., Question 17.]

*319. Roberval’s Balance,—This is a letter-balance in which
the stems of the scale pans are hinged to two equal and
parallel levers AEB, CFD, which
turn about their middle points
E, F. 'When the balance is slightly
displaced, one of the platforms goes
up and the other goes down
through exactly the same distance,
and the platforms always continue
to remain horizontal. Hence, if
equal weights P, Q are placed Fig. 167.
anywhere on the pans, the works
done by them in rising and falling will be equal and opposite.
Therefore, by the Principle of Work, equal weights will balance
one another whatever be their positions, although one may be
nearer the fulcrums E, F than the other.

EXAMPLES XXVII.

1. How can the true weight of a body be determined by means of a.
balance with unequal arms ?

2. The arms of a balance are 19 in. and 20 in. long respectively, and
the p-.n in which the weights are placed is suspended from the longer

Find the true wen;it of a body which appears to weigh 14 lb.
¢ oz

3. Find the true weight of a substange which, when placed in one
scale of a balance, appears to weigh 140 grm., and in the other,
154 '35 grm.

4. A body whose true wei?t is 13 Ib., when placed ir one scale of a
false ba.h.noo appears to weigh 25 oz. Find ite apparent weight when
placed in th8 other scale.

5. Ifthoun-ofuhlnbdmummthontxoof%tozs how
. wmuch ple; 1b. does a purchaser pay for m. sold from the longer arm at
. 3s, perlb.? .
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6. It the length of the shorter arm of a balance is -98 times the
length of the other, and & body whose true weight is 15 Ib. is placed in
the scale pan suspended from the shorter arm, find its apparent weight.

7. The beam of a false balance is 38 in. long, and a certain body,
when placed in one scale, appears to weigh 5 1b. 1 oz., and in the other,
6 1b. 4 oz. Find the true weight of the body, and the lengths of the
arms of the balance.

8. The beam of a balance is a uniform straight rod whose length is
20 in, and weight 11b. If the fulerum be } in. on one side of the c.c.
of the rod, find the true weight of a substance which apparently weighs
1 1b,, the weight being placed in the pan suspended from the shorter
arm.

9. A shopkeeper uses a false balance having unequal arms, whose
len are ¢ and b. He weighs out to two customers W pounds of
-coffee, as indicated by his balance ; but, in serving one of the customers,
he puts the weights in one scale, while, in serving the other, he puts
them in the other scale. Does he gain or lose, and how much ?

10. Explain how to find the true weight of a substance when the
boml:‘ofthe balance is quite true, but the scale pans are of unequal
weight.

'11, Can the steelyard be employed to determine whether or not the
‘weight of a body is the same in different places ?

12. A piece of lead placed in one pan A of a balance is counterpoised

by 100 grm. in the other pan B. en the same piece of lead is

laced in the pan B, it requires 104 grm. in the pan A to balance it.
B‘ind the ratio of the arms of the balance,

13. A common stselyard weighs 10 1b. The weight is suspended
from a point 4 in. from the fulcrum, and the centre of gravity of the
steelyard is 3 in, on the other side of the fulcrum. e moveable
weight weighs 12 ib, Where should the graduation corresponding to
1 cwt. be situated ?

14. In & common steelyard whose mass is 21 1b., the point of suspen-
sion of the body to be weighed is 4 in. from the fulcrum, while the
centre of gravity of the beam is 1 in. from the fulcrum, measured in
the opposite direction. If the mass of the sliding wei%t be 7 Ib., find
the distances from the fulcrum, of the graduations marked respectively,
14 1b,, 28 1b., 56 1b., and 112 1b.

%15. A uniform bar 2 ft. long and weighing 3 1b. is used as a steelyard,
being supported at & point 4 in. from one end. Find the greatest and
least weights which can be weighed with a moveable weight.‘of 21b.

16. In & common steelyard, the distance of the fulcrum from the
E‘oint of support of the weight is 1 in., and the moveablé weight is 8 oz.

'o weigh 15 lb., the moveable weight must be placed 8 in. from the"
fulorum. Where must it be plisped in order to weigh 16 b, ?
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*17. A Danish sleelyard consists of a beam AB terminating in &
Teavy knob at A and carrying a scale pan suspended from B. The,
beam hangs by a loop of strin'%hwhoa position can be varied, thus
forming a moveable fulcrum. ¢ weight of the beam is 1 1b., and
it balances horizontally with the scale ran empty and the fulerum
distant 1 ft. from B. If now weights of 1 ]b., 2 1b., and 3 Ib. are succes-
sively placed in the scale, find where the fulerum must be placed for
the beam to balance. (The weight of the scale pan.may be neglected.)

EXAMINATION PAPER XIV.

L How would you find, experimentally, the ¢.c. of a lamina?
“Explain why your method holds good.

2. Explain why & man who has to.carry & heavy box in one hand
-must throw his bo{ly on one side. i

3. A uniform cylinder whoee height is equal to the diameter of its
base is placed on an incline of 30°; through what angle must the plane
be turned so that the cylinder, which cannot slip, may be on the point
-of toppling over ?

4. Ex why in a common scale pan or letter balance it does not
matter whereabouts on the pan the weights are placed, although they
may be sometimes near and sometimes further off the fulcrum.

5. What are the requisites of a good balance? How ere they
secured ?

6. Explain & method of double weighing in & balance, and show
that any inequality in the arms of the balance will nqt affect the accuracy
-of the result obtained. .

7. A body, the weight of which is 2 lb., when placed in the scale
of a false balance, appears to weigh 30 oz. Find its weight when placed
in the other scale pan.

8. Describe the common steelyard, and show how to graduate it.
What advantage is gained by the use of a steelyard ?

9. A heavy uniform rod, 6 ft. long and weighing 36 1b., is kept in
equilibrium, with one end against a smooth vertical wall, and the other
against a smooth horizontn.(lehno, by a fope tied to a point in the wall
and the lower end of the rod. If the rope and the rod are inclined to
the horizon at angles of 30° and 45° respectively, find the pressure
against the wall and the tension of the rope.

[For the former equate moments abc:* the point of contact with
the ground ; for the latter resolve all the forces horizontallp ]

10. Five iorc%s, acting on & particle are represented in magnitude
and direction by the straight lines AB, BC, CD, AF, and FE of the
hexagon ABCDEF. Find their resultaut.



CHAPTER XXVIIL

EXPERIMENTS.

820. This Chapter contains a series of experiments which
illustrate the fundamental principles of Mechanics. It is
advisable for the student to perform as many of these as
circumstances permit. Those which he cannot perform
should be carefully studied so as to ensure a clear under-
standing both of the principles at issue and of the practical
details of the experiments.

321. Acceleration

Exp. 1.—To show that the acceleration of a sphere or cylinder-
rolling down an inclined plane is uniform.

The formula s =4 fi* determines the distance travelled from rest
under uniform acceleration. This formula shows that the distance
travelled varies as the square of the time from rest. It is sufficient
then to show that this relation holds in the case of the rolling sphere.

Equal intervals of time can be measured by a metronome, an instru..
ment which can be adjusted to tick seconds, half-seconds, or any
suitable intervals.

A series of experiments must then be made in which' the sphere-
starts ¢flrom lx,';st. exactly at a t;oe}: of n:ihz Tmoni‘:po'fi%ih is most
easily done using an jron sphere a olding it on at the-

of the by an electro-magnet (as described in Exp. 2). On
releasing a key the electric current is stopped, the magnet ceases to-
attract, and the sphere is instantaneously released.

By repeated trial it is possible to adjust a ruler across the plane in-
nohyn.my that the sphere when released at one tick of the metronome
strikes the ruler exactly at another tick. In this way we can measure
aﬁuhlythadhmmwnodﬁommhmygmnummot

[]
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If the interval between successive ticks of the metronome is 2 seconds
the results can now be tabulated as follows :—

Distance travelled in inches ...... 33 | 13 | 298| 53
Time from rest in seconds.........| =z 2z 3z 4z
Distance -+ (time)?...... ..... vesose :;1 %5 %8 3;::—1

Since distance < (time)® is constant, within the limits of oxperimentat
error, we infer that the distance from rest is proportional to the square
of the time, and hence that the motion is one of uniform acceleration.

Note that it is not necessary to know the value of z. The metro-
nome may be sot to tick at any convenient rate.

If it is required to deduce the value of the constant acceleration we
require to know the value of the interval of time which the metronome
beats. The metronome is set beating and coincident with one beat of
the metronome & stop watch is set goin'ﬁ; The initial beat is called @
and the successive ones 1,2, 3; . ... e watch is stopped when 100
is reached and the time taken for the metronome to BEAT 100 INTERVALS

is thus found. The value of the metronome imterval can now be
calculated.

Now from the equation s = }i* we have f = %‘ The average vilue

of ;-',- in the foregoing set of experiments is the average value of the last

line in the table, which is 1:785 Hence f = % - g:;—fz, where 2 has been

determined.

Nore.—The acceleration of a sphere rolling down an inclined plane
will be less than that of a body sliding down the same plane if perfectly
smooth (§ 153). Perfectly smooth planes are unattainable, T)eut if o

ight riding in & small trolley with approximately friotionless wheels
is allowed to run down a alope a comparasively close apirodmsﬁon to
the motion of & body down a smooth plane will be obtained. This
motion can be investigated by the above method.

Exp. 2.—~Jo prove that the acceleration due fo gravity s
uniform. (See § 46.)
Mogix's ExeERiMENT.~A oylindrical drum is kept in wuniform
fotation about & vertical axis AB (Fig. JER‘ This uniform rotation
‘18 obtained by clockwork. A .small iron P drops pest the dtum
MAT.MECE., 20
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in such & way that a small pointed ?encxl attached to it is constrained
to touch the surface of a sheet of squared paper which is wrapped
tightly round the drum. If the drum were not revolving the pencil

would trace a vertical line, but owing to the motion of
the drum the line traced on the paper is a curve.

The ball P is held in position by the use of & emall
electro-magnet. A piece of soft iron is bent into the form
of & horse-shoe M g‘;xs 169), and is wound with & coil
of copper wire cov with insulating material such as
cotton. One terminal of the coil is connected to one of
the poles of a’ battéry C, and the other end to & key K
and thence to the other pole of the cell. So long as

the key K is down a ourrent circulates round the
coil and the horse-shoe jz m tised, so that if one of
the limbs-of the et be in contact with P, P

will be supported. If, however, the key K is released,
the electrio circuit is broken, so that the current ceases,
the horse-shoe loses its netism, and P is released.
“The instant of release of P will more nearly coincide with the opesing
of the key K, if the poles «f the electro-

Juagnet M are ed with a small o
‘portion of copper or other non-magnetio

material. F Yanavwiuy 1I
While P is su the- electro- ™

magnet, the drnll)r!:’:o“i:d nebty in uniform b mwm)

rotation. The electric circuit is broken K

at K, and P commences to fall. It is

, constrained by gaides to fall vertically, Fig. 160.

.

the constraint beifig as slight as circum-

Th-tf.nees perni:'it. Infalling P ;ecords its deseexg upon gw %qund pnpe:i
e r is unwra and opened out. Owing the rotation

pepe pped the drum the record is not a
o B vertical line but is found to be
;;Bnrn such as O 4 4’ in Fig.
The axis 0X gives us a
C scale of time and OV the
o distance P has descended.
Thus if we take any point A
on the curve obtained and
'g‘ lpmuel to 0Y and
v AC el to OX, the length
. Fig. 170, OC is the distance P_descends
* in the time represented by 08 ;
for OB represents the amount
of rotation of the cylinder and is therefore proportional to the time.
Sim:’l;:’-ly, for any other pdint A’, 0C’ is the descent in time represented

:
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A number of points are taken on the curve and tabulated thus :—

_I_)istance

Time (= 08). | Distance (= 0C) | Trmey*

It will be found that the third column is, within the limits of error
of the experiment, a constant.

We conclude therefore that the distance descended is proportional
to the square of the time of descent. This is in accord with equation
8 =~ 1% = }f (§ 36) which holds for uniformly accelerated motion, and
hex:foa' we can say that the accelerftion of a freely falling body is
uniform.

322, Atwood’s Machine, p—cl

Atwood’s machine, as stated i: § 95, is an f
instrument employed for illustrating the laws ‘
of motion cxperimentally. A description of L}
the machineis givenin §96. Modern improve- e
ments of the machine have made it an 1nstru-
ment capable of yielding reliable quantitative
results in the hands of a careful experimenter. o

In the modern machine, the rider R is of ° 1
jron and Q and R are held in position by
means of the electro-magnet previously
described. In one form of the machine, in
place of the light string joining P and @, a
paper tape is employed, the weights being
attached to this by a loop. The tape is
continuous, and thus no error due to the
passage of the tape from one side to the
other of the pulley is introduced. In’this Fig. 17L
form likewise the times are recorded by the b
vibration of a steel strip carrying an inked brush, This
brush lightly touches the tape and records its vibrations;
and also enables distances of descent to be measured. As
this instrument is rather too elaboratefor present purposes
we shall content ourselves by measuring our intervals of

o Ring

HNNEENREL] INER

i
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time by the metronome. The value of the metronome
interval is determined as in § 321, Exp. 1.

Exp. 3.—To verify that in Atwood's machine the acceleration
of the moving masses (before the rider is removed) is constant.

It is sufficient to show that the space described from rest by @ and
R in a given time is proportional to the square of the time, that is to
say that s cc £2

A rider R is placed on the mass 0, P and Q having the same mass.
@ and R are retained near the top of the column by the electro-magnet.
The ring B is removed. The electric circuit is broken and QR starts to
descend coincident with a tick of the metronome. The platform C is
adjusted by repeated trial so that QR strikes € coincident with the
next tick of the metronome, In this manner the distance described by
QR from rest in one metronome interval is found. QR is now placed in
its initial position, as before, released as before, and C adjusted so that
QR strikes C coincident with the next tick but one following the releass
tick. In this manner the distance described by QR in 2 metronome
intervals is determined. Proceeding thus we determine the space
described by QR in 1, 2, 3, 4, 5, ......... intervals of time. We can now
tabulate our results thus :—

Interval of Space K]
Time = ¢, Described =8, [
. 1 8-1 om. 8-1

. 2 32-0 om. 80
3 72:6 cm. 81
4: 133-0 cm. 83

It will be found that the values in the third column will be approxi-
mately equal (the slight inequalities being due to experimental errors).
It follows, therefore, that the space described from rest by QOR.is
proportional to the square of the time of fall. Thus in twice the time
the space described is imcreased fourfold, and in three times the time
the space described is increased ninefold, and so on.

By equation (3) of § 36 we therefore conclude that the motion of
P and QR is uniformly accelerated.

. Exp. 4—To show that, in Atwood’s. machine, the velocity
acquired by the masses tn a given iime (under the acceleration
produced by the rider) is proportional to Yhe time, s.e, v oC ¢,
and also that the square of the velocity is proportional to the
distance from rest, t.e. v3 < &.
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For this 8xperiment the ring B is replaced. Note particularly that
the letters ¢, s, v in the above statement apply to the motion before B,
that is to the motion under constant acceleration. A suitable rider R -
is placed on 0, and then QR held in position by the electro-magnet.

(i) OR ia released as usual coincident with a tick of the metronome
and the ring B adjusted so that R is removed coincident with the next
tick of the metronome. A large number of trials is made to obtain
the best result. The platform C has now to be adjusted so that QR
being released at a certain tick, and R being removed at B at the next
tick, Q strikes C at another definite tick., e number of ticks betweer:
the passage past B and arrival at Cis noted (say n). The initial distanc>
from the start to B is determined (say 61 cm.), and the distance frora
B to C (say 24-4 cm.).

(ii) B is pow adjusted so that two metronome intervals elapse between
‘the release of QR and the removal at B, and C is adjusted so that the
number of ticks between the passage past B and the arrival at Cis agaia
equal to n. The corresponding distances as in first case are measured—
say distance from start to B = 24:3 cm., BC = 48-6 cm.

(iii) riments are now made so that 3, 4, 5, . . . intervals elapse
between the release of QR and the ge past B, C being in each case
adjusted so that » intervals elapse between the removal of the rider at
B and the mass striking C. The corresponding distances are measured,
and the results are tabulated as indicated in the table below.

It is to be observed that after removal of the rider R at B, since the
mass () is equal to that of P, the motion between B and C is uniforri.
‘The numbers in the third column, being the spaces described in equal
intervals of time in the several cases, may therefore be taken as pro-
portional to the uniform velocities in the second part of the motion,
and these are the velocities acquired during the first part of the motion.
;l'hus ﬂx: values of BC are proportional to the values of v in the above

ormulae. .
The results are tested in the fourth and fifth coldmns as follows :—

I;umbe:lt:f 8
nterv: s pace
Jetween | piiiihly | Tatorvals |Srdool: v | @rdooly et
from Start to| after Rider | Istcol. ~ 2 | 2ndcol.  ¢°
ATrival at B=s. Removed

ot ‘=BCeo | ,

1 61 cm. 24-4 244 97-6

2 24-3 cm. 48-6 24-8 97-2

3 550 cm. 736 45 08-3

4 * : : s

: H H H HE
: - : : : P
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The values in the fourth column indicate a constant, likewise those
in the fifth column. If follows, therefore, that the velocity acquired
from rest in & given time is proportional to the time, and the square of
;he vebl:;ity acquired is proportional to the space

escribed.

In Exps. 5 and 6 we use Atwood’s machine
(Fig. 172) to investigate the action of a
known force (the difference of the weights
of Q and P) on a known mass (the sum of
the masses of Q and P).

Exp. 5.—To show that the acceleration is
proportional to the acting force, the moving
mass being constant.

In order to do this we make each-of the cylinders
P and Q in the form of small detachable sections.
Suppose Q the heavier. The masses are arranged
oo that Q is in contact with the electro-magnet, the
ring B is removed and C is arranged so thit when
0 starts falling coincident with one tick of the
metronome, it strikes C coincident with a succeed-
ing one, the number of intervals in between being
Fig. 172. noted. We have by Equation (3), § 36, f = 2s/*;
henoe knowing ¢ and ¢ we can calculate the value of

the acceleration.

We now alter the value of the aoting force by transferring some of the
sections from P to 0, so that the total mass of P and Q remains constant.
TLe value of the eration is determined as before.

We tabulate our results thus :—
Mass of system = Q 4+ P = constaut ; acting force = Q@ — P.

¢ P |Q-P| = t | f=2yr | £+ (@—P)
17 16 2 | 89 3 198 99
18 14 4 79 2 395 99
1] 13 6 120 2 80 100

The values in the last column will be found (within the limits of
e_x;eﬂ:nhl error) to be constant, so that the noo.olontlon is propor.



ATWOOD'S MACHINE, i 811

. 8.—~To show that the acoeleration s inversely propor-
tional to the mass moved, the acling force remaining constant.

The procedure here is much the same as in Exp. 5,.the oylinders P
and Q consisting, as there, of a number of small detachable sections.
In this case, we start with  greater than P and determine the accelera.-
tion as in Exp. 8. Then equal numbers of sections are removed from
@ and P 80 that Q — P remains constant. In this way Q - P is varied
while Q — P remains constant. The acceleration in each case is
determined as in Exp. 5, and we tabulate thus :—

Acting force = Q — P = constant ; mass moved = @ - P.

Q| P |Q+P]| o b | =28 | fx(@+ P)

18 14 32 |79 2 395 126-4
17 13 30 | 85 2 4-25 127:5
16 12 28 | 23 1 46 128-8

It will be found that the values in the last column, i.e. the values of
£%(Q + P) will be constant (within the limits of experimental error)
and hence the value of the acceleration is inversely proportional to the
moving mass, the acting force remaining constant.

Now if F is the acting force—

Experiment 5 shows that f cc F' when m is constant.

Experiment 6 shows that f cc 1/m when F is constant,

‘We therefore have that f oc F/m when F and m both vary.
L]

Exp. T—To find the value of g.

For this, it is nec:m to determune the value of the metronome
. fnterval., Use the m described in Exp. 1, § 321.

©and P being now given any suitable values, the value of the acoelers. "

tion is determined as in Experiment 6 or 6. The acceleration is given
' b,.fn%:whnalnhedistmoedmﬂbedfrommmmu.
Nwmhowthtfag:—;.g.
Knowing therefore the values of 0, P, and f we can determins g, for
I=o—¢"
04 ¢ 20
o= w
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A series of experiments, keeping Q and P fixed, must be pirfarmed,
nndthomnnhed%nhﬁtuhdhthsbonfomuh

Exp. 8—T0 verify that the Kinetio E ined s
laﬁnwalEnfg'gylod. e 9 o

.Jn order to verify this law we require to determine the velocity of P
and O after 0.bas descended s certain height and P risen an equal

smount.

' Mhmp.i.mfmlmdcmmgedwmtthmm
D being released the position A coincident with one beat of the
metronome, the ring B is reached coincident with a subsequent beas,
and the C is reached coincident with a later beat of the metro-
nome ( 10). The distances AB and BC are measured and the time
taken to describe BC ascertained. The experiment is repeated several
times and the mean values of the various quantities employed are used
in the caloulation.

'ﬂ!m&mmo&dwm&g;lmumhnﬁo
potentia) energy between the passage Ato B (0 ~P
AB lnd.gnviuﬂoml units (ft. 1b.) = (@ —P) Al.;:aolnu imih(.o Alﬂz
guin of kinetic energy between A aud B = § (0 + P} where v is the
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veloaity of 0 oo passing 8 : »s given by the expreasion 32, ¢ being the
time taken to describe BC and is determined by the metronome The
“valnes of (0 ~P) AB.g sad § (0 + ) B2 are compared and within

the limits of experimental error found to be equal. The experiment
-ihonldberepuudforslnpnmbcddiﬂ:l:ntvﬂmd Qend P
-and of the respective distances AB and.BC.

823. Hick’s Ballistic Pendulum.

Fig. 173 represents the Ballistic Pendulum made by Messrs.
G. Cussons, Ltd., The Technical Works, Lower Broughton,
Manchester, who have kindly supplied the illustration.

Essentially this apparatus consists of the two masses M
.and m, each supported by 8 threads so that each mass swings
like & pendulum without twisting during its motion. Each
of the masses M and m is made up of a platform upon which
‘s series of masses can be placed. Each of the platforms is
made partly of iron, so tEat they can be retained in any
-desired positions (Fig. 174) by means of electro-magnets.
When the platforms are hanging freely they are just in contact.

The complete arrangement is illustrated herewith (Fig. 174).
E, and E, are electro-magnets serving to keep the masses M
-and m withdrawn to any desired positions. The electro-
.magnets are in circuit with a key K. This key being opened,
the masses M and m are released simultaneously. It will be
found that, so long as the
-supporting strings are not dis-
placed more than 10° from the
vertical, the two masses meet
at their lowest positions, so
that both are travelling hori- Ny m\ Ea
et thia wil bo. the-case -

: will be the case

-even though the masses are N *5,___|
unequal and the m::fs pulled . 174,
back through unequal angles. Fig.

To caloulats the g Y the mass M—

In passing Mmm to the Jowest position,

loss of Potential Energy = M&.bc.

2nd sgain of Kinetic Energy = § MY,

_._ﬁ

L
-

-
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Hence by the conservation of energy .

MU = Mg.be, ie. Us= 2g.Be......ccco0vnrseneenss(iP
Now let be ms b, ac = 1, ad = cd = 7.
Then ad® —ac® = (ab® + bd?) —(abd + b¢%)

= bd? —bet.
Hence 3 = (r —h) —B",
o B=2hr ......... 4.--‘u-nul.--.a-u-unn-u.l.(ii)
Also from (ii) U3 = 2gh.
Divi U g
vidiog g ek

. g
oo U=lv?o
Now if bc is small I (or ac) is practically equal to ab. Henoe in that.

case we have
g
U= ﬂbv-;-.

The length ab is read off from the horizontal scale shown in Fig. 173..

The velocity of each body after impact is calculated in the same way

mmbloburvation of the extreme position to which it swings baok after
ow.

Exp. 9.—To verify the Principle of Conservation of Momen~
tum,

It is now easy to verify the equation MV 4 mv = MU + mu (§ 82),.
taking pr%per account of the signs of U, u, V, v. For M and m are
determined by weighing, while U, u, ¥V and v are caloulated from.the.
e i D o oo o afte by fastening

] es can revente m se| i r im)
two light springs at the right end of whi:fgvin grip nl:‘:: the oollision.
This has the distinct advantage that there is now onl{mone position to be
observed after the impact—a point of the greater importance in that
when the two bodies recoil separately they reach their positions of rest
at the same moment.

If the experiment is so that the velocity of the two masses.
after impact is 2ero, it will be easy to verify that the velocities before-
impact are inversely proportional to the masses.

L

. 324, The Spring Balance.

yExp. 10.—To find how the extension of a spring depends
_upon the load which st supports. v
Odtain o long spiral spring. Drive & nail into & ‘stout wooden
ndmdnppwtthrodnrﬁuﬂyhucbmpmd_md(m.lu).‘
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Hang & Loxwood millimetre scale from the nail and then the spring
in front of it. The lower end of the spring,

after fom.i.n‘g a loop, is twisted back and
turned to form an index p pointing to the
scale divisions; or the end is axially
through a cork that carries a needle (n) hori-
mtdgly (Fig. 176). Suspend a scale-pan from
the lower loop by a piece of string so that it
hangs clear of the support, etc.

Ol the reading of the pointer, p, when
the pan is unloaded, and when loaded succes-
pively with 20, 40, 60, eto., grammes, taking
readings as the load is increased and also as it
is decreased by the same steps. An error will
oocur in reading p if p is not almost in contact
with the scale. If the spring hangs so that
p is far from the scale, slightly rotate the spring
on its vertical axis until » comes near the scale :
then read.

Plot the readings with reference to loads.
The graph is practically a straight line, show-
ing &t the extension is proportional to the
load (or force) applied. From the graph deduce
the extension per gramme and the load required
to produce unit (s.e. 1 om.) extension.

Note that the extension of the spring for any
load means the difference between the reading
for that load and the reading for no load.

The numbers in the thi column will Fig. 175,
indicate a constant.

Otherwiso tabulate as follows :—

Load. Extension. Extension - Load.

Exp. 11.—7To graduate a spring balance.

Remove the boxwood scale and fix, with drawing pins or small nails,.
a strip of paper behind the spring. Mark o1 the paper the position of
the pointer for no load and for loads of 10, 20, 30, etc., grammes.
Number the lines 0, 10, 20, eto., and subdivide the spaces betweeh into-
balves or fifths.®
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We have thus made a scale to the balance, 80 tha$ when
the pointer points to any mark P we know that the load in
the scale-pan is P grammes.

Exp. 12.—Find by the spring balance of the last experiment
Lhe weights of coins, ete.
Place the body in the scale-pan; note the number of the division
{:.l which the pointer is drawn. Check by weighing on an ordinary
ance.
. The term dynamometer mmglly means a force-measurer.
. An ordinary balance measures only a particular kind of force,
viz. weights. Since, however, spring balances can be used in
any position, they can be used to measure forces in general,
e.g. if I hold a spring balance in my left hand and extend the
. spring with the other till the pointer reads one pound, my
right hand is exerting on my left hand, and therefore also my
left hand an my right hand, & force equal to the weight of one
pound.

825. Conditions of Equilibrium of Forces acting at One Point,

Exp. 13.—Equilibrium under two forces. -
Obtain & small ring A and tie it by

LA strings to two spring ces § and R
. = 4 (Fig. 177). Fix 8 on a table, and pull
Fig. 177. R until both strings are quite taut.

Read the balances § and R. Draw
, ‘out R further and further, Take frequent simultaneous readings of
$and R.
Observation.~—In every case the readings of 8 and R are e and
the two strings are in t{:{ same straight line. qual,
Deduction.—The ring A is in equilibrium under the two forces exerted
, by the stretched strings R and 8. Hence, if two forces are in equi-
librium, they (i) are equal, (ii) act in the same straight line, (iii) act in
opposite directions.

Exp. 14.—Equilibrium of a particle under the action of three
Jorces.

Tie two spring balances P and Q to the ring A (Fig. 178), and
fasten the balances to a table, Pull at thenrinlgg A(: l1;‘110 h}mou
at oncp indicate that they are exerting forces on A.

Tie a third balance 8 to A, and it out until P, Q, 8 are all

_-extended. Then fasten § to the table. At this stagethe ring is in
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equilibrium under three forces, viz. the pulls of the three strings
AP, AQ, and AS. Read P, 0, and 8 : these readings are the measures.
of the three forces.
Observations. — (1) However
large the ring may be, the lines
cf the three strings, if produced,
always meet al a point—not
necessarily at the centre of the A
ring.
(2) No one of the forces is
greater than the other two

together. 0

Exp. 15.— To verify the Fig. 178.
parallelogram of forces. e 178

(1) Use the method described in § 168. It is advisable to use specially”
constructed pulleys in which the friction has been reduced to a minimum.
Otherwise the pulls in the strings AH and AK may differ considerably
from the weights of P and Q.

(2) Use the apparatus described in Exp. 14 above, using a similar
geometrical construction to that in § 168.

Exp. 16.— To verify the triangle and polygon of forces (§§ 170,
113).

A convenient apparatus for
the proof of the polygon of
forces is shown in Fig. 179. This
spparatyfis made by Messrs. G.
Cussons, Ltd., The Technical
Works, Lower Broughton, Man-
chester, who have kindly supplied
the illustration. It consists of &
slotted frame and blackboard.
The pulleys are very nearly
frictionless and are moveable-
along the slots. The cords lie
close against the board or paper;

*they are attached to a small ring
shown in the middle of the
figure. The frame is adapted
for fixing to a wall. Slot weights
are very convenient.

; After having obtained the
JFig. 179.. positions of the strings®and the
magnitudes of the forces as in
Fig. 49 (p. 168), construct the polygon,of forces aa in Fig. 50, and show-
that 1t ie a closed polygon. .
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Note that the directions of the lines in Figs. 49, 50 are the directions
of the corresponding strings, but the lengths of the lines are not the
lengths of the strings but are proportional to the pulls in the corresponding
strings.

This experiment may also be carried out with spring balances, as
Exp. 14 above.

326. Moments.

Exp. 17.—To verify the principle of moments (§ 201).
Bore a clean hole 0 (Fig. 180) through a smooth board. Place it
on a smooth table and drive a smooth
round nail through the hole at O.
Supgort the board on three or four
marbles so that it can turn freely
round 0. At any t A of the edge
of the board attach a spring balance
and hold it horizontally so that any
force exerted by it would ocause motion
round O in the direction of the hands of
a clock. At any other point B attach
g another spring balance so that a force
Fig. 180. exerted by it would cause rotation in
the opposite direction.

Pull the balances out so that the springs are well stretched and
-then fasten them to the table, Mark the direotions CA DB of the
pulis of the springs on the board.

Draw OM, ON perpendicular to CA and DB.

Measure OM, ON aad note the roadings of the balances A and B,
-giving the forces P ani @ which they exert on the body.

Repeat the experiment several times, varying the positions of the
belances. Arrange your results as in the following table :—

Varues | VaLues Pao::m Varves| Varves | FRODUCTS
or P. or OM.

oF
Paxpom| OF Q@ | OFON. | o nON

Observation.—Each result in the third column is equal to the corres-
-‘ponding result in the last column.

Deduction.—Since the body is at rest, we conclude that the tendency
-of the force P to rotate the body in one direction is exactly balanced
by the tendency of Q to rotate the body in the contrary direction, i.e.
the two tendencies are equal in megnitude, that is, their moments
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;.bout 0mequ=lh;°;gdhe;o&?ﬁhgawmmmto§ﬂue‘:moﬁ
measured u e force e perpendicular from
mmdrouz’ononihlimollction.

Cor. The moment of a force P about a point 0 is zero if

either (i) the force P is zero,
or (ii) the line OM is zero, in which case O lies on the line
of action of P.

Conversely, If the moment of a force P about O is zero, it follows
that either (i) P is zero,
or (i) O lies on the line of action of P.

321. Equilibrinm of Three Parallel Forces.

Exp. 18.—To verify the laws for the equilibrium of three
parallel forces.

Xpoo —— e ] Y
{
]
]
Q
e y
e - e reees Seue 8
[+] 1 D

4

Fig. 181.

‘Use the method of § 218, or modify it as follows :—

.Apparatus,—(i) Obtain & rod of wood, about 1 m. long, 2 em. wide,
and 1 om. thick. Graduate the barin centimetres. At intervals ofb em.
out notches intoghe rod, Prepare little loops of string to slide along
the rod (Fig. 181).

(ii) Obtain three spring balances. Tje long pieces of string to the
wings at the top of the balances.
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Adjustments.—Pass the hooks of two of the balances P and 0 through
loops placed at C and D, C and D being near the ends. Measure CD
carefully, and measure an exactly equal distance XY near an edge of.
the e rimencinﬁ table (Fig. 8). At X and Y insert two strong picture
rings firmly in the table. Pass the strings of the balances P and 'Q
through the rings at X and Y. Since CD = XY, it is possible to
the length of the strings and balances so that XY and CD are parallel
and the angles at C and D are right angles. When this is done, fasten
the strings to the rings, leaving the string at X and Y so that they-
can be loosened or tightened if required.

Pass the hook of the third balance R through a third loop at E om
the wooden rod. Note the distance DE. In the straight line X¥
measure YV = DE; in the line VE produced, mark any point 2, and
insert-a third strong picture ring in the table at that point. - Through
this ring pass the string of the balance R until it becomes just taut. in
this position there is no tension on the balances.

Procedure.—(i) Pull out the balance R by drawing the string further-
through Z. Immediately all three balances indicate tension; but the
system may become distorted, in which case the reading of the balances
tells us nothing about parallel forces.

(ii) A little adjustment of the strings, probably a tightening at v,
will, however, restore the parallelism. tightening

We now have three parallel forces in equilibrium, viz. the three
tensions of the spring balances, which aot on the rod at the points
C, D, E, but produce no motion in the rod. Hence either of these
three tensions may be regarded as equal and opposite to the resultant
of the other two.

Measurements—Nbte the readings of the balances P, 0, R, end the
distances €D, CE, DE. .

When several sets of readings have been obtained in this way, test
whether they satisfy the equations

P+Qm R, and 5%"206"6%'

328. Resultant of Two Parallel Forces (§§ 210, 212).—~The rules for-
fhe resultant of two parallel forces can be verified from the preceding
experiment.

Thus the resultant of the two like paralle]l forces P and Q is equal.
and opposite to R. It is therefore equal to P - Q.

Also its line of action divides CD internally in the ratio CF : DE,.
whick from the second equation is equal-to the ratio Q : P.

Similarly -the resultant of the two unliks el fdtoes P and R is.
equal and opposite to @. It is therefore equal to R —P.

Also its line of action divides CE externally in the ratio OD ; BD,.
which by the second equation is equal to the ratio B : P.
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329, Loaded Beams (§ 221).

The apparatus shown in Fig. 182 (manufactured by Messrs. Townson
& Mercer, Ltd., 34, Camomile Street, London, E.C., who have kindly
supplied the illustration) can be used to illustrate the conditions of
equilibrium for loaded beams.

These conditions are—

(1) That the sum of the upward forces on the beam is equal to the
fom of the downward forces (the upward forces are the forces registered
by the two compression balances ; the downward forces are the weight
of the beam and the suspended weights).

(2) That the sum of the clockwise moments about any point on the
beam is equa) to the sum of the anticlockwise moments,

330. Centre of Gravity.

Exp. 19.—To determine the centre of gravity of a body
practically.

This problem has already been considered in §§ 297, 298.

The centre of gravity of a rod can also be determined by placing it
on a table with a portion projecting over the etige. Increase the
projecting portion till the rod is on the point of falling over. The point
of the rod now at the edge of the table is the centre of gravity.

The centre of gravity of a sheet of cardboard can be determined by
the same method. When the cardboard is on the point of falling over,
mark with a pencil the line on the cardboard which coincides with the
edge of the table. This line contains the centre of gravity. Repeat
the experiment with the cardboard in a new position ; the intersection
of the two lines is the centre of gravity.

331. Couples.

Exp. 20.—To show that, if two couples acting o a body in
the same plane balance, their moments arc equal and opposite
(cf. § 227). .

MAT. MECH, ° 21
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Work on a bench having & smooth and even surface. A&psruu-
required : 4 clamps, 4 spring balances, 4 nails, string, & piece wood,

S0mMO peas Or mAT)

Drive 4 nails a, b, ¢, d (Fig.
183) into the piece of wood near
the corners. Tie string to the
nails. Place some peas or
marbles on the bench and rest
the wood on them. The ‘peas
or marbles give the wood an
easy freedom of motion over the
bench

. -k
Take the clamps and fasten
two to each side of the bemch.
Tie a spring balance to each of
them. Take the string from
each nail and loop it over the
hook of theth nux:ust 1"hha].s;nm.
Arrange so that e four
adj the olamos. and 1‘;’;’&:‘“}
ust the and le; o
the strings unﬁ? the readings of
A and € are the same and Az and
Fig. 183. Cc are Alel. It will, then be
found that the readings of B and
D are the same and that Bb and Dd are parallel.*
Measure the distances p between Aa and Cc and g between Bb and Dd.
Show now that
the reading of A (or €)X p = the reading of B (or D)Xgq,
i.e. the moments of the two couples under which the wood is in equi-
librium are equal and opposite. Repeat the experiment with the clamps
in different positiors.

832. Levers (Ch. XXII., §§ 232-240).
Exp. 21.—To make a simple lever.

. A simple form of lever can be made from a half-metre scale graduated
in millimetres. To prepare it, bore clean circular holes about a milli-
metre or two millimetres in diameter at every 5 cm. division alo
the scale (Fig. 184). It is eonvenient to bore them not along the cen
line but nearer the upper edge. To make a fulcrum, drive a stout
sewing needle or a thin smookh wire nail into the edge of the bench, or
8 board fixed in the wall, or a piece of wood which can be held in a strong
-clamp. Other apparatus required for the experiment includes some

* A couple can be balanced by another couple or by a system of more
than two forces equivalent to & couple, It cannot be balanced by two

foroée which do not form a conple, .
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‘weights, eay ounce weights and fractions of a pound, making up to two
pounds, provided with cither rings or suitable projections jor the purpose
of suspension by strings ; @ spring balance reading in ounces up to two
‘pounds or more ; and some cotton or fine string,

Exp. 22.—To deduce the principle of the lever when the
weights are hung on either side of the fulcrum.
. Balance the lever (made as above described) with its central hole ¢
(Fig. 184) supported by the needle. If it does not balance level tic a
piece of fine wire tightly round the lighter end, adjusting the length
or position of the wire until it does balance level.

Take two weights P~and Q (say P = 4 ounces, Q = 3 ounces), and
suspend them by loops of cotton from points A and B on the lever,
-one on each side of C,s0 that P and Q tend to turn the lever 1n opposite
directions. Place P, say, 18 cm. from €, then find cxactly where @
must be &w to balance, i.e. to make the lever set horizontal ; you

will find that Q must be placed at 24 cm. from €.
Qbserve that 4% 18 = 3x24,
d.e. PXAC=QX8C.

Repeat the experiment with P and Q at different distances from G.
The fg;]lowing distances may be tried fo? AC:— .km
AC = 9 cm,, 13} cm., 18 cm., 27 cm.,
and you will find that
8C = 12 cm., 18 cm., 24 cm., 36 cm. respectively. .
Now repeat the experiment with different weights, say P= 8 oz.,
and Q@ = 11b,, P = 6 oz., @ = 9 oz, ctc.
In each case you will find that when P and Q balance
Px AC = QxBGC.
. We mey call AC the arm of P, and BC thearm of @; our relation
then becomes :— .
The force on one side of the fulcrum multiplied by its arm 4
equal o the force on the other side of the fulorum muliiplied by
ots arm. o
* This is the Principle of the Lever.
N.B.—~We have here®neglected to take account of the weight of the
ecale, because the two sides balance each other.,
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Exp. 28.—Without using & balance to-find the weight of &
uniform lever.

Take the half-metre scale of Exp. 21, hang it with the fulcrum F ab
the hole on the 5 cm. mark (Fig. 185). Hang a weight P on the short.
arm, and shift it along the lever until the lever balances horizontally
under the comhined action of P and the weight of the lever. Suppose-

A _F
lll‘llll*llllkllllé"llll frllollll ll!l&llll‘

Y
L w
Fig. 185.

P then hangs at A. The weight W of the scale acts downwards at ite
middle point C. Henoe, applying the Principle of the Lever, we get
Px AF = WxFC.
. w=pxAF
s W=PX e
In the case under consideration FC = 20 cm. Suppose that P =
10 oz. snd AF = 4 om., then
10x 4= W x20.
s W=2o0z
Repeat the experiment, using the hole at the 10 cm. mark for the
the fulorum. You'may find that if P = 8 oz., AF = 3-7 cm., whence
8x37T= Wx15,
or K W= 2?—58 = 2 oz. approx.

Repeat the experiment, using in turn the 15 cm. hole, the 20 om.
hole, ete., for the fulcrum.

Verify the result by weighing the half-metre scale on an ordinary
balance or a spring balance.

Exp. 24.—To make a simple lever of the second system.

Take the half-metre scale of Exp. 2. We may adopt one of two-
plans :=— ’

(1) Balance the scale on its middle point, in which case we do not
take account of the weight of the scale.

(2) Use for a fulcrum a hole near the end of the scale, in which case
we have to allow for the weight of the scale.

" Exp. 95— Using the lever of Exp. 26 (1), o find the low of
a lever of the second system.
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Take the half-metre scale and hang it with its middle point € on the
folerum (Fig. 186). Slip two loops of cotton -over one end. Hang a
couvenient weight R, say, on the inner loop and place the loop at a
point A, say, on the lever. To the other lootﬁ:ttwh & spring balance,
pulling upwards, and lift the halance until balance and string are
vertical and the lever horizontal. If the balance does not record an
<xact umber of ounces, shift it along-the lever until it does. Read the
balance and its distance from €, viz. BC. Let E be the force exerted
by the balance. Show by your observations that the moments about

& are equal, i.e.
RXCA= ExCB.

C
ZTLTL AT

Fig. 186.

Repeat the experiment, using different values of R, of CA, and of
BC, and show that all your results lead to the same conclusion.

Exp. 26.—Using the lever of Exp. 24 (2), to find its weight
without using an ordinary balance. 'ﬁ

» Place the fulerfim F at the 5 em. hole (Fig. 187) and support the
long end by a spring balance which is capable of reading accurately to
& much smaller weight than that of the lever. When the lever is
horizontal, take the reading of the balance, §.

L)



326 EXPERIMENTS.
' Then, by the p;inciplo proved above, we get
EXBF=WXx FC= W x 20,
. W EXBF
Exp. 27.—To verify the principle of the lever with a lever
of the third class.

Modify either of Exps. 25, 26, placing the spring balance closer to the
fulerum than the weight it supports.

333. Inclined Plane (see §§ 187, 188).

It is useless to try to obtain a smooth plane, that is to say one
along which a body will slide without resistance. The best
results are obtained by making the plane as even as possible
and using a body which is free to roll up or down the plane.

Exp. 28.—Inclined plane with force acting up the plane.

Obtain two pieces of smooth board, AB, AC (Fig. 188), about 24 in.
loug and 4 in, wide. Hinge them ther at the end A. Clamp AC
1o the bench or table. If a small block of wood, D, be inserted between
the boards, AB may be inclined at any desired angle. We thus obtain
an inclined plane which is easily adjusted to any slope.

s B
. H
A
A o] of° o /7
T 7T T, )
Fig. 188. Fig. 189.

Obtain a small, fairly heavy, smooth metal cylinder R mounted
smoothly on a framework provided with & hook T (see Fig. 189), to
which can be attached a string.

Test the cylinder and plane for friction by placing R on AB and
slightly tilting AB. If the friction is small, a8 it should be, the cylinder
will begin to move almost as soon as AB is tilted at all. If the plane
AB is olf:ot very smooth the difficulty may be got gver by resting &
wiece of glass on it. ’

Weigh the cylinder and the attached framework and adjust the plane
, to any convenient slope. Tie a piece of cotton to T and to a spring
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balance, place the cylinder on the plane, and hold the spring balance
8o that tho string lies parallel to the slope : the spring balance will
register the force P which, acting parallel to the plane, is neceseary to
support the weight W of the cylinder and framework.

It will be found that, owing to friétion, the force required to keep
the body at rest will vary between certain limits. To get a definite
value, find first the least force required to make the cylinder move
upwards, then the least force that will just prevent it moving dowge
wards. The mean of these two may be taken as the equilibrating foree,

ie. P={P, + Py).

In order to measure the height, length, and base of the plane, place
& large set square nndemea;i as shown. HG gives accurately the
height of the plano for a length AH and base AGQ; AH and A@ can
easily be measured by a millimetre scale.and HG can be measured onoe
for all.

In this experiment measure AH, HG. Repeat the experiment man:
times with different inclinations for AB. Tabulate the results thus :-z

eH | AH | P W |GH/AH| P/W

Observation.—It will be found that the corresponding values in the
fifth and sixth columns are equal. .
Deduction.—When the supporting force.ia. parallél (o the plans the
following law holds. :—
supporting force P _ GH __ height of plane
weight W AR length of plane

Exp. 29.—Inclined plane with horizontal force.

‘Repeat. the last experiment, keeping the string horizonial. The
board AB must be narrow enough to pass ghrough the triangle in the
framework of Fig. 189 without touching it. Measure 6H, AG and
tabulate the results thus :—

AG [ GH 4 P |aH/as] P/W
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Observation.—The value in the fifth column is always equal to the °
corresponding value in the sixth.

. Deduction.—When the supporting foroe is horizontal,

lupporﬁngforeog_[g 8H _ height of plane
weight W ™~ AG ~ base of plane
The pressure on the plane in the last two experiments can be fonnd by
determining the force, applied at right angles to the plane, which is just
sufficient to lift the roller off the plane. is can be done by means of
a spring balance joined by string to each end of the axle of the roller.

834, Forces in a Crane (§ 191, Ex. 1).

Exp. 30.—To illustrate the forces in the tie and jib of a simple
crane when loaded.

The apparatus required is shown in Fig. 190. The upright post K is
known as the -post, TO is the tie-bar, and JO is the jib. When
the crane is loaded the tie-bar is put into tension and the jib fa com-

, ion. A lightspring balance A is inserted in the tie and & compression

0e B (like an ordinary kitchen balance) in the jib. The tie can be

! fastened to any of the different eyes fixed to the king-post. As the

; congeaion balance is to measure the thrust u.lonithe jib, there must

not be a between the jib and the balance. the jib is to poirit
in different directions it and the balance must swing together.

Tig. 100,

For any given position and a given weight W read the balances and
measuré the aand B. wthmsledfom(mmond
figure), using the known values of W and a snd 8. From the triangle, .
deduce the tension in the tie and the compression in the jib and compare
the values obtained with those observed at 4 and B,



APPENDIX.

PROPERTIES OF CERTAIN TRIANGLES.
RESULTS IN MENSURATION.

1. The student who is unacquainted with Trigonometry will find it
wnecessary to become familiar with the relations between the sides and
angles of certain right-angled triangles which are constantly occurring
in problems in Mechanics.

2. The units of angular measure are the subdivisions of a right angle,
defined as follows :— s g

1 right angle = 90 degrees, denoted by 80°;
1 degree or 1° = 60 minutes, denoted by 60’;
1 minute or 1’ = 60 seconds, denoted by 60*’.
The only angles we shall have to consider are 30°, 45°, 60°, 90°, and
their multiples. R

3. Relation between the sides of a right-angled &
triangle.

Euo. I, 47,
By BA! 4- AC* = BC*.

“where BAC = 90°
< Fig. 1.

4. The 8, 4, 5 and 5, 12, 18 Triangles, ete.

Thus the numbers 8, 4, 5, or their multiples (e.g. 8, 8, 10), are propor-
tional o the sides of a right-angled triangle, for 9 + 16 = 25, i.e. 3% 4 4%
== 5%, Thege numbers should be remembv.ed. Another such set is
6, 12, 13, for 5%m= 25x1 = (13 +12) (13 —12) = 13? —12}, and
o 004 1280 438,

320
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5. The Right-Angled Isosceles Triangle (Fig. 2).

TueoreM.—If the angles of a triangle be 45°, 45°, and 90°, the sides
are proportional to 1, 1, and /2.
Draw a square ABCD, and draw the diagonal AC.

Then £/ BAC = half a right angle = 45°,
£ BCA = half a right angle = 45°,
£ CBA = a right angle = 90°;

. AC*= AB®+4 BC. (Euc. I 47))

Also AB = BC;

~. AC'= 2AB*= 2BC*;

s AC= 4/2.AB = 4/2.8C;
BC_ 1 AB_1 BC

TRV ACTv2 Al
AB_ BC_ AC
o T-T1 2

6. The Semi-Equilateral Triangle (Fig. 3).

TrEOREM.—If the angles of a triangle be 80°, 60°, and '90°, the sides
opposite these angles are proportional to 1, 4/3, and 2,

Draw an equilateral triangle ABC. Join A to D, the middle point of
BC. Then the triangles ABD, ACD are equal in every respect.

But the three angles of an equilateral triangle are all equal, and are
together = two right angles = 180°; therefore each = 60°,

~ LDBA=60°;
.. LDABS= 30° 4

Also L ADB = /£ ADC = 90°;
- ABt= AD4 DB (Euo. I 47.)

But AB = CB = 2DB;
S, 4DB*= AD?* 4+ DB® or AD*=3DB%;
o AD = 4/3.DB;

. DB_1 AD_ 43 DB_ 1
“ ABTZ ABT 2’ AD - VB
BD DA _BA
or T = ‘—/—s = ?.
7. The student is recommended to remember the figures rtopertla
of the right-angled isosceles triangle and the lemiequil:t:rﬂa triangle,
as the solution of almost every simple problem in Mechgnics involving

angles can be deduced from them. drawing the figures from memory,
it is useful to remember that the greater angle is opposite. the greater
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side, and vice versa. Thus, in the semi-equilateral triangle, since 2 or
1/4 > 4/3 > 1, the side represented by 2 is opposite ti:e angle 90°,
the side represented by 4/3 is opposite the angle 60°, and so on.

_ 8. Similar Triangles.—If two triangles have the angles of one respec.
tively equal to the angles of the other, then one of the triangles will be
an exact copy of the other on an enlarged or reduced scale, so that th
sides of one triangle will be proportional to those of the other. Suc!
trivngles are said to be similar. (Euec. VI. 4.)

Thras, if the triangles ABC, DEF
(Fig. 4) have . 5
angle at A = angle at D,
angle at B = angle at E,

and .. angle at C = angle at F, ¢
(Euc. I. 32) 3 F
their sides will be proportional,
80 that
BC _CA_AB s L
€F  FD DE 8. %

In particulsr, if GH be drawn parallel to AC, the triangles ABC.
©8BH will be similar, so that
BH _ Ha _ a8
BC CA AP
9. Several converse theorems are also true. If the sides of one

triangle are proportional to those of another, the angles of one tnsn% le
will lgo oqualptop:hose of the other, and the t;inngles will therefore

similar, (Euc. VL. 5.)
Again, if AB:BC = DE: EF, and the included angles at 8, € are

equsl, the triangles will be similar, (Euc. V1. 6.)

A 10. If a line AG be drawn bisecting the
angle at A of a triangle ABC (Fig. 5), the
segments of the base BC will be proportional
to the adjacent sides (Euc. VL 3), so that

BG _ BA,
* GC AC
7 .q C  The triangles AB@, ACG are not, however,
Fig. 5. similar.

11. Rdsults in Mensuration. —
The following facts in Solid Geometry and Mensuration are ass .
The reﬁotuno‘:siven below are to the articles in Briggs and Edmondson’s.
Mensuration, the reader will find the properties in question fully
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oved. Proofs of them are also given in most elementary treatises on
lid Geometry. The results alone need be remembered :—

(1) The agea of a triangle
= 7 (base)x (alttude) (§45)

(2) The area of a trapezoid (i.e. & quadrilateral with two sides parallel)
= (its height) X (} sum of parallel sides). (§49.)
(3) The length of the circumference of a circle of radius
= nX (diameter)
= 2nr; G 57)
where the Greek letter = (*“ pi ) stands for a certain © incommensur-
able "’ number (that is, a number which cannot be expressed as an exact
arithmetical fraction), whose value lies between 3:141592 and 3-141593.

The following approximate values should be remembered and used,
fnless otherwise stated :—

n= ?’ for all rough caloulations 3
o = 3-1416, more approximately.
{4) The area of the circle
= ;(Ms‘uc)x (circumference)
= arl. (5 58.)
(5) The volume of a“nyramid
= %(Im’ght)x (area of base)

1
=3 hd, (§ 106.)

‘the height % being the perpendicular from the vertex on the plane of
‘the base, and A the area of the base.

(8) The area of the curved surface of a cylinder, whose height is b
.and the radius of whose base is r,
= (height) X (circumference of base)
= 2nrh. (§ 115.)
{7) Thy volume of the cylinder !
== (height) X (area of base)
- arh, (§ 116)
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{8) The area of the curved surface of a right circular cane, whose
height is 4 and the radius of whose base is r,

- % (circumference of base) x{(length of slant side)
= a7 +/(h® + 1) (§ 117.)

8 slart side being a line drawn from the vertex to a point in the circum-
ference of the base.

{9) The volume of the cons
= %(wl. of cylinder of same base and hesght)

1
= gk (§ 118.)

(10) The area of the surface of a sphere of radius r
= 4 times area of circle of same radius

= 4nr3. (§126.)
(11) The volume of the sphere

= ;-(radiu) X (surface)

- ;-mc. (85 127, 128.)
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DYNAMICS.
Examrres L. (Paces 16, 17))

1. (i) 182. ()1 (ib) 32 2. (i) 880. (if) 400. (iii) 2.

8. (i)33. (i) 3. (iii) 360. 4. 100 ft. 6. 1,100 ft.

6. 12 yd. 7. 660 ft. 8. 16 sec. 9. 1% miles per hour.
10. 26%. 11. 17} ft. per sec.
12. (i) 6 ft. per sec. (i) 94 ft. per sec. 13. 5 hours.
14. 15 sec. 15. Jyu. 16. () 3. (ii) 4163
17. (i) 1-08. (i) 30. 18. 25 metres.
19. 10 metres. 20. 15mq : 22np.

Examreres IL. (Pacss 21-23.)
(i) Diminished to } its former value. (ii) Increased to 3,600 times

t its former value,

2. (i) 38,400. (ii) 78,645:5~ s 3 4, 225,
5. 538 ft. per sec. per seo. 6. 16 sec. 9. 66 ft. per sec.
8. b ft. per sec. per sec. 9. 40 ft. per sec.

10. 6 ft. per sec. per sec." 11. 3} ft. per sec. per sec.

12. 450 ft. 13. — ;¢ ft. per sec. per se0.

14. (i) 36, 85,280. (ii) 129-6, 127,008. 15. 11.

16. 33 cm. per sec. per sec. 17. & sec.

ExayiNaTION ParEr 1. (PaGE 23.)

1. See §§ 13, 24. 2. See § 27. 3. 440. 4. 65:11.
5. 173 ft. per sec. 6. Seo § 9. 7. 16}.

8. 2 ft. per sec. per sec. 9. 35-1 nearly.  10. 30 miles an hour.

Examrrzs II1. (Pacxs 32, 33.)
1. 2,000 ft. 2. 40 miles per hour; 2 mile, .

3. 4 ft. pir sec. per seo. 4. 84 ft. per sec. $. 4 seo,
< 384 )
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6. 8 ft. per sec. per sec. 7. 320 ft. 8. 16 ft.

9. § soc., §(/2 —1) sec., 3(v/3 —4/2) seo. 10. 104/10 sec.
11, 1,000 ft. per seoc. 12, 36 ft. per sec. per sec.  18. 22} ft.
14. § 42; 24; miles. 15. 235 ft.
186. 22 ft. per sec. ; 6-8 ft. per sec. per sec.

17. 50 cm. per sec., 150 cm. per sec. 18. 3 ft. per sec. per sec.
19.f:Fav—u: V-0 1:T=V+Uiv4u 20, Yes.
21. 10 sec.

Examrres IV. (PAcEs 48.52.)
1. (i) 400 ft., 160 ft. per sec. ; 12,250 cm., 4,800 cm. per sec.
(ii) 57,600 ft., 1,920 ft. per sec.; 1,764,000 cm., 58,800 cm. per seo.
(iii) 51,840,000 ft., 57,600 ft. per sec.; 1,587,600,000 cm., 1,764,000
L om. per sec.
(iv) -16 ft., 8-2 ft. per sec. ; 49 cm., 98 cm. per sec.
9, (i) 160 ft. per sec. 5 sec. (ii) 240 ft. per sec. ; 74 sec.
(iii) 4 ft. per sec. ; § sec. (iv) 1,400 cm. per sec. ; 13 sec.
8. 48 ft., 176 ft., 208 ft. 4. 32 ft.
8. 144 ft.; 36 ft. below top of cliff. 6. 100 ft., 1,200 ft. per sec.
7. 156 ft. 8. 1,156 ft. 9. 18 ft. per sec., 4 sec. later.
11. 64 {t. per seo. 12, 64 sec. 13. 10 ft. per sec.
14. Vgh. 15. 196 ft. ; 112 ft. per sec. ; 4 ft.
16. 32 ft. per seo. 17. 8 sec. 18. 240 ft. per sec.

19. 184 ft. 20. 400 ft.; 10sec. 2L

22, (v3+ 1)\/%. 23. 13 sec.; 84.. from ground.

24. 1 or 4 sec. 25. 1 sec. 26. 4 seo. 27. 804/2 ft. per seo.
28. 4,080 ft. 29. 68 ft. per sec. nearly ; 307 ft. nearly.

80. First stone remains in contact with his hand ; second stone seems
to fall exactly as it wonld if the cage were at rest,

81, 45; 1:19; —-21; =62, 82, 113°; 52§°; —633°; —40§°
83. 36 miles per hour. 84. 11} miles per hour.

385. 16 ft./sec. ; — 32 ft./sec. 36. 400 yd.,.in; 800 yd./min.
87. Acc. = 32 ft. per sec. per sec. 88. -098 ft. per sec. perseo.
89. 3-2 and *5 ft. per sco. per sec. 40, 6, — 2, —8 ft. pe seo. per sec,
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B}
Examrvation Parer II. (Pace 52)

1. See §§ 39, 40. 2. See §§ 36, 37. 3. & ft. per sec. per seo.
4. 75 ft.; 30 ft. per sec. 5. See §§ 41, 42. 6. 2§ ft. per sec. per sec..
7. See §§ 43, 47. 8. See § 56. 9. 196 ft. ; 48 ft. per sec,

10. 2 sec. after the second stone was thrown down, 5 ft.

ExampLes V., VI. (Pages 62-64.)

1. (i) 20 F.P.S. units. (ii) 107,520 F.P.S. units.
(iii) 28,800 F.P.S. units. (iv) 98,100 C.G.S. units.
2. (i) 3210 F.P.S. units. (i) 30 F.P.S. units.
(iii) 8,960 F.P.S. units. (iv) 1-4 C.G.S. units.

3. 60 F.P.S. units. 4. 6,720 F.P.S. units. 5. 144 poundals,

6. 9973 sec. 7. 350 poundals. 8. 6} poundals.

9. 64 poundals. 10, 10 sec. ; 9 ft. 1L nP:mQ.
12. 96 poundals,
18. 14,336,000 poundals ; 1,433,600 F.P.S. units. 14. 13 1b.
15. 1,971,200 poundals, 440 ft. 16,3 T nrte, 1 P o py e,
17. 128 poundals. 18. 3 sec.,
19. 100 F.P.S. units of impulse.
20. 1,500,000 F.P.S. units of impulse,
21. 1,700,000 F.P.§. units of impulse. 22. 4.5 om.
23. 50,000 dynes. ' 24. 64-8 metres. 25. 3. 26. 9,800 dymes.
27. 27-7 dynes. 28. ¢ poundal; 5 F.P.S. units.
29. 25,940-25 dynes. 30. 10 tons wt., 13} tons wt,

ExamiNaTION Paper III. (Paces 64, 65.)
1. See § 61. 2. See § 65; 3,200 F.P.S. units.
3. See § 68. 4. 8 poundals,

5. (i) +% ft. per sec. per sec.‘; 960 F.P.S. units,
(ii) 50 cm. per sec. per sec. ; 1,500 C.G.S. unita,

6. (a) 65,7063 poundals. () 10,951} poundals.
. 7. 7} Ib, weight. 8. 1 poundal. 9. 654 cm. per sec.
10. '\3“ b, weight. ,0” .
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Exanrres VII. (Paces 71, 72.)

1. 2 {t. per seo. 2. 10 ft. per sec. 8. 40 cm. per sec.
4. } ft. per sec. 8. 10 ft. per sec.; 2 ft. 6. 896,000 poundals.
7. A5 ft. per sec. * 8. 30 ft. per seo. 10. 3:1.
11. 30 ft. per sec., opposite to the motion of the larger piece.

12, 2§ ft. per seo. 13. 20 om. per seo.
14, 6 ft. per sec. 15. 4 ft. per sec.

Examrres VIII. (PagEs 79-81.)
1. (i) 4 ft. per soc. per sec. ; 240 ft. per sec. ; 7,200 ft.
(ii) 640 ft. per seo. per sec. ; 38,400 ft. per sec. ; 1,162,000 ft.
(iii) -981 cm. per sec. per sec.; 58-86 om. per sec.; 1,765-8 cm.

2. 25.1s. 8. 8 sec. 4. 3200 F.P.S. unit.
5. 10 sec. ; 36 ft. 6. 1,962 cm. 7.6:1.
8. 124 os. 9. 11:1,280. 10. 4,905 2 metren,

11. Almost exactly 14 em. per sec.
12. 6} Ib. weight ; % £t. per sec. per seo.

13. (i) 71b. 11 oz. weight ; 237 Ib. 6 oz. weight. 14. & scc.
15. 15 poundals. 16. 31 ft. per sec. per sec.
17. § ton weight ; § ton weight. 18, Weight of 12 oz.
19. 225 Ib. weight ; 175 1b. weight. , 20. 34 1b. weight,
21. 605 ft. 22, 32-18 ft2per sec. per sec.
23. 6,250 1b. weight. 24. 63-5688 cm.

Exaurvariox Parer IV. (Paax 81.)

1. See §§ 77, 79. 2. 2 ft. per sec. 3. 14 ft. per sec.

4. See §§ 5, 64, 86. 8. See § 70. 6. 3,200 F.P.S. units.

7. 325 1b. weight. 8. See §§ 91, 93.

9. 1% Ib. weight. . 10. 434§ tons weight.

Examrres IX. (PagEs 90-92.)
1. (I) 2 ft. per sec. per sec. ; 164§ Ib. weight 31% 1b. weight.
(ii) 24 ft."per sec. per sec.; weight of 3} oz. ; weight of 7 oa. ,
(iii) 16 ft. pemsec, per sec.; 168 1b. weight ; 336 1b. weight.
(iv) 8 ft. per sec. per sec.; 11} Ib. weight ; 22} Ib. weight.
(v) 103 ft. per sec. per sec. ; 4 1b, walght; 8 lb. weight.
MAT,MECH., 22
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(vi) 1 om. per seo. per seo.; 400339 gm. weight ; 980§§% gm. weight.
(vii) 639 cm. per sec. per sec. ; 31yY¥h gm. weight ; 6283 gm. weight.
(viii) 100 om. per sec. per sec. ; 4-4 kilog. weight ; 8-8 kilog. weight.
2. (i) 17 ft. per seo. per seo. ; 15 ft. per sec. per sec. ; 73} 1b. weight.
(ii) 28 ft. per seo. per sec. ; 4 ft. per sec. per sec. ; weight of 1} oz.
(iii) 24 ft. per sec. per sec.; 8 ft. per sec. per sec.; 84 Ib. weight.
(iv) 20 ft. per seo. per sec.; 12 ft. per sec. per sec.; 5§ Ib. weight.
(v) 21} ft. per sec. per sec. ; 10§ ft. per sec. per sec.; 2 1b. weight.
(vi) 491 om. per sec. per sec. ; 490 cm. per sec. per sec. ;
245353 gm. weight.
{vii) 810 cm. per sec. per sec.; 171 cm. per sec. per sec. ;
167 gm. weight.

(viii) 548 am. per sec. per sec. ; 436 cm. per sec. per sec. ;

weight of 2-2 kilog.
‘3, 3841t 4 131b. 5. 3 1b.
¢ @. 3 ft. per sec. ; 4} ft. 7. 18 ft.; weight of 15} oz.
8. 8 seo. 10. 8 ft. 11. 30 Ib.
12. 8 ft. per sec. per sec. ; 3 poundals. 18. /4 1b.
14, 492 gm. 15. 654 cem. 16. 6.poundals ; 32 ft. per sec.; 64 ft.
17. 501,% Ib., 498 Ib. 18. 101b,, 14 Ib.

Exammvatiox Parer V. (Paces 92, 93.)
1. Bee §§ 96, 103. 2. See § 98. 3. 32 ft. per seo. per sec. ; 80 ft.

4. 151b, wt. ' 5. See § 10}, and use masses 8} and 73 oz.
6. Beo § 101. 7. § Ib. weight ; 6§ oz. weight, 5} oz. weight.
8. 8 ft. per sec. per sec., 3} Ib. weight. 9. 181b,

10. 500§3¢ gm., 49934} gra.
ExanrrLes X. (Paaxms 105-107.)

1. (i) 1,200 ft.-poundala. (ii) 53§ ft.-poundals.
(idi) 10,000 ergs. ) (iv) 10 gramme-centimetres. -
2. (i) 160 ft..poundals. (ii) 875 ft.-1b.
(iif) 8,000 ergs. (iv) 1,000,000 ergs.
8. 208§ ft.-poundals. .
4. (i) 82,000 f¢..poundals. “(ii) 36 ft.-tons.

(iff) 100 gramme.centimetres.  (iv) 10 kilograminetres.
8. 187,500 ft.-1b. .,
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6. (i) Momenta are equal.
(ii) Kinetic energy of M : kinetic energy of m=m : M.
7. 12,600 ft.-1b. 120 ft. per sec. 8. 1,010 Ib. weight.
9. 1826 ft. per sec. mearly; 219:1 F.P.S. units nearly; 2,000 ft.
poundals. ' .

10. The kot can do 162 times as much work as the gun.
11. Sce §§ 65, 109, 114. 12. 480 F.P.S. units: 144 ft.-1b.
13. (i) 48,020,000 ergs. (ii) 12,005,000 ergs. (iii) O.
14, 131 ft.
15. (a) 21,000 1b. weight. (b) 3644 ft. per sec. (c) 1556,610'1875 ...~ ~ns.
16. 12,960 ft.-poundals 17. 125 ft.-poundals.
18. 2,000 Ib. weight; s sec. 19, The velocity is doubled.
20. 36 miles an hour. 21. 8-2. 22. 1 hour 40 n.i~ *es.
23. 240. 24. 104 tons. 25. 30 miles au L .-
26. 736'75 watts.
27. -0025 ft.-poundals ; ‘0000416 F.P.S. units of power.
28. 10,000,000 ergs.

3

Examavatiox Paree VI. (Paces 107, 108.)
1. See §§ 106, 109, 122, 2. §64,400 ft.-Ib. 3. 250 ft.-poundals.
* 4, Bee § 113. 6. 373%. 8. 24. 7. 960 ft.-poundals.
8. Weight of 325 1b. 8} oz. 9. 551b. weigh‘f. 10. See § 115.

ExamrLes XI. (PacEes 119.121.)
1. 6 ft. per sec.; 160 ft. 2. 220 yd.
8. In a south-westerly direotion; apparent vel. = 4/2 times actual vel.
4. Vertically downwards; actual vel. of rain=+/3 times vel. of carriage.

$. Direction of steering makes an angle whose cosine is § up-stream
with a line drawn directly across the stream.

6. 10 miles an hour from the north-west.
7. 22 ft. to the side of the object opposite to that towards which

motion is taking place. .
8. 24\/21.nileannhour due south-west. 9. 20 /3 ft. per sec.
10. 9 ft. per seo. 11. 5 fu. per sec., 1/29 ft. Per sec. :

12. About 30°9 13§ ft. per sec. 13. 13 ft. per sec. \
14. (i) 4 ft. persec.; 0. (ii) 42 4/3 miles an hour; 7§ miles an hour.
(iii) 6 4/2 yd. per min.; 6 4/2 yd.*per min. TR Ty ’
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. 18,
17.

|1
2.
3.

4.
6.
10.
12,
15.

TR E A

[N

2

s
5.

(iv) 5 metres per min. ; 5+/3 metres per min.
(v) 0; 24 ft. per sec. (vx) ~—>5 kilom. per hour; 5V3kﬂom.porlwnr.
(vii) —4 miles an hour ; 4 miles an hour.

(viii) —6+/3 ft. per sec.; 6 ft. per sec. (ix) —10 cm. persec; 0.

5 miles an hour. 16. Just over 50 ft. per sec.
13 ft. per sec., making an angle whose tangent is % west towards
the north.

Exanrres XII. (PagEs 130, 131.)
2 ft. per sec. per sec., south-east.
124/3 ft. per sec., at right angles to the original direction.
4/2.v, bisecting the interior angle of the square at the corner;
mv 4/2 units of impulse.
324/2 ft. per sec. ; 324/5 ft. per sec. ; 324/10 ft. per sec.
350ft. 7. No change. 8. 1,600 ft. 9. 2} sec., 146% ft.
150 ft. per sec. 11. Apparent path is vertically downwards.
500 ft. 18. 2638 1b. weight. 14. 20 ft.
1 sec. 16. 15,625 /3 ft. 18. 1004/3 ft. per sec.

Exammwatioxn Parer VII. (Pace 131, 132))

. See§129. 2. 2ft. persec. ; 30° west of south. 3. 1,100 yd. per min,
. Straight across, 10 min. 5. 444/3 ft. 6. See § 138.
., 84/3 ft. per min. if from P to Q; 6 ft. per min. if from Q to P.

. See § 143. ' 10. 256 ft.; 120 ft.

Exawrres XIII. (PacEs 136, 137.)

. (i) 26 1b. (ii) 29 oz. (iii) 17 gm. (iv) 221 tons.
. 30 Ib. and zero. 3. 2 ft. per sec. per seo.
. 13 1b. weight. 5. 2566 ft. per sec., nearly. 6. 66 ft.

ExampLEs XIV. (PagEs 144.146))

. (i) 145 2ft, persec. (i) 67 ft.; 12 ft. per sec.

(iii) $ ft.; 13 ft. per sec.
(i) 1,280 ft.; 256 ft. per sec. (ii) 448 ft.; 89-6 ft. perloo.
¢« (iii) 75249 ft.; 1504 ft. per sec.
16, 164/2, and 164/3 ft. per sec. 4. 21-1 miles an,hour, nearly.
+/30 sec.; 16+/30 ft. per sec. ~ 6. 112§ ft., 3§ sec.

7. 657 t., 5fyeec. 8. BOft. © 9. 164/31t. persec.; §1/3sec.; §4/3300.
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10. One-eighth as far up the second plane as up the firat.

11. 107-96 1b. weight, 1,870 ft..1b. 12. 5} tons.  18. 900 ft..1b.

14. 247-68.  15. 234 ft. per sec.  16. 490-5 cm. per sec.; 245-25 cm.
17. (i) 3% em. (i) 5-5 cm. (iii) 60 cm. 18. 49,0504/3 ergs.
19, 490-5 cm. per sec. per see. ; 30°. 20, 3-2 ft. per sec. per sec ; 40 ft.
21. 101b. 22 3:2. 23, 4ft. persec. persec.  24. 4 ft. per seo

ExaMrvatioNn ParEr VIII. (Paces 146, 147.)
1. See § 150. 2. 171b. 8. The forces are in equilibrinm.
4. See § 153. 5. 8§ ft. 6. 112 ft. 7. 24§ 1b,
8. P and Q are equal. 9. See § 154, Cor. 1. 10. } kilogrammetre.

STATICS.

Exaurres XV. (Paczs 162, 163.)
1. About 11§ 1b. wt.

2. Tension of lowest part = 3 lb. wt.; of middle part = 8 b, wt,;
of top part = 15 Ib. wt.

3. 10 1b. and 8 Ib. 4. 121b.and 81b.  *5. 181b.; 121b,
6. (i) 9AP, where P divides BC so that 2PB = 7PC.
(ii) 3PA, where P divides BC so that 2PB = PC.
(iii) 2PA, where CB is produced to P, and 3PB = PC.
(iv) 3PA, where BC is produced to P, and PB = 4PC.
(v) 5AP, where BC is produced to P, and 7PC = 2PB.
(vi) 3AP, where P divides BC so that PB = 2PC.
8. 10 Ib., acting in the direction of the fourth force.
9. 4CP, where P lies in AB and AP: BP = 16:9.
10. (i) 26 Ib. (ii) 58 1b. (iii) 169 b, (iv) 260 Ib,
11. 45 1b, 12. 30 lb. and 72 Ib. 13, 48 1b. and 14 1b,
14. 1361b. *  15. 144} 1b,, 1438 Ib, 16. 3AD, in direction AD.
18. DA, where ® is the middle point of BC. 19. 2AD parallel to AD.
20. 651b. wt. - 21, Yes.
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Exaurrzs XVI. (Pages 172-174.)

L @&,0. (ii) 44/31b., 4 1b.

(iii) 10 toms, 10 tons. (iv) 6 oz., 64/3 oz.

{v) 0, 5 cwt. (vi) — 16 kilog., 16+/3 kilog.
(vii) — 24/2 tons, 24/2 tons, (viii) — 124/3 gm,, 12 gm.
(ix) — 3 mgm.,, 0.

2. 10/5 Ib. wt., making an angle with the vertical whose tangent is §.
3. 44/3 1b,, at 30° to the vertical. 4.101b.; 54/31b.
6. (i) 41b. each. (ii) 2 Ib. each.

6. (i) 18 oz. (ii) 4/13 tons, (iii) 4/51b.

(iv) 34/7 gm. (v) 145 mgr. (vi) 124/3 kilog.
(vii) v/34 1b. (viii) V113 —564/3 owt. (ix) 11b.

. V/19: /13 : /7, 8. v/229 1b.

-]

. 14} Ib. along the line of action of the 12-1b. force, but in the opposite
direction, and $4/3 lb. perpendicular to it on the side opposite
to the 5.1b. force.

11. 10y/101b. 18. 24/58 Ib.
14. 4/3 1b., acting perpendicular to the 2-lb. force, between the 2.1b.
and 3-1b. forces. 15. 9 1b. and 12 lb.

16 131b. 17. 81b,, 2% 1b. 18. 60°. 20. 3. 21. —- &

22. The components along the internal and external bisectors are
64/6 1b. and 64/2 1b., the components along the given lines
are 6 (v3 -“l) 1b. and 6 (4/3 4 1) 1b.

23 29:51b.; 2319 lb.c 24. 5-541b,; 3-65 b,

26. 24/2 1b., bisecting the angle COD.

2. /3 1b,, acting perpendicular to the 4.1b. force between the 4.lb.
and 5-1b. forces. 28. 34/3 ton.

ExaMmvarion Parer IX. (Pace 174))

1. See §165. 2. See §§ 162, 167. 8. See § 168. 4. See § 170.
5. 251b. 6. See §173. - 7. 11b,, acting parallel to CB.
8. See §§ 179, 181, 9. See § 183. 10. 23-43 1b.

Exaurres XVII. (Pages 182-184.)
1. (i} 91b. (ii) 174 Ib. (iii) 33 kilog.
2. (i) 72 ft..1b, (ii) 420 ft.-Ib. (iii) 3,960 kilogrammetres,
8. (i) a5 1b. (i) 113 tons, - (iii) 26 gm.



ANSWERS, 343

‘ 4 (i) 585 ft.-1b. (i) 1,680 ft.-tons. (iii) 2,210 gm.-cm.
5. (i) 124/3 oz., 18 0z. (ii) 124/21b., 121b.
. (iii) 1204/3 gm., 604/3 gm.
8. (i) 244/3 oz., 18y/3 0z, (ii) 24 1b,, 121b. (iii) 240 gm., 60 gm.

7. G) 27 fe.db. (i) 180:4t.1b, (iii) 4,500+/3 gm.-om.
8. (a) 64} 1b., nearly. (b) 56 1b. 9, 60°.. 3. 721b.
18. 138 Ib., 36} Ib. 14, ws kilog. wt.
15. 5v/2 1b. wt. each. 8. 8y/3 Ib. wt., 8 Ib. wt.

18. } ton wt., or 1 ton wt., a.ooordmgalthestnngmkummglﬂof
60° with the upward or downward drawn vertical.

19. 20/3, or 34-64 Ib. wt. ; 40 Ib. wt.

20. 284/21b. wt. ; tension of string = or > weight of picture, according
uthnanglebetweenthotwopsrhoftbecmd=d!>120°

21. Pull ‘;)ny c:ir: :,ghml:;n‘ted by increasing length of cord, and increased

22. 120°. 23. 424/3 Ib. wt.

24. 24/3 1b., or 44/3 Ib., according as the force is applied away from
or towards the plane. 25. 34/21b.; 34/21b.

26. O or 164/3 Ib., according as the force is exerted away from or towards
the plane. 27. 10y/31b.; 204/31b.

28. # and § of a ton,

Examrres XVITL. (Paczs 192 183.)

4. 81b. 5. 2251b.; 1351b, .6. 10y/21b.; 101b.
7. 30° with the vertical; 40 Ib. 8. 30° with the vertical ; 9 in.
9. 271b., 658 Ib. nearly.

10. 64/3 1b. on bottom of box, 6 Ib. on lower side.

11. 201b,151b 12 6y/21b. 13. 2¢/7 Ib,, 2¢/3 Ik%
14. 4/31b,11b  16. }y/31b, }1b. 17. 20 Ib., 32-2 Ib,
18. Middle point o1 rod is vertically under the peg; 7-2 Ib., 86 1b,
19. 260 1b.

. ExaummvaTion Parr X. (Pacm 194.)
1. See § 188. 2. 351b, 3. 121b.; *11b. 4. Segil%
5. See §195. ¢ 6. 451b.; 60 Ib. 7. 64/21b,; 121b.
8. 1251b. 9. 3/3W. . 10. 62-45 b,
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ExaurLes XIX. (PacEs 201, 202.)
1. (i) 20, (ii) 12, (iii) 2,688 in ft.-1b. units, (iv) 50 in cm.-gm. units.
2. (i) 15, (ii) 164/3, (iii) 80, (iv) 154/2, (v) 15 in ft.-Ib. units.
8. Moments about left-hand extremity are 0, 24, — 24, — 60 ; algebraio
sum =— 60. Moments about right-hand extremity are 20,

—96, 16, 0; sum =— 60. Moments about centre are 10,
) — 36, — 4, — 30; sum =— 60.
' 4. 5/3, 104/3, 204/3 in ft.-in. units, 5. 3AC, 2AC, 4AC.
6. Towards the side of O0C on which B lies. 7. 7in.
} 9. 24/21in., /21 in. 10. Resultant passes through 0.
11. 0, 204/3, 40+/3, 404/3, 204/3, 0 in ft.-in. units.
Q Q—-P P
12, _—_—_\/F-}-_Q’ AB, '\/P_”W AB, V———-—P' IO AB.
13. §4/3, 94/3 in ft.-1b. units.  14. 4 in. from € in BC produced.
15. 3P.AB, 3P.AB, 2P.AB, 2P.AB.
16. The point of application of the 6-1b. force. 17. 3v/5.A8,

Exanrres XX. (Pacms 212-214.)
1, (i) 5lb.; 18in.,* 12in. (ii) 11b.,; 6 ft., 2 ft.
(iii) 9 toms ; 40 yd., 8 yd. (iv) 14 1b. ; 44 ft., 12 ft.
(v) 20 gm.; 144 cm., 36 cm. (vi) 180 kilog. ; 25 m., 20 m.
2, (i) 11b.; 90 in., 60 in. (ii) 8 oz.; 12 ft., 4 ft.
(iii) 6 tons; 60 yd., 12yd.  (iv) 81b.; 77 ft., 21 ft.
(v) 12 gm.; 240°¢m., 60 em. (vi) 20 kilog.; 225 m., 180 m.
8. (i) 121b., 4 ft. from the smaller force.
(ii) 4 1b., at the other end of the bar.
4. 251b.; 3 ft. 8. 15 in. from the end on which the boy sits.

6. The resultant acts 7§ ft. from the larger force, on the side remote
from the smaller.

7. 7-2 cm. from the smaller force.

8. The pressure increases as the distance between the hand and the
shoulder diminishes.

9. zyzf;d utingn parallel to CA at a distance 3AC from it on the same
ide as D.
10. 18 in. from the end at which the larger weight is placed.

* In Examples 1 and 2 the distance of the resultant from the smaller
ferce is given first,
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11, 0815, | 12. 2jewt., ljcwt. 13. 41b,31b.  14. 101b.,91b.

16.
18.

b 0o 80

g

h W =

1.
4.

(P*— @%)/P. 17. 1 in. nearer the 4-1b. force. 18. 21b.
601b. 20.481b,721b. 21. 21b,, 10 in. from the table.

Examrres XXI. (Paces 221.223)

. 10 in. from the point of ‘application of the 2-1b. force ; 20 Ib.
. 8% in. from the point of suspension of the 16-1b. weight ; 40 lb.

7 in. from the other prop.

. 226 1b. downwards, 5 1b. upwards; 60 lb. and 170 Ib., both down-

wards.
The point of attachment of the 8-1b. weight.
7% in. from the 3-1b. force.
16 in. from the end at which the 1.1b. weight is suspended.

. 0, 380 Ib., 3} £t. from prop. 9. 58 1b., 26 Ib.

. (a) 363 Ib., 543 1b. (b) 78§ Ib., 123 Ib. ; —53 1b., 963 Ib.

. 5 ft. from the heavier boy. 12. 3 ft. from the centwe.

. 28 1b.

. 5 1b. acting paralle] to the given force of 5 1b., and at a distance of

2 ft. from it.

. The resultant of a force P and a couple of moment M is an equal

and parallel force P at a distance M/P to the right of the
original force.

. (1) (P+Q)g—@Qp. (ii) (P + Q) g + @p.
. 12 lb. parallel to AC, at a distance 3AB fron.pit. on the same side

. 2P x area ABC. 20. Pp —Qq. 21. Along AD.

ExaMmvatiox Parer XI. (Pace 223.)

. See §§ 201, 203. 2. 40, 30, 24 in ft.-1b. units.
. See § 212. 4. 180 Ib., 120 1b. 6. See § 215.
. See § 218. 7. See §§ 223, 224. 8. Bee § 228.
9.

See § 227. 10. Moment = twice area of hexagon.

ExanrLes XXII. (Paces 236-238.)
4} ft., 104 ft. 2. 41b. 8. 1210L, 481b,
8 ft. fromethe smaller weight. 5. 8in., 20 in. ,

6. 14 1b.; 1} ft. from the fulcrum, 7. 61b.

8

1 ton; 2,400 b, 9. 01b,
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10. (i) 801b., 25in.; 401b,, 7} in. (ii) 62 1b., 31 in.; 72 Ib., 13} in.
11. 81b. 12. 51b. 13. 30° with the lever.
14. 81b.,41b.; 1:2. 15. v/8:1. 16. 16: 9.
17. 81b, 21b. 18. 1} in. 19. 360 Ib.
20. 10 Ib. ; 1,04713 ft.-1b. 21. 60 Ib.
22. 40 in,, 5 in. 23. 43 Ib. 24. 6 tons.
25. The sum of the weights of the man and the wheel and axle.
. Examrres XXIIT. (Pacms 256-260.)
1. 60 1b, 2. 45 1b. 3.1:16. 4. 31
5. 7. 6.1:16. 7. 51b. 8. 3W.
9. Light in the first system, heavy-in the third. 10. 22 Ib.
11. 16. 12. 14P. 13. 611 1b. 14. 121b.
15. 120 1b. 16. 72 stone. 17. 9 stone 4 1b. ; 80 Ib.
18. 15P. 19, 144P. 21. 32 ft.
22, In the third system, with five moveable pulleys or two single-stri
x!tem with mechanical advantages 7 and 9, the string roun
e pulleys of one being attached to the block of the other.
23. The first system, with three moveable pulleys, or the mnglo-llmng
system, with eight strings at the lower block ;
24, 290 1b. 25. 7 : 5,280. 26. 55 1b. 27 433 Ib.
28, 2,200 ft.-Ib. . 29.51b. 30. 13§ Ib.
31. Step = %% in., pitch = F in.
32, 623 Ib. 83.94:1. 35. 246 1b. 86. 176 ft.
37. 180961b. 38. 1,440r:1.  39. -61 approx.
40. 676 ft.-1b. 41. 87 per cent. 42. 15-3 h.p.
Wy
S 5 ¢ Toow
ExamvaTiox Parr XII. (Pace 260.)
1. See §§ 237, 239, 240, 246. 2. 3 ft. towards centre.
8. As a moveable pulley with parallel strings. 4. 200 1b.
5. See § 259. 6. 924 Ib. 7. See § 266. 8. See § 262,
9.31b.; 7. 10. Step = 338 in.
ExamrLes XXIV. (Paces 268, 269.)
1 (i) The intersection of the medians.

(ii) The point D, where ABCD is a parallelogram

.
[}
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10.
12,
13.
15,
16.

16
18,
18.
20
2.
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. The m;dd.le point of the line through C bisecting AB

1 cwt. 4. 46 1b.

. }AB from CD along the line bisecting AB, CD.

The middle point of the line joining the centre of the hexagon to
the corner opposite the one at which the unlike force acts.

41b. 9. 7 in. from the centre of the 7-lb. sphere.

2} ft. from the 2-1b. wt. 11. 15 1b.

3 ft. 3 in. from the lighter particle.

30 in. from the centre of the 5-1b. sphere, 14. 35 in.
44 in. from the 6-oz. particle.

The lix;e bisecting AB and CD at § its length from the middle point
of AB.

ExamrLEs XXV. (Paces 280-282.)

. The c.q. of the bent wire divides the line joining the middle points

of AB, BC in the ratioof 2 : 1.

, 8 in. from A along the median through A.
. Dlivides the median through the 2-1b. mass in the ratio of 7 : &.
. One-third of the weight of the plate.

Middle point of A@, where @ is the c.a. of the triangle.
&1 in. from AB along the line bisecting AB and CD.
133 in. from AB, 8% in. from BC. No.

. $0C along OC, where 0 is the centre of the hetagon.

. § distance from the centre to the fourth particle.

. 13AD from AB along the line bisecting AB and CU.

. 2AB from O along the line bisecting CD.

, Middlo point of 8D, where D is the middle point of 8C and @ is the.

c.a. of the triangle.

. {AG from A along AG 14. The point D.

The poiut where the common axis crosses the junction of the twe
cylinders.

;1;8D from 0, tke centre of the square, and lying in 00,

147, in. from the end of the heaviest tube.

- AB frem 0 along the line through 0, perpendioular to CD.

{AB from 0; 21. At joCtrom 0. °*

AG == 45 (6 + B4/3) X shorter side of rectangle.
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23, 6-876in. along the axis of the eylinder from the centre of the mouth,
24. 24 ft.

95. 7§ in. from AB, 8} in. from BC.  28. § of the side of the square,
27. 3,000 ft.-Ib. 28. 433,125,000 ft.-1b. 29. 792,000 £t.-lb,
30. 3r from centre of large circle, §r from centre of smaller circle,

‘81, $h from the nl(dongtholinobmﬁnﬁ' the diagonal and the
i opposite side, the distance between which is &).

32. A of the height of a triangle from the centre of the hexagon al
# the line the figure. xagon wons

33. 4 in. from the centre of the plate in the line joining it to the
gerntt;efflthohole.mdinthe direction away from the cenfre
e hole.

84. § distance from corner to ©.a. of opposite face.

ExanmeaTioN ParEr XIII. (Pack 282, 283)
1. See §§271,272. 2. 100, 80, 60, and 60 1b. on A, B, C, D respectively.
8. See §291. 4. 801b. 5. See §§ 293,294. 6. 3% in. from A.
7. See §289. 8, See § 286. 9. 13 in. from centre of larger circle.
'10. 2 in. from the centre of the square in the line bisecting AB, CD.

Examrres XXVI. (PacEs 202-294.)

1. 4 ft. towards the heavier wt. 2. 22} 1b. 3. 50 oz.

4. 2§ ft. from the 1%b. wt.

§. The c.q. of the rod is vertically under the peg, and in the first case
the rod is borizontal. In both cases, the strings are équally
inclined to the vertical. Another position is with the rod

B vertical. 6. See § 298,

7. 121b.; the middle point is the c.G.

8. 2 0z.; 12 in. from the projecting end.

9. Each man will bear §. 10. The middle point.

11. 12 1b. 12. (i) See § 288. (ii) See § 297.
13. The position of equilibrium will not be affected. The opposite
point is vertically below the point of suspension. .
14. See §302. With its square face on the plane, the block topples over |,
when the height of the inclined e is § the base ;-with the !
8-in. edge horizontal, when the inclination is 45°; and with |
the short edge horizontal and the 8-in. edgealong the .plane, *
when the height of the inelined plane is § the base. ’
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[ ]
15. A+/10 £t 16. At the centre of the base of the hemisphere.
17. They will stand.
18. §4/3 in. from BC, 24/3 in. from CA, 32+/3 in. from AB.
19. 238 ft. from the 4-oz. particle.
20. 11 in. from €D, 15 in. from DA.

21. 33 AB from CD along the line bisecting AB, CD.
24. 401b., 821b., 24 1b.

Examrres XXVII. (Paaces 301-303.)

1. See § 315. 2. 15 1b. 3. 147 gm. 4. 2304 oz
5. 3s. 14d. 6. 144 1b. 7. 5 1b. 10 oz., 18 in., 20 in.
8. ¢ Ib. 9. He loses (@ —6)*W /ab 1b. 10. See § 313.
11. No. 12. 5 : 5-099. 13. 343 in. from fulcrum.
14. §in., 13 in., 29 in., 61 in. 15. 16 1b., 4 1b.

16. 10% in. from the fulcrum.
17. 6 in., 4 in., and 3 in., from B, respectively.

ExamiNaTION ParEr XIV. (Pace 303))

1. See §§ 207, 295. 2. See § 301, Ex. 2. 3. 15°
4. See §§ 303, 810. 5. See § 312. 6. See § 314.
7. 845 oz. 8. See §§ 317. 318. 9 181b, 12y3 b,

10. Twice the line joining A to the middle pont of DE.















